
Periodic gas temperature measurement as an inverse heat
transfer problem, utilization of the Particle Filter algorithm and 

mechanistic models
Bartłomiej Rutczyk(a), Ireneusz Szczygieł(a), Zbigniew Buliński(a)

(a) Politechnika Śląska, Katedra Techniki Cieplnej, Konarskiego 22 , 44-100 Gliwice, Poland
bartlomiej.rutczyk@polsl.pl

ABSTRACT
 In many engineering applications one can find periodically variable gas temperatures. Possible 
examples include the temperature inside the cylinders of Stirling Engines and other reciprocating 
machines. New methods are proposed and evaluated for the measurement of periodically varying 
temperature by thermocouples. A Computational Fluid Dynamics model is created to assess the 
method viability and efficacy in a realistic setting while avoiding measurement errors. The first 
method is based on matrix analysis, the two others on the particle filter algorithm used to estimate 
either the heat transfer coefficients with the additional use of other flow information, or to estimate 
the thermocouple constants without said information. It is shown that the matrix method is sufficient 
for cases with constant velocities. For variable velocities, the PF algorithm shows promising results
as based on measurements generated from the numerical simulation

1.INTRODUCTION

1.1    Background of the problem
An ideal Stirling cycle assumes constant temperatures across the heater and cooler, however 
in reality this is not the case, as an isothermal process is very difficult to realize (Organ, 
2013). Information of how close is the real process in the Stirling engine to the isothermal 
one could be a good measure of thermodynamic quality of the real process in the engine. 
Therefore, reliable measurement of temeprature inside the Stirling engine would 
be of great importance for assessment of internal irreversiblities and its influence 
on the coefficient of performance of the engine. In reality, the temperatures will be fluctuating 
across the cycle, when a quasi steady state is reached. It can be assumed that these 
fluctuations will have the same frequency as the engine frequency, or at least the main 
harmonic component will. Therefore, the measurement of these fluctuations in a working engine 
can present a considerable problem as Stirling engine frequencies can reach values from a few 
hundred to a few thousand RPM, and conversely this means the cycle period is a small fraction 
of a second. Despite the high frequencies, the gas velocities inside a Stirling engine are 
low, as they are a function of the piston stroke, the values being of a few meters per second 
or less (Rutczyk et al, 2019). This means that ordinary thermocouples, even for small diameters 
are unable to measure the temperature directly, as the time constant can exceed 
the fluctuation period or be a significant fraction of thereof (Hoshino et al, 2004). However, 
the thermocouple will still measure the temperature of itself, and the fluctuations 
of the thermocouple temperature will be dependent on the actual gas temperature. In this paper 
authors have examined couple of methods of estimation of the gas temperature inside 
the fluctuating flow field, starting from the method which computes average thermoelement 
constant based on the recording of temporal variation of temperature, up to in-fly estimation 
of gas temperature using Bayesian filters.

1.2    The problem as an overdetermined system of equations
The considered problem can be said to be a boundary heat conduction problem (Alifanov 
and Nenarokomov, 2001), though it can be greatly simplified by the assumption of treating 
the thermocouple as a lumped system (Tagawa and Ohta, 1997). If the value 
of the thermocouple constant can be assumed constant at least within considered time window, 
a method is proposedbased on solving an overdetermined system of equations. This is in principle
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similar to the time domain estimation method (Tagawa and Ohta, 1997). In fact, it could 
be considered a generalisation of thereof avoiding the introduction of an additional quantity 
of error as in equation 5.  
Consider the difference between the two measurements as the observation similar to the Kar’s 
approach (eq 10). For a number of observations 

 Eq.(1) 
It can be defined that: 

 Eq.(2) 

 Eq.(3) 

 Eq.(4) 
The problem can therefore be rewritten as: 

