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Abstract: The analysis of heart rate variability can be used to predict cardiovas-
cular state in diabetic children. Studies on HRV are mainly based on RR intervals 
of the ECG signal and include both linear indices and nonlinear characteristics. 
The current study aims at applying Multifractal Detrended Fluctuation Analysis 
to investigate signals of the heart rate variability (HRV) in 50 healthy children 
(group K), 27 patients suffering from diabetes type 1 without subsequent vascular 
complications (group A) and 35 patients suffering from diabetes type 1 with sub-
sequent vascular complications (hypertension) (group B). Multifractal features 
were extracted to quantitatively compare signal complexity between the healthy 
group and the group of children with diabetes and diabetes with complications. 
The MFDFA analysis showed the multi-fractional nature of the signals in all groups. 
The characteristic MFDFA parameters were determined and subjected to statisti-
cal analysis. It showed differences in parameters h(1) and h(2) between the con-
trol group K and group A. This gives rise to the development of further research 
in an attempt to distinguish between these groups. 
Keywords: fractal dimension, multifractal, multifractal detrended fluctuation 
analysis, heart rate variability, ECG, diabetes, children

9.1. Introduction
Multifractal detrended fluctuation analysis (MFDFA) is a widely used method to char-
acterize the variability and uncertainty of empirical time series. It has its origins 
in detrended fluctuation analysis (DFA), which was developed by Peng et al. [1, 2] 
and later extended by Kandelhardt et al. to the MFDFA [3]. Multifractal analysis has 
found application in many fields. Its use can be observed in the time series analysis 
of sleep EEG data [4], heart rate [5], blood pressure [6], Parkinson’s disease research [7], 
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seismic activity [8], temperature variability [9], price electricity [10], epidemiology [11], 
finance [12] and many others.

Many studies indicate the effective use of multifractal analysis in cardiological 
diseases. MFDFA was used, inter alia, to analyze the RR series of patients with left 
ventricular systolic dysfunction, comparing them to a control group of healthy peo-
ple [13]. Three scaling modifications were used in this study. This method was also used 
to assess the monofractal and multifractal properties of R-R intervals for the healthy 
group and with various changes in cardiac diseases [14]. The MFDFA analysis allowed 
for the determination of static differences in the group with pathological changes 
and distinguished congestive heart failure from others (atrial fibrillation and sud-
den death syndrome).

In their work Molina et al. [15] showed differences in the analysis of multifrac-
tal electrocardiogram (ECG) spectra of healthy people at rest and during exercise 
on a treadmill at different speeds. The multifractal spectra behaved differently at rest 
and in motion. In [16], a new method of asymmetric multiscale multifractal analy-
sis was used for six groups of patients – healthy persons, with aortic valve stenosis, 
with hypertrophic cardiomyopathy, with atrial fibrillation, patients with coronary 
artery disease and with congestive heart failure. The authors indicate the effectiveness 
of the proposed method and the possibility of its development in medical screening.

MFDFA and its modifications are widely used in the analysis of heart rate variabil-
ity as well as in other signals. This prompted the authors of this publication to under-
take the analysis of heart rate variability in three groups of patients with 24-hour ECGs.

The aim of the study is to investigate the multifractality of ECG signals in chil-
dren with type 1 diabetes mellitus with and without later vascular complications 
and healthy children, divided into the night (rest) and day (activity) part, and to deter-
mine the characteristic parameters of MFDFA in individual groups.

9.2. Materials and methods
In the article, the results of the 24-hour Holter ECG monitoring of children were 
used in accordance with the recommendations of the Task Force of the European 
Society of Cardiology. The results of 120 studies came from 3 groups of children. 
Group A (27 cases) included the results of studies in children with type 1 diabetes 
without subsequent vascular complications. The mean age in this group is 15 ± 2.2. 
Group B (35 cases) is the results of children with type 1 diabetes mellitus with subse-
quent vascular complications (hypertension) with a mean age of 15 ± 2.9. The third 
group K (50 cases) is a control group of healthy children, the results of which were 
matched with age and gender to the groups of sick children. The results were divided 
into a day and night part. The diagram in Figure 9.1 shows the analyzed example 
of the data exposure.
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FIGURE 9.1. Log-log Fq(s) plots as a function of segment size s for 6 exemplary q values

