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ABSTRACT 
The paper presents the results of the comparative analysis of the literature data and the own 
studies results of heat and mass transfer coefficients under convective fluid flow through 
the annular channel. The available experimental investigations on mass transfer have been 
analysed. In this case the results of the experiment performed by the electrochemical method 
– limiting current technique – have been discussed. Considerations on heat transfer were based 
on thermal balance method. Taking into account the relevant dimensionless numbers – 
analogical for mass and heat transfer – the formulas describing the considered phenomenon 
have been presented. The laminar and turbulent region of the fluid flow has been discussed.  
For the analysis of the results the Chilton-Colburn analogy between mass and heat transfer 
has been applied. In the considerations the equivalent boundary condition has been taken into 
account. It was the Dirichlet boundary condition of constant wall temperature what corresponds 
to the situation of constant ion concentration at the electrode surface. The main goal of the work 
was to verify the procedure of the heat transfer coefficients obtaining with the use of limiting 
current method and mass/heat transfer analogy with the convective fluid flow through the annular 
channel as an example.   
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1. INTRODUCTION

Annular channels represent an important type of the geometry applied in various heat transfer 
systems such as simple heat exchangers, elements of heating systems or even most complicated 
nuclear reactors. The subject of heat transfer phenomena occurring during the convective fluid flow 
through the annular channel seems to be well recognized, however there are specific cases that 
cannot be fully considered as investigated. Recent studies indicate such cases. These are, among 
others, channels with additional elements for heat transfer enhancement (coiled wire inserts 
in processes of high-temperature reactors cooling (Yang et al., 2021), pin fins arrays 
manufactured by selective laser melting technology for applications in internal combustion 
engine components (Lorenzon et al., 2022), channels with special fluids transferring heat 
(molten salts (Yang et al., 2021), new types of refrigerants (Zhang et al.1, 2022) and (Zhang 
et al.2, 2022)), or channels with two-phase flow (convective boiling (Zhang et al.1, 2022), 
(Zhang et al.2, 2022) and (Seo et al., 2021)). 
Another recently explored issue related to the examples cited is mass transfer in annular channels. 
Similarly as in the case of heat transfer the issue of fluid flow with mass transfer in annular channel 
with an obstruction was under consideration (Weyns et al., 2009) or special fluid – nanoelectrolyte 
– during the flow through the annular channel with the inner surface working as the cathode (Wilk 
and Grosicki, 2018).
However, in both presented cases: heat or mass transfer in annular channel, the basic 
and important issue is development and validation the formulas for determination of heat/mass 
transfer coefficients under specific boundary conditions.
Studies on heat transfer in annular channels have been conducted since the 1940s. The first 
literature references related to heat transfer in annuli are included in (Reynolds et al, 1963). In turn, 
the works (Gnielinski, 2009) and (Gnielinski, 2015) include the latest research. Regarding the mass
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transfer research, the following works can be cited: (Bieniasz, 1980) and (Wilk and Grosicki, 
2018). Both of these works present the results of measurements of mass transfer coefficients 
in annular channel with the use of electrochemical technique – limiting current method.  
In the present work the authors performed a comparative analysis of the results of heat/
mass transfer coefficients for the convective fluid flow through the annular channel. On the basis 
of the literature data and the own  studies the comparison of the transfer coefficients with 
the use of the analogy between heat and mass transfer process was made. The main purpose 
of the study was to validation of the analogy equation in application to the annular geometry 
of the channel. The results received from the validation are of importance for future investigations. 

2. MASS TRANSFER IN ANNULAR CHANNEL – EXPERIMENTAL RESULTS

In the present chapter the results of experimental investigations on mass transfer during the fluid 
flow through the annular channel are included. The analysed data are the results of the mass 
transfer coefficients measurements with the use of the electrochemical method – limiting current 
technique.  

2.1. Limiting current technique in the research of mass transfer in annular channel 
A well-known method used to determine mass transfer coefficients is the electrochemical 
method named the limiting current technique. This technique involves observing the controlled 
diffusion of ions at the electrode, usually the cathode. Once an external voltage is applied 
to electrodes immersed in the electrolyte, the anionic reduction occurs at the cathode surface 
and oxidation at the anode surface, whereby the electric current proportional to the number 
of reacting ions arises in the external circuit. According to Faraday law the current I is equal to 

𝐼 = 𝑛𝐹𝐴𝑁,  Eq. (1)

where A is the cathode surface, n is the valence charge of reacting ions, N is the molar flux 
density and F is Faraday constant.  
The ion transport process occurs by convection, migration and diffusion. The convection element 
is negligibly and the migration element may be neglected  using the additional background 
electrolyte in the mass transport process. Taking into account the diffusion process 
and considering Fick law (Welty et al., 2007),  the following formula is valid 

