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ABSTRACT 
Mathematical modelling of Stirling engines has been a widely researched topic over the course 
of the last few decades. Amongst different approaches, many 0-dimensional models based 
on solving differential mass and energy balances have been proposed by different authors. 
The issue of modelling heat transfer within those models remains open. The aim of this work 
is to validate different heat transfer models within the framework of a 0D model created 
by the authors. Experimental results are obtained from a rig based on a Genoastirling 
ML3000 engine. Experimental results are compared with model results utilizing different heat 
transfer models. For the best performing models further refinement to the equations is proposed 
and evaluated showing decent quality of fit.  
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1. INTRODUCTION
Reciprocating piston machines have been known and used since before the industrial era in the 
form of pumps and water engines (Ewbank, 1846). Heat transfer inside reciprocating machinery 
became a concern after the invention of a functional steam engine by Thomas Newcomen in 1712 
(Rolt, 1973). James Watt was likely the first researcher to investigate the influence of heat transfer 
in engines, leading him to the invention of the separate condenser (Rolt, 1973). The fluctuating 
heat transfer in steam engine cylinders was known as a problem for the majority of the industrial 
era (Zeuner, 1866) and its scientific investigation lead to further innovations in the field such 
as compound engines and uniflow engines (Stumpf, 1922). No information is however to be found 
on the quantification of the convective heat transfer coefficient itself related to that reasearch, 
other than the work of Hirn (Ochęduszko, 1953), who simply proposed a selection of constant 
values. It was only after the invention of gas based engine cycles such as the Diesel and Otto 
engines and the Stirling machine, that the theory started to develop.   
Heat transfer correlations for piston machines find many uses, mainly as an integral part of zero-
dimensional thermodynamic models of the machines themselves. Models of Stirling engine can 
not be defined without some assumption or calculation methods for internal heat transfer 
coefficients (Urieli and Berchovitz, 1984, Rutczyk et al, 2019) as all the thermodynamic processes 
inside the engine are dependent on heat transfer. Different selection of heat transfer correlations 
will provide starkly different resulting engine characteristics (Rutczyk et al, 2019). Therefore 
in order to analyze a Stirling engine accurately, an accurate heat transfer correlation has to 
be found. Internal combustion engine modeling might be less dependent on internal heat transfer, 
however taking the phenomenon into account will improve model accuracy (Przybyła et al, 2013).

1.1 Model description 
The details of this model have been first published in 2019 (Rutczyk et al, 2019). The model 
is based on the following assumptions:  
• the pressure inside the engine is uniform, pressure losses are neglected,
• the walls of heater and cooler are to be of constant temperature,
• outside of the cooler area, there are no heat losses,
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Moreover, there are certain assumptions made when convective heat transfer is analyzed, these 
being taken from their respective heat transfer models. The equations of balance take form 
of differential equations, expressed as a function of crank angle. Real gas has been used 
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as the working fluid due to real gas models providing parameters such as viscosity 
and gas thermal conductivity that are later utilized by the implemented heat transfer models. 
The gas parameters are calculated using CoolProp libraries.  
For the purposes of this and later work, additional loss mechanisms have been implemented 
into the analysis, theese being:  
• mechanical losses and generator inefficiency,
• heat loss through the cylinder walls,
• finite time losses,
• leakage losses.