9.2.1. Multifractal detrended fluctuation analysis
The presented research results were carried out on the basis of the MFDFA algorithm 
described in the article [17]. The algorithm is based on a few steps presented below. 
It is described in detail by Kantelhardt et al. in the publication [48] in the following 
manner:

Step 1. Determine the profile of a time series of finite length N:
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where: Xk – time series, X  – mean of data

Step 2. Dividing the Yi profile into smaller, non-overlapping segments s:
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Due to the fact that the length of the series N is not always a multiple of the s scale, 
the endpoints of the data are discarded. Next, the operation is repeated, discarding 
the starting points, which results in 2Ns segments.

Step 3. Fitting the yv polynomial of m for each of the obtained segments and deter-
mining the variance:
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for v = 1, 2,…, Ns where y((v – 1)s + i) is a polynomial fit of a segment of length s using 
the least squares method. Depending on the chosen degree m of the polynomial, 
the notations (MF) DFA1, (MF) DFA2, ..., (MF) DFAm are used.

Step 4. Define the q-order fluctuation function by averaging the segments of size s.
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The above formula shows that the fluctuation function Fq(s) depends on the index-
ing variable q, which can take any value, and on the size of the segment s.

After the jitter function is computed, its behavior is determined by analyzing 
the logarithmic dependence on the segment size s plot for different q values. An exam-
ple of such a plot is shown in Fig. 9.2.

FIGURE 9.2. Log-log Fq(s) plots as a function of segment size s for 6 exemplary q values

On the basis of the above dependence, it can be determined whether the data 
is multi-fractional. If the curves for different q values are parallel, it indicates monof-
ractality of the process, and when they are not parallel – multifractality. Another indi-
cator pointing to mono- or multifractality is the behavior of the plot of the dependence 
of the scaling exponent h(q) as a function of q. If it is parallel to the x axis, it means 
monofractality of the process, if not – multifractality.
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If there is a correlation of the xi series with the power law, Fq(s) increases for large 
values of s according to the formula:

	 F s sq
h q� � � �~ , 	 (9.5)

where h(q) is the generalized Hurst exponent depending on q. It is determined by find-
ing the slope of the Fq(s) curve on a logarithmic plot, as shown in Figure 9.2.

In the case of monofractal data, the Hurst exponent h(q) = H does not depend 
on q. Then the generalized Hurst exponent is also the Hurst index H. While the data 
is multifractal, the dependence of h(q) on q is examined the multifractal scaling expo-
nent t(q). The multifractal scaling exponent depends on the generalized Hurst expo-
nent h(q) as shown in the formula:

	  q qh q� � � � � �1. 	 (9.6)

In a similar way, the specter of the singularity D(a) can be constructed 
as the Legendre transform. While t(a) is smooth enough, the alpha singularity strength 
is determined by the formula:

	 �� � � � � � � � �� � q h q qh q . 	 (9.7)

On the basis of the above formula, the spectrum of the singularity D(a) can be 
constructed:

	 D q q�� � � � � � � . 	 (9.8)

The singularity strength α characterizes the dimension of a subset of the time 
series described by D(a). The strength of the multifractality of the time series is indi-
cated by the width of the alpha singularity strength.

9.2.2. Research description
The study involved the use of MFDFA for 3 groups of children. Using the methods 
proposed at https://github.com/LRydin/MFDFA, MFDFA parameters were calculated 
and graphs developed for each case. This allowed for the assessment of the multifrac-
tality of individual results in each group. Then, statistically determined parameters 
were compared.

Comparisons between the three independent groups were made using ANOVA 
analysis. Normality of distribution was checked using the Shapiro Wilk test. When 
there were differences between groups, POST-HOC tests were performed to determine 
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homogeneous groups. A series of Student’s t-tests for dependent samples or Wilcoxon 
tests were performed to examine differences between day and night runs. The analysis 
was performed using Statistica 13.3. Differences were considered significant at p < 0.05.

9.3. Results
All three groups showed a multifractal nature. Graphs of sample analysis results for 
each group are shown on Figure 9.3 and Figure 9.4.