𝐼 = 𝑛𝐹𝐴ℎ𝐷(𝐶𝑏 − 𝐶𝑤),  Eq. (2) 

where hD is the mass transfer coefficient and Cb, Cw are the bulk ion concentration and the 
ion concentration at the wall (electrode surface).  
In the electrochemical method an increase in the applied voltage causes the limiting current 
to be reached. Under this condition the ion concentration at the electrode approaches zero. 
Mass transfer coefficient is obtained from the limiting current Ip using the equation 

ℎ𝐷 =
𝐼𝑝

𝑛𝐹𝐴𝐶𝑏
.  Eq. (3) 

The various electrochemical systems can be used in the limiting current technique. One of them 
is ferri-ferrocyanide system in which the deposition reactions are minimalized. In this case 
the oxidation-reduction process under convective-diffusion controlled conditions has a form 

[𝐹𝑒(𝐶𝑁)6]
−4

𝑜𝑥   𝑟𝑒𝑑
↔ [𝐹𝑒(𝐶𝑁)6]

−3 + 𝑒.  Eq. (4) 

When applying the ferri-ferrocyanide system, ferricyanide reduction at the cathode surface 
is employed as the limiting reaction. Thus, the cathode surface is the surface modelling heat transfer 
surface in mass/heat transfer analogy considerations.  Under the convective fluid flow through the 
concentric annular channel three cases of heat transfer conditions can be consider: heat transfer 
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from the outer surface of the inner pipe, heat transfer from the inner surface of the outer pipe, 
and heat transfer from both surfaces of the annular channel. The first case is the most common 
and it is discussed in the following considerations. In the electrochemical experiment using 
the limiting current method for mass transfer coefficients determination the boundary condition 
of constant ion concentration at the electrode surface takes place. Thus, it is the analogous case 
to the Dirichlet condition of constant wall temperature in the heat transfer considerations.   

2.2. Results of mass transfer coefficients measurements 
The results of measurements of mass transfer coefficients during the electrolyte flow through  
the annular channel with the use of limiting current method have been reported in (Bieniasz, 
1980). The experiment covered a wide range of electrolyte flow velocities. Both laminar 
and turbulent flow were investigated. The author presents in his work the investigations results 
of Chilton-Colburn coefficients. The results have been recalculated to the nondimensional mass 
transfer coefficient – Sherwood number Sh, where  

Sh =
ℎ𝐷𝑑𝐻

𝐷
 ,  Eq. (5) 

and the hydraulic diameter dH is equal to the width of the annular gap. It is given by 

𝑑𝐻 = 𝑑𝑜 − 𝑑𝑖 ,  Eq. (6) 

where  do is the inner diameter of the outer pipe and di is the outer diameter of the inner 
pipe creating the annular channel.  
The reported in (Bieniasz, 1980) investigations have included two annular channel 
geometries: L/dH = 4.19 and 6.32. The received dependences of Sherwood number vs Reynolds 
number in the laminar region  are presented in Figure 1.   

Figure 1: Mass transfer in annular channel – laminar region 
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The presented lines are the approximation of the many measurements results. Figure 1 also 
shows the Leveque solution for tube (Martin, 2002). This classical correlation is given by 

Sh = 1.615 (ScRe
𝑑𝐻

𝐿
)
1/3

 ,  Eq. (7) 

where Schmidt number Sc was equal to 1540 in the above cited work.  
As can be seen the theoretical solution differs from the mass transfer experiment. The maximum 
deviation of measurements results from the eq.(7) is equal to about 30% for  L/dH = 4.19. 
In the second case the deviations are lower, for the smallest Re numbers the considered lines 
overlap. It should be noted that the classical Leveque correlation has been received basing 
on considerations of the flow through the circular channel.  
The results of mass transfer coefficients investigations in turbulent region are summarized 
in Figure 2. The results of (Weynes et al., 2009) relate to the turbulent flow through 
the annular channel with an obstruction. The appropriate line in Figure 2 has been obtained 
for the segment of the channel behind the obstruction, where the values of mass transfer 
coefficient were stabilized. In turn the data from (Bieniasz, 1980) have been averaged 
for two tested cathode surfaces.   