1.2 Heat transfer coefficient correlations 
A comprehensive literature review on the topic of heat transfer correlations was carried 
out by the authors in previous work (Rutczyk and Szczygieł, 2021). For the purposes of Stirling 
Engine modelling, a narrower selection of heat transfer correlations should be made. As is evident, 
some of the later formulas were created to provide improvement upon previous formulas, making 
them practically obsolete. Second of all, care has to be taken with whether the experimental setup 
from which the formulas were formulated is similar to the experimental Stirling machine 
in question. From this point of view however not many options are available. The Genoa 
ML3000 engine is equipped with tubular heat exchangers and cooling coils. The tubular 
exchangers would at first glance point towards the Zhao and Cheng (Zhao and Cheng, 1996, 
1995) and Xiao (Xiao, et al 2014, 2018) formulas, especially as these were derived specifically 
for Stirling Machines. The other correlation directly based on the Stirling Engine results is the one 
of Toda et al (Toda et al, 1980), however it refers technically only to the heat losses through 
cylinder walls and not to the main heat exchange processes. The formula of Kanzaka 
et al (Kanzaka and Iwabuchi, 1992) is promising as the only one derived for the heat 
exchangers in a kinematic Stirling machine - though at much higher pressures than 
in the machine available to the author. To widen the selection, it was also elected to use 
the formulas of Woschni - due to its ubiquitousness, despite it being an IC engine formula, 
without using the formulas for the combustion phase, also, the formula of Annand and Pinfold 
(Annand and Pinfold, 1989) to investigate the influence of the time derivative term, 
the formula of Adair (Adair and Qvale, 1972), as compressors for which it was derived 
can be considered similar to Stirling Engines through the lack of combustion and finally 
the formula of Lekic and Kok (Lekic and Kok 2008, 2010, Lekic et al, 2011) in order to investigate 
the influence of its complex terms.   
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The proposed method of solution of the mass and energy balance equations is quasi-static. 
As results from the equation of state two parameters must be known for each integration step. 
Calculations are carried out in sucessive cycles from the initial paramters until a convergence 
is reached.



Table 1. Selected formulas and their details 

2. MEASUREMENTS AND VALIDATION

2.1 The Genoastirling engine 
The Genoastirling ML3000 engine is an  type machine, or rather an double  engine, that 
is two power units within one set. A basic cross-sectional image of the engine, courtesy 
of the manufacturer is shown in figure 1 

 Figure 1: The Genoastirling ML3000 in crossection
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The engine is property of the Department of Thermal Technology, acquired for research purposes 
in 2018, due to its availability, simple modular construction and pricing consideration. 
The construction of a functional lab-stand incorporating the engine 
has been one of the expressed purposes of this work. According to manufacturers data, 
the engine should have a power output of 3 kW, this has neverbeen reached in practice. The data 
from the manufacturers specifications can be seen in table 2. The machine uses no lubrication, 
instead relying on roller bearings and friction resistant surfaces. The whole assembly together 
with the generator is hermetically sealed and pressurized. 

Table 2. Engine nominal parameters and dimensions 

2.2 Measurement system 
The experimental stand had to accommodate several diverse kinds of measurements. The main 
objective was to enable the construction of pressure-volume diagrams for different 
operating conditions. Second, temperatures and coolant flows had to be measured. 
Due to the hermetic construction the engine volume had to be measured indirectly using the shaft 
angle. The piston positions can be then derived from the equations of motion based 
on the geometric parameters of the mechanism. Though many shaft encoders are available 
on the market it was decided to adapt the existing motor encoder already built into the PMAC 
motor used as a generator.  
This device, known as the "RMB29AC01SS1" is a sin/cos encoder, meaning that it provides 
two analogue signals in the form of a sine and cosine wave, where the angle of the sine 
functions corresponds to the angle of rotation, thus:  

Eq.(1) 