The parameters that were subjected to further statistical analysis were the depen-
dencies of the scaling exponent h(q) on q, for q = –10, –5, –2, 1, 2, 5, 10, the range 
of the width of the singularity force α (minimum value – αmin, value maximum – 
αmax, width Δα), which indicates the strength of multifractality of the data, the values 
of the D(α) singularity spectrum for minimum and maximum α and their difference ΔD.

FIGURE 9.3. Graphs obtained during the MFDFA for a) group A, b) group B, c) group K by day. 
From the left there are log-log Fq(s) plots as a function of the segment size s for 6 exemplary 
q values, the middle plot of the scaling exponent h(q) as a function of q, and the inset displays 
the multifractal scaling exponent τ(q), on the right the spectrum the singularity D(α) over the sin-
gularity strength α
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FIGURE 9.4. Graphs obtained during the MFDFA for a) group A, b) group B, c) group K at night. 
From the left there are log-log Fq(s) plots as a function of the segment size s for 6 exemplary 
q values, the middle plot of the scaling exponent h(q) as a function of q, and the inset displays 
the multifractal scaling exponent τ(q), on the right the spectrum the singularity D(α) over the sin-
gularity strength α

Figures 9.3 and 9.4 show in the first column the f luctuation function Fq(s) 
for q = –10, –5, –2, 2, 5, 10 and for s ∈ [70, 10000] in the analyzed groups measured 
during the day and night, respectively. The curves are not parallel, i.e. the time series 
of RR intervals are not monofractal. The second column shows the generalized Hurst 
exponent h(q) as a function of q, and similarly the multifractal scaling exponent τ(q). 
The generalized Hurst exponent h(q) as a function of q is not constant while the mul-
tifractal scaling exponent τ(q) is not linear, which clearly shows the multifractality 
of the time series. The third column shows the spectrum of singularity D(α) at singu-
larity strength α. The strength of the singularity α extends over a wide range of values, 
indicating the different scales of the phenomenon under study.

There were no statistically significant differences between the groups in signals 
measured during the day (p > 0.05) (Tab. 9.1). Statistically significant differences 
were shown between groups for h values for q = 1 (h(1)) (p = 0.006) and for q = 2 
(h(2)) (p = 0.011) (Tab. 9.2). An interesting observation is that all the measures that 
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most effectively discriminated between the analyzed groups were on the positive 
side of the spectrum. An analysis of Table 9.2 shows that not a single measure using 
a negative q value was able to achieve p < 0.05. The best result was obtained for q = 1.

TABLE 9.1. Multifractal analysis parameters between groups – day

group A group B group K

parameter M Me SD M Me SD M Me SD p

h(1) 1.03 1.03 0.06 1.07 1.06 0.07 1.06 1.06 0.08 0.209
h(–10) 1.24 1.23 0.10 1.27 1.27 0.17 1.26 1.29 0.17 0.810
h(–5) 1.18 1.17 0.08 1.21 1.22 0.15 1.20 1.23 0.15 0.719
h(–2) 1.12 1.12 0.06 1.15 1.15 0.10 1.14 1.14 0.11 0.399
h(2) 1.01 0.99 0.07 1.04 1.03 0.07 1.02 1.02 0.07 0.305
h(5) 0.95 0.93 0.09 0.97 0.96 0.08 0.96 0.95 0.07 0.723
h(10) 0.90 0.88 0.10 0.91 0.91 0.09 0.90 0.89 0.08 0.849
αmin 0.83 0.81 0.12 0.84 0.85 0.11 0.83 0.82 0.10 0.882
αmax 1.32 1.30 0.12 1.34 1.33 0.19 1.33 1.34 0.19 0.881
Δα 0.49 0.50 0.19 0.50 0.46 0.21 0.50 0.52 0.22 0.957
D(αmin) 0.27 0.29 0.18 0.27 0.27 0.23 0.29 0.31 0.27 0.919
D(αmax) 0.28 0.35 0.24 0.28 0.33 0.26 0.28 0.27 0.25 0.996
ΔD 0.86 0.87 0.17 0.90 0.87 0.20 0.91 0.85 0.25 0.702