The included in Figure 2 results from (Wilk and Grosicki, 2018) have been received for the same 
channel geometry as in (Bieniasz, 1980): L/dH = 4.19 and do/di =1.396. The other lines in Figure 2 
represent the correlation for turbulent mass transfer in an annular duct given as (Weynes et al., 
2009) 

Sh = 0.86 (
𝑑𝑖

𝑑𝑜
)
−0.16

Sh∗ , Eq. (8) 

where 

 Sh∗ = 0.023Re0.8Sc1/3. Eq. (9) 
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Figure 2: Mass transfer in annular channel – turbulent region



As can be seen the best compliance in the range of Re numbers from 6000 to 10000 is between 
the results from (Wilk and Grosicki, 2018) and the eq.(8) for the same annular channel geometry. 
In this case the maximum deviation is about 21%.  It should be noticed that the classical equation 
(9) valid for heat transfer during the convective turbulent fluid flow through the channels 
was received from the Chilton-Colburn mass/heat transfer analogy. Equation (9) is valid 
for channels with different cross sections, however it has been confirmed that the channel cross 
section has an impact on transfer processes (Sash, 1975). Additionally, it should be taken 
into account the measurement uncertainty. In (Wilk and Grosicki, 2018) the authors reported 
the mean relative uncertainty of determination the mass transfer coefficient hD  ±2% and ±8% 
for the Reynolds number.

3. HEAT TRANSFER IN ANNULAR CHANNEL – THE MAIN CORRELATIONS

In order to perform a comparative analysis of mass/heat transfer analogy results the correlation  
for convective fluid flow through the circular pipe in the laminar region of Reynolds 
numbers introduced by (Gnielinski, 2013) has been applied. This correlation based 
on the theoretical analysis is given by the formula 

Nu = [4.3543 + 0.63 + (1.953√RePr
𝑑

𝐿

3
− 0.6)

3

+ (0.924√Pr
3

√Re
𝑑

𝐿
)

3

]

1/3

Eq. (10) 

under the boundary condition of  constant heat flux and 

 Nu = [3.663 + 0.73 + (1.615√RePr 𝑑
𝐿

3
− 0.7)

3

+ (√
2

1+22Pr

6
√RePr

𝑑

𝐿
)

3

]

1/3

Eq. (11) 

for constant wall temperature.  
For turbulent range of the convective fluid flow through the annular channel the comprehensive 
correlation received by Gnielinski (Gnielinski, 2009 and Gnielinski, 2015) has been applied. 
This correlation based on a large number of experimental data has a form 

Nu =
(𝑓𝑎𝑛𝑛 8⁄ )(Re−1000)Pr

1+12.7√𝑓𝑎𝑛𝑛 8⁄ (Pr2/3−1)
[1 + (

𝑑𝐻

𝐿
)
2/3
] 0.75 (

𝑑𝑖

𝑑𝑜
)
−0.17

𝐾 , Eq. (12) 

where the friction factor fann of an annular channel depended on the annular diameter ratio is given 
by (Gnielinski, 2015)  

𝑓𝑎𝑛𝑛 = {1.8 log10 [Re
(1+(𝑑𝑖 𝑑𝑜⁄ )2) ln(𝑑𝑖 𝑑𝑜⁄ )+(1−(𝑑𝑖 𝑑𝑜⁄ )2)

(1−(𝑑𝑖 𝑑𝑜⁄ )2) ln(𝑑𝑖 𝑑𝑜⁄ )
] − 1.5}

−2

 . Eq. (13) 

Equation (12) is valid in the case of boundary condition for annular channel when the heat transfer 
from the outer surface of the inner pipe occurs, and the outer pipe is insulated. Parameter K  in eq. 
(12) is the  factor to take into account the temperature dependence of fluid properties. For gases K 
can be written as the  bulk temperature Tb to the wall temperature Tw ratio raised to the certain 
power. In turn for liquids, the variations of fluid properties with temperature can be taken into 
account by using the K factor as Prb to Prw  ratio  raised to the adequate power. Prb and Prw 
are Prandtl numbers of the fluid at the bulk and the wall temperature, respectively.

4. MASS/HEAT TRANSFER ANALOGY RESULTS

In process of mass transfer by means of diffusion the gradient of the concentration 
of the molecules or ions exchanged plays a fundamental role. In turn in process of heat transfer 
it is the gradient of the fluid temperature. The analogy between mass and heat transfer allows 
to convert the results of mass transfer experiment to the analogous for heat transfer. This 
arises from the similarity of the equations governing the mass and heat transport processes.  
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On the basis of theoretical description of transfer processes and of the results of empirical 
investigations the main equation of mass/heat transfer analogy takes a form 