The device was powered by a 5V line from the SEVCON gen4 motor controller. To enable 
the operation of the encoder with the controller switched off (as is done when the motor works 
as a generator) an external power supply has been connected.  
Two issues were presented by this implementation. First, in the decoding of signals and their 
translation to the electric motor (and later Stirling engine) shaft angle. Despite the signals 
theoretically being sine waves of 2.2 V amplitude, noise can be present. Second, one period 
of the sine wave corresponds with a single rotation of the electrical machine, which due 
to the planetary gear corresponds to five Stirling engine shaft rotations. If the starting position 
of the Stirling shaft is said to be zero degrees, this will correspond to a certain angle 
of the electrical motor rotation as read from the encoder signal. Though this angle can be noted 
down, in later measurements the question of which of the five electrical revolutions is the starting 
one would be open, unless all the experimental work was done as a single, continuous data 
acquisition process. Due to the impracticality of this, a separate sensor was used 
as a "marker". As its only function is to indicate for which electrical rotation the Stirling engines 
passes through its "zero" point, it did not have to be of particularly high quality. A simple hall 
effect sensor was therefore utilized, with its magnet mounted on the engine flywheel.  
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For pressure measurement, thr sensors chosen were the DMP 320 pressure 
transducers manufactured by BD Sensors, the variant selected being one designed for a 0-60 
bar pressure range, producing a standard 0-10V signal. Gas temperatures tolerated 
by the device are only as high as C, therefore the sensors were mounted on the cold cylinder 
heads. Due to the proximity to the combustion chamber, a separate sensor cooling system 
has been implemented, using water as the cooling medium, in an open circuit. 
A PCIe6353 National Instruments card has been used for data acquisition. This is due to its 
ability to process analogue signals (48 analogue inputs) with a maximum sampling rate of  MS/s 
and the presence of an internal timer. Signals from the encoder and two pressure sensors were 
connected as analogue inputs in a differential configuration. Acquisition was carried out using 
the "Data acquisition toolbox" implemented in the MATLAB environment. A dedicated 
script for data processing was also implemented. First, data is read and a time window 
is selected in which a periodic steady state has been reached. Maximum and minimum values 
are found for the encoder signals, and the data is normalized. The corresponding electric motor 
angles are found from the encoder setuo, And the rotational frequency is calculated as: 

Eq.(2) 

This is to be expected, due to the fact that forces acting on the engine cranks are 
periodically varying, and also due to the small size of the flywheel.  
The angular velocities are then divided by , corresponding to the gear ratio. With the Hall 
sensor magnet mounted in the TDC of of the cold cylinder of the "left" engine unit, the angles 
of the engine shaft can be calculated, by adding the product of the sample time and angular 
velocity to the starting, and then subsequent angles.  

Eq.(3) 

Where the j index denotes the time step, and the i index the given cylinder. The volumes can be 
then calculated based on the equations of motion. 
Processing of the pressure signals is much more straightforward. As the DMP 320 sensors 
output an analogue signal in the 0-10V range, and the sensor range is 0-60 bar, the signals 
in the selected time window are simply multiplied by the  ratio. 

2.3 Measurement and model results 
Measurements have been carried out for two working fluids, Nitrogen and Argon. For Nitrogen, 
the buffer space pressure was varied between 5 and 13 bar. For argon the pressure range 
was narrower and confined to higher values, as in other case the engine would not start. 
The pressures were between 10 and 14 bar. For the purposes of this particular analysis 
the measuring was done in 300 second windows, after reaching a steady state. The quality 
evaluated was the indicated power in the right set of cylinders. As it was found technically 
difficult to keep any of the engine parameters stable, for the purposes of comparison, 
especially the comparison between two working fluids, it has been elected to calculate the 
Beale and West numbers for the engine. By their deifintion, the numbers being relatively 
constant across a set of measurement implies that they have been done correctly.  

Table 3. Measurements for Argon, part I 
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Table  4. Measurements for Argon, part II 

Table 5. Measurements for Nitrogen, part I 

Table 6. Measurements for Nitrogen, part II 

Model calculations were carried out utilizing the temperatures, buffer pressure and rotational 
speed as input data. For the sake of brevity, model results are shown on a chart where the x-axis 
are the measured values of indicated power and the y-axis is the indicated power as calculated 
with the losses substracted. Models should ideally follow the y=x line, shown in blue. This 
is shown for Nitrogen and Argon separately.  