M – mean; Me – median; SD – standard deviation; p – p-value

TABLE 9.2. Multifractal analysis parameters between groups – night

group A group B group K

parameter M Me SD M Me SD M Me SD p

h(1) 1.16 1.16 0.12 1.11 1.10 0.11 1.08 1.08 0.10 0.006**
h(–10) 1.56 1.58 0.17 1.52 1.55 0.16 1.57 1.59 0.19 0.424
h(–5) 1.50 1.52 0.15 1.46 1.48 0.16 1.51 1.50 0.18 0.397
h(–2) 1.41 1.42 0.13 1.36 1.36 0.14 1.40 1.37 0.16 0.323
h(2) 1.09 1.10 0.12 1.04 1.04 0.12 1.01 1.00 0.10 0.011*
h(5) 0.96 0.97 0.13 0.92 0.95 0.15 0.89 0.89 0.12 0.128
h(10) 0.88 0.90 0.14 0.85 0.86 0.17 0.82 0.84 0.14 0.273
αmin 0.80 0.80 0.16 0.76 0.77 0.18 0.74 0.76 0.16 0.412
αmax 1.63 1.65 0.18 1.59 1.60 0.17 1.64 1.67 0.20 0.514
Δα 0.83 0.80 0.22 0.83 0.81 0.26 0.89 0.93 0.24 0.359
D(αmin) 0.13 0.14 0.22 0.18 0.13 0.24 0.20 0.19 0.24 0.488
D(αmax) 0.32 0.32 0.19 0.30 0.28 0.18 0.29 0.30 0.20 0.819
ΔD 0.32 0.31 0.19 0.28 0.25 0.21 0.29 0.26 0.20 0.651

*p < 0.05; **p < 0.01; M – mean; Me – median; SD – standard deviation; p – p-value
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For the parameter h(1), significant differences were observed between group 
A and the control group measured at night. The highest result was obtained in group 
A (M = 1.16; SD = 0.12), while the lowest result was obtained in the control group 
(M = 1.08; SD = 0.10) (Fig. 9.5). 

The parameter h(2) differed significantly between Group A (M = 1.09; SD = 0.12) 
and the control group (M = 1.01; SD = 0.10) measured at night (Fig. 9.6).

FIGURE 9.5. The h(1) parameter results between groups measured at night (letters a, b indicate 
homogeneous groups)

FIGURE 9.6. The h(2) parameter results between groups measured at night (letters a, b indicate 
homogeneous groups)
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The time series recorded during the day and at night in each group were also com-
pared among themselves. The graphs of the spectra of singularity D(α) over the singu-
larity strength α for individual groups are presented in Figure 9.7, with a distinction 
for day and night. The graphs show the multifractal nature of all groups.

FIGURE 9.7. Summary of singularity spectra D(α) over the singularity strength α for individual 
groups with a distinction for day and night

There were statistically significant differences in Group A between day-night 
recordings in the h(1) – D1 (p < 0.001), h(–10) (p < 0.001), h(–5) (p < 0.001), h(–2) 
(p < 0.001), h(2) (p = 0.003), αmax (p < 0.001), Δα (p < 0.001). Parameter values were sig-
nificantly higher in measurements taken during the night. Statistically significant dif-
ferences were also shown in the values of D(amin) (p = 0.006). The values of the param-
eter were significantly higher in measurements taken during the day (Tab. 9.3).
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TABLE 9.3. Analysis of day-night signal statistically significant changes – group A

day night

parameter M Me SD M Me SD p

h(1) 1.03 1.03 0.06 1.16 1.16 0.12 <0.001***
h(–10) 1.24 1.23 0.10 1.56 1.58 0.17 <0.001***
h(–5) 1.18 1.17 0.08 1.50 1.52 0.15 <0.001***
h(–2) 1.12 1.12 0.06 1.41 1.42 0.13 <0.001***
h(2) 1.01 0.99 0.07 1.09 1.10 0.12 0.003**
αmax 1.32 1.30 0.12 1.63 1.65 0.18 <0.001***
Δα 0.49 0.50 0.19 0.83 0.80 0.22 <0.001***
D(αmin) 0.27 0.29 0.18 0.13 0.14 0.22 0.006**

**p < 0.01; ***p < 0.001; M – mean; Me – median; SD – standard deviation; p – p-value

Statistically significant differences were shown in Group B between day-night 
recordings in the h(–10) (p < 0.001), h(–5) (p < 0.001), h(–2) (p < 0.001), αmax (p < 0.001) 
and Δα (p < 0.001). Parameter values were significantly higher in measurements taken 
during the night. Statistically significant differences were also shown in the values 
of the αmin (p = 0.031). The values of the parameter were significantly higher in mea-
surements taken during the day (Tab. 9.4).