 Nu Sh⁄ = (Pr Sc⁄ )𝑞 ,  Eq. (14) 

where the exponent q is determined from experiments. Chilton and Colburn proposed in their 
work (Chilton and Colburn, 1934) the value of q equal to 1/3. The authors received q based 
on a large database resulting from their investigations and  also on those obtained by the other 
researchers. The considered experiments concerned the fluid flow through pipes, across 
cylinders as well as flow across smooth plates. It has been concluded that the Chilton-
Colburn analogy is valid primarily for the fully developed turbulent flow, however it is also 
applied for the laminar flow (Iwaniszyn et al., 2011). Because the main goal of the present 
study was to validation of the Chilton-Colburn analogy  in application to the annular channel, 
the comparative calculations have been performed in the range both of the laminar and turbulent 
fluid flow.  
The heat transfer results obtained  from the mass transfer experimental data (Bieniasz, 1980) 
and equations (10) and (11) for the laminar region at different values of Pr number are shown 
in Figure 3 and 4. Figure 3 presents the results for the shorter channel at L/dH = 4.19. As can 
be seen the analogy results are between theoretical lines representing boundary condition 
of constant heat flux and constant wall temperature. The maximum deviation about 25%  is in the 
case of the constant heat flux solution. For the constant wall temperature case it is about 15%.  

Figure 3: Chilton-Colburn analogy results in laminar region – comparison with theoretical solution 
for circular channel, L/dH = 4.19 

In the second case, for L/dH = 6.32 (see Figure 4), there is a good compatibility of the mass/
heat transfer analogy results with the theoretical solution for circular channel with 
the boundary condition of constant wall temperature. In this case the maximum deviation 
is about 8% while for the constant heat flux it is 41%. It can be seen that the good compliance 
occurs for analogous boundary conditions.  
The results of the comparative analysis for turbulent range of the fluid flow with mass/heat 
transfer through the annular channel is presented in Figure 5. Mass transfer results 
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of the authors investigations (Wilk and Grosicki, 2018) has been selected for the analysis due 
to their better compliance with eq.(8), (see Figure  2).  

Figure 4: Chilton-Colburn analogy results in laminar region – comparison with theoretical solution 
for circular channel, L/dH = 6.32 

Figure 5: Chilton-Colburn analogy results in turbulent region – comparison with heat transfer 
experimental results 
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The analogy results have been compared with the Gnielinski correlation for turbulent 
convective fluid flow through an annular channel (eq.(12)). Similarly as in the laminar 
case, three representative values of Pr number have been taken into account. Parameter 
K in eq (12) has been assumed as equal to 1. As can be seen in Figure 5 
the better compatibility of the results occurs for the liquid flow (Pr = 7 and 70). In this case 
the maximum deviation is about 10%. For gases (Pr = 0.7), the maximum deviation is 20%.  

5. CONCLUSIONS

In the present study the comparative analysis of the Chilton-Colburn mass/heat transfer 
analogy results in the case of convective fluid flow with mass/heat transfer through the annular 
channel has been performed. The taken into account data of the mass transfer were 
the result of the investigations  carried out with the limiting current method. On the basis 
of the obtained results some  conclusions can be formulated. Chilton-Colburn analogy between 
mass and heat transfer is very useful  and simple method in heat transfer investigations. 
The analogy method is convenient when the thermal experiment may be difficult to perform. 
For the study of convective fluid flow through the annular channel, it is advisable to use 
the Chilton-Colburn mass/heat transfer analogy method. However, some issues should be taken 
into account. For the laminar flow the kind of boundary condition has more importance when 
the ratio of the channel length to the hydraulic diameter is bigger. The analogy method is more 
suitable for the constant wall temperature case. In turn, in the turbulent region, Prandtl number 
plays a significant role. The analogy method is better for liquids while for the laminar flow 
the obtained deviations are comparable for liquids and gases. The considerations for the annular 
channel carried out in this paper can be the basis for applying the Chiton-Colburn analogy also 
for annular channels in various geometrical configurations. 

NOMENCLATURE 
a thermal diffusivity (m2/s) k thermal conductivity (W/(mK)) 
A surface area (m2) L length (m) 
C ion concentration (kmol/m3) Nu Nusselt number, Nu = hdH/k 
d,dH diameter, hydraulic diameter (m) Pr Prandtl number, Pr = ν/a 
D diffusion coefficient (m2/s) Re Reynolds number, Re = wdH/ν 
f friction factor Sc Schmidt number, Sc = ν/D 
F Faraday constant (As/kmol) Sh Sherwood number, Sh = hDdH/D 
hD mass transfer coefficient (m/s) T temperature (K) 
h heat transfer coefficient (W/(m2K)) w mean fluid velocity (m/s) 
I current (A) ν kinematic viscosity (m2/s)
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