 Eq.(5) 
Which can be solved for τ by the least squares method, as an overdetermined linear system. 
As with the method outlined in (Tagawa and Ohta, 1997), and other mechanistic methods (Li et 
al, 2021) this method can give non-physical results if errors are present in the values 
of temperature, as even very small errors can cause significant errors in the derivative matrix D. 
In the specific case of Stirling engines (and similar cyclically operating devices), this can 
be mitigated by smoothing the measured temperature (Tm1, Tm2) values by fitting a Fourier series 
to the data using a least squares method. As the frequency of the engine is generally known 
and easily measurable, use of it should be made to obtain a better fit quality, by using 
it as the Fourier series base frequency. The derivatives of the obtained series is then 
to be obtained analytically. Frequency information can also be used by averaging the measured 
values over a large number of cycles. 

1.3    The particle filter method
For this method the problem will be treated within the framework of inverse problems (Alifanov 
and Nenarokomov, 2001,Alifanov, 2012, Colaco et al, 2006, Orlande, 2012, Orlande et al, 2008). 
The sequential particle filter method has been a subject of some interest in solving inverse heat 
transfer problems in recent years (Özisik and Orlande, 2021, Silva et al, 2021, Orlande, 2012, 
Vianna et al, 2010, Silva et al, 2014, Orlande et al, 2008), and has been successfully applied 
for convection, radiation and conduction. Particle filter methods are subset of Monte Carlo 
techniques. They are widely used for state estimation, particularly in robotics. Fundamentally, 
the technique is based on providing a number of samples for which weights are calculated based 
on a probability distribution function. Based on the weights, the algorithm assigns new samples 
and calculates the optimal Bayesian estimate of the value (Sanjeev et al, 2002). To draw 
the samples we assume that the current state is affected by the previous state, that is we assume 
a hidden Markov chain.  Let’s consider the state variable as xk, measurements as zk and weights 
as wk the index k denoting a discrete point in time. Also, lets denote   as the set of all N 
particles for all k points in time, and x1:k as the set of all states. The particles will have 
associated weights,  normalized so that their sum is equal to unity.After (Vianna et al, 2010, 
Orlande et al, 2008), the posterior density at time can be approximated as:  
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 Eq.(6) 

where δ is the Dirac delta function. Following (Orlande, 2012, Vianna et al, 2010), if the sequence 
xk is a Markovian process, the sequence zk is a Markovian process with respect to the history 
zk of and also xk depends on the past observations only through its own history, we can write 
the previous equation as: 

 Eq.(7) 
The practical algorithm itself can be described as a series of three steps. Firstly, N  particles 
are drawn from the prior probability density . These particles represent 
our "guesses" for the state. Weights are assigned to each particle as:   

      Eq.(8) 
Second, the weights are normalized so that their sum equals unity.  
Third, to avoid the common problem of particle degeneration (when all but a few particles have 
a  negligible weight after a few states (Nunes et al, 2019, Özisik and Orlande, 2021, Orlande, 
2012, Vianna et al, 2010, Reis et al, 2012), a resampling scheme has to be employed. 
The method chosen after (Orlande, 2012) is to construct a cumulative sum of weights:  

       Eq.(9) 
then drawing a starting point u1 from the uniform distribution , and further calculating for 

: 

 Eq.(10) 
while: 

 Eq.(11) 
assign: 

 Eq.(12) 

 Eq.(13) 
This is known as the "Sampling Importance Resampling" method (Nunes et al, 2019, Colaco 
et al 2012). 
1.3.1    Technique based on heat transfer coefficient estimation
This method is based in its principle on the assumptions of the method of Pfreim (Pfreim, 1936) 
as outlined by Wiśniewski et al (Wiśniewski, 1983). We assume that the thermocouple constant 
can be expressed as a function of known parameters and the unknown heat transfer coefficient, 
and that the thermocouple is a lumped system, thus:  

 Eq.(14) 
For instruments of the same size, it is assumed that their value of h is the same. If they 
are spherical beads of different diameters however, a ratio can be provided based on correlations, 
such as:  