TABLE 9.4. Analysis of day-night signal statistically significant changes – group B

day night

parameter M Me SD M Me SD p

h(1) 1.07 1.06 0.07 1.11 1.10 0.11 0.136
h(–10) 1.27 1.27 0.17 1.52 1.55 0.16 <0.001***
h(–5) 1.21 1.22 0.15 1.46 1.48 0.16 <0.001***
h(–2) 1.15 1.15 0.10 1.36 1.36 0.14 <0.001***
αmin 0.84 0.85 0.11 0.76 0.77 0.18 0.031*
αmax 1.34 1.33 0.19 1.59 1.60 0.17 <0.001***
Δα 0.50 0.46 0.21 0.83 0.81 0.26 <0.001***

**p < 0.01; ***p < 0.001; M – mean; Me – median; SD – standard deviation; p – p-value

In the K group, statistically significant differences were observed for the h(–10) 
(p < 0.001), h(–5) (p < 0.001), h(–2) (p < 0.001), αmax (p < 0.001), Δα (p < 0.001). 
Parameter values were significantly higher in measurements taken during the night. 
Statistically significant differences were also shown for the values of h(5) (p = 0,006), 
h(10) (p = 0,007) αmin (p = 0.008). The values of the parameter were significantly higher 
in measurements taken during the day (Tab. 9.5).
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TABLE 9.5. Analysis of day-night signal statistically significant changes – group K

day night

parameter M Me SD M Me SD p

h(1) 1.06 1.06 0.08 1.08 1.08 0.10 0.166
h(–10) 1.26 1.29 0.17 1.57 1.59 0.19 <0.001***
h(–5) 1.20 1.23 0.15 1.51 1.50 0.18 <0.001***
h(–2) 1.14 1.14 0.11 1.40 1.37 0.16 <0.001***
h(2) 1.02 1.02 0.07 1.01 1.00 0.10 0.218
h(5) 0.96 0.95 0.07 0.89 0.89 0.12 0.006**
h(10) 0.90 0.89 0.08 0.82 0.84 0.14 0.007**
αmin 0.83 0.82 0.10 0.74 0.76 0.16 0.008**
αmax 1.33 1.34 0.19 1.64 1.67 0.20 <0.001***
Δα 0.50 0.52 0.22 0.89 0.93 0.24 <0.001***

**p < 0.01; ***p < 0.001; M – mean; Me – median; SD – standard deviation; p – p-value

9.4. Conclusions
As a result of the analysis, it was found that all the three studied groups showed 
a multifractal character. Thanks to this, it was possible to examine how the param-
eters behave in each group, and compare them to each other, indicating the differ-
ences. Statistical differences between the groups were observed in the resting (night) 
part of the signals. The differences were noticeable for the generalized Hurst expo-
nent h(q) for positive q values.

The parameters h(1) and h(2) showed significant statistical differences between 
the group of children with type 1 diabetes without subsequent vascular complications 
(group A) and the group of healthy children (group K). The mean value of the h(1) 
parameter for group A was higher than for the K group, as was the mean value 
of the h(2) parameter.

The nature of the D(α) singularity spectrum (width α) for each of the considered 
cases indicates a strong multifractality of the data. It is noticeable, however, that 
in group B (children with type 1 diabetes with vascular complications) the strength 
of the multifractal data is greater than in the other two groups. Moreover, in all stud-
ied groups, a stronger multifractality is noticeable at night than during the day.

The results presented in the article give rise to further research on an attempt 
to distinguish between the presented groups. This could affect the predictability of vas-
cular complications in children with type 1 diabetes. Further fractal analysis may 
improve the results.
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