As can be seen from figures 3 and 2 the quality of fit for all models is somewhat good for lower 
power levels and drops significantly for higher levels of power. This is especially visible for argon, 
where the measurements were all carried out in a high pressure range, where the engine should 
have a larger power density. As the level of power is mostly correlated with pressure for Stirling 
engines, noting that other parameters did not vary as significantly, we can hypothesise that the 
correlations underestimate heat transfer at higher gas pressures. Thus, it can be proposed 
that they be adjusted. Before this is carried out however, a narrower selection of correlations 
is sought. For this, it was decided to calculate the overall root mean square error of estimated power, 
defined as:  

Eq.(4) 

3. CORRECTION OF HEAT TRANSFER CORRELATIONS
Based on the assesment of error values it was elected to carry out the adjustment or validation 
on the correlations of Kanzaka and Iwabuchi (Kanzaka and Iwabuchi, 1992), Annand 
and Pinfold (Annand and Pinfold, 1980) and Toda (Toda et al, 1980). The method used, 
was as follows; first the engine parameters, that is hot and cold heat exchanger temperatures, 
buffer pressure, and rotational speed, together with the fluid used are made into a data 
vector , likewise the power measurements are formed into a result vector . The engine 
model is treated as a black box function, where for the selected heat transfer models 
its parameters  are adjusted as in a curve fitting problem, so that the RMSE is minimized. 
As for the selection of adjusted parameters, tests 
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were made with adjusting correlation Reynolds and Prandtl exponents, without success. In the end 
it was decided to create a correction factor, which would adjust the values of the Nusselt number 
for higher pressures. This proposed correction factor has the following form: 

Eq.(5) 

where the index i refers to instantaneous values, and ref to a reference value of  bar. The 
exponent a is the subject of search. The data fitting was done with the use of the well 
established Levenberg-Marquardt algorithm. The data for both argon and nitrogen has been 
separated into two sets, 2/3 as a data set for the calculation, and 1/3 for verification.  
As a result of this calculation, the values obtained of the exponent a were ,  and  for the 
Kanzaka, Annand and Toda correlations respectively. The quality of fit for the set used 
in calculation and the set used for verification can be seen in figures 5 and 6. 

Figure 4: Fit quality for adjusted models for 
validation set 

Figure 5: Fit quality for adjusted models for 
verification set 

The adjusted correlations show a decent quality of fit, both for high and low power 
measurement points. To further ascertain their quality, the RMSE value was calculated 
for them as for the unadjusted versions. These results are shown in figure 6.  

Figure 6: Root mean square error of indicated power for different heat transfer models, including 
the adjusted correlations
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4. CONCLUSIONS
The paper shows that modelling Stirling engine indicated power with 0D models, such as the 
authors’ polytropic, real gas model can be very sensitive to heat transfer models used within 
to calculate the heat transfer coefficients for internal convection. The formulas tested showed 
gave the 0D model a decent quality of fit when compared with experimental results, however this 
quality was lost at higher pressures. The proposed adjustment based on experimental data 
decreased the root mean square error in indicated power significantly. Based on this, it can 
be deduced that the Kanzaka and Iwabuchi formula can be of use coupled with 0D models 
of Stirling engines, and for machines working at the same ranges of pressure, temperature 
and rotational speed as the authors experimental rig, and provided the engine has a similar 
design. We can however obtain an even better quality of results in those circumstances, 
if the formula is adjusted in the following way: 

Eq.(6) 

where ρi is the fluid density in the given engine volume at a given instance, and ρref,i is the fluid 
density at 1 bar pressure and at the instantaneous temperature. 

NOMENCLATURE 
p pressure, (Pa) ω angular velocity, (rad×s-1)
T temperature, (K) τ time, (s) 
φ angle, (rad) n rotational speed, (min-1)
ρ density, (kg×m-3) N power, (W) 
Be Beale number, - We West number, - 
Nu Nusselt number, - Re Reynolds number, - 
Pr Prandtl number, -  Cf Correction factor, - 
RMSE Root mean square error, W a,b,c arbitrary constants 
φel angle of the electric motor shaft (rad) 
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