 Eq.(15) 
Where  is the Reynolds number exponent for the used correlation. Knowledge of the material 
properties and dimensions of the instruments is therefore imperative. 
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The implementation of a particle filter in this method is straightforward. Two state parameters 
are sought, the instantaneous fluid temperature and the instantaneous value of h. Measurements 
of the thermocouples  Tm(j) (two at minimum) are available but assumed to have an error. Thus:  

 Eq.(16) 
And the probability is based on similarity to the measured value Tm(j,k) after solving using a 4th 
order Runge-Kutta routine The likelihood function is based on the framework proposed 
by Orlande et al (Orlande et al, 2008). 

 Eq.(17) 
For added smoothing, the time derivative of the measured temperature can be calculated based 
on the average (most probable) value from the previous step. 
Other information about the heat transfer coefficient can be utilized if available to obtain 
a better quality of the estimation. If information about the flow regime is available, a correlation 
can be utilized as a probability condition. For spherical thermocouple junctions, the Whitaker 
correlation could be used  

Eq.(18) 
This correlation has been used by Mohajer et al in comparison to their CFD model of flow around 
a microsphere (Mohajer et al, 2015), with relative errors reaching the values up to 8%. Uncertainty 
can be ascribed to the heat transfer correlation by uncertainty propagation based on the values 
for its independent variables. The Reynolds and Prandtl numbers and the dynamic viscosity μ 
are to be evaluated at fluid temperature and pressure, while the dynamic viscosity μs 
is to be evaluated at surface temperature. Furthermore, fluid velocity is needed, 
and the characteristic diameter of the thermocouple. Therefore, for the heat transfer coefficient h: 

Eq.(19) 
A second probability distribution function can then be derived: 

 Eq.(20) 
And the weights can be calculated as (in the case of three sensors): 

 Eq.(21) 

The advantage over the technique described in the chapter below is the lack of tendency to predict 
that Tg=Tm, and the fact that it is not as prone to additional errors stemming from 
the the temperature time derivative - rather, it has a self smoothing property. There 
is however one significant disadvantage - the dimensions and properties of the materials 
the instrument is made out of have to be known apriori. This data is not always available, 
and prone to error if so.   
1.3.2    Technique based on thermocouple constant estimation
For this technique, assumptions are based on those made by Kar (Kar et al, 2004). That is, 
we assume that the measurement ΔTm is the difference between the readouts of two instruments, 
and the parameters of state being estimated are the thermocouple constants , which are subject to a 
random walk and resampling. The estimate of ΔTm for each particle is calculated from equation 10.   

 Eq.(22) 
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Probabilities are calculated from the difference of  and . 

 Eq.(23) 
However, as the problem is linear, a tendency for one of the thermocouple constant values to reach 
0 was noticed. In this case, the algorithm "predicts", that the gas temperature is equal to one 
of the measurements. To avoid this, a second arbitrary probability function has been introduced, 
which approaches 0 when Tg approaches Tm, the gas temperature being reconstructed 
by equation 1 and 2. 

 Eq.(24) 
Weights are then calculated based on all the probabilities. If three sensors were used, the index 
j denotes the differences between sensors 1 and 2, 2 and 3, 3 and 1. Thus: 

 Eq.(25) 
The technique has an advantage in that no data on the sensors needs to be given, however 
its efficacy rises with the quality of the initial guess for the thermocouple constants, especially 
if a ratio of the constants is added to the random walk. A good guess can be provided 
by the time domain method, but this is not possible with noisy measurements. Thus, a large 
number of particles can be necessary. 

2   RESULTS OF COMPUTATIONS
To test the methods a series of simulations have been carried out using ANSYS Fluent. The first 
simulation consisted of a simple square channel, within which 4 spherical beads were placed 
in the middle, each made of a different material, with properties equivalent to the averages 
of the component metals of K, T, R and E thermocouples. The channel is 20 x 20 mm 
with rounded edges, while the "thermocouple beads" were 0.1 mm diameter. The channel 
was subject to "velocity inlet" and "pressure outlet" boundary conditions. Readings were taken 
from the model in the form of monitors, with the gas temperature in the plane on which the beads 
were located taken as the real gas temperature, and the mass averaged temperatures 
of the beads as the thermocouple readings.  
In order to correctly ascertain the behavior of flow around small objects, care was taken 
to achieve values of y+ below one and for the mesh to be sufficiently dense in the proximity 
of the spheres. The achieved average value across the bead faces was  in 
the variable velocity case. For turbulence, the k-omega SST model was utilized. The mesh 
was kept dense close to the simulated probes, and became less refined in proximity to the inlet 
and outlet. This was to provide sufficient length for the flow to develop itself while keeping the 
number of mesh elements low. The thermocouple readings were further perturbed by Gaussian 
noise of a set standard deviation. Two cases were tested - with varying temperature and constant 
velocity and varying temperature with a varying velocity of the gas. The gas used 
in the simulation was air. Inlet temperature was varied according to the equation:  

 Eq.(26) 
And the velocity: 

 Eq.(27) 
In the case of constant velocity it was set as 10 m/s. 

Reconstruction results are summarized in tables 1 and 2. 
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Table 1: Result summary for the case with constant gas velocity 

Table 2: Result summary for the case with variable gas velocity 

2.1    Reconstruction by the overdetermined system of equations method
Reconstruction with the method described in chapter two was tested first, with 
all the measurements forming the system from equation 11 and only two of the thermocouples 
(K and T) being considered. For the case with a constant gas velocity the calculated time constants 
had the values of 0.0399 and 0.0447 s respectively. For the case with variable velocity with  σm 
being 4 K, the values predicted were 0.094 and 0.043 s. As this was suspected to be non-physical 
a calculation was carried out with σ=0 K for comparison which gave values of 0.0785 and 0.0713 s. 
Reconstruction of the gas temperature was carried out by solving equations 1 and 2 and averaging 
the values. Derivatives were calculated analytically from fitted Fourier functions.  

Figure 2: Simulated measurements and 
reconstruction by the overdetermined system of 
equations with σ=0 K, varying gas velocity case 

Figure 1: Simulated measurements and 
reconstruction by the overdetermined system of 
equations with σ=4 K, varying gas velocity case 

2.2    Particle filter reconstruction
The Particle System methods, both the thermocouple constant (τ) and heat transfer coefficient (htc) 
versions were also tested on the same generated data. Again fitted Fourier functions were used 
for the measurements and the derivatives were calculated analytically. A large number 
of calculations was carried out, with varying number of particles. A variant of the τ method 
was tested with the  τ ratios fixed and calculated from the Cambray method (Cambray, 1986). 
However at a sufficiently large number of particles this has proved unnecessary. 
As a representative case, for both methods, calculations with n=105 particles were selected. Data 
from the three K, T and R thermocouples was selected. 
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Figure 3: Simulated measurements and 
reconstruction by the particle filter " τ" method 

with σ=4 K, constant gas velocity case 

Figure 4: Simulated measurements and 
reconstruction by the particle filter " htc" method 

with σ=4 K, constant gas velocity case 

Figure 5: Simulated measurements and 
reconstruction by the particle filter "τ" method   

with σ=4 K, varying gas velocity case 

Figure 6: Simulated measurements and 
reconstruction by the particle filter "htc” method 

with σ=4 K, varying gas velocity case  

The particle filter methods for the case with varying velocity are particularly sensitive to noise and 
the reconstructed temperatures for the cases of σ=8 K can be visually judged as inadequate in 
quality. However, it can be shown that this problem can be mitigated. As the thermocouple 
measurment is a carrier of information about the state of the system, it can be reasoned, that 
a better reconstruction quality will be reached the more the thermocouples differ from one another. 
As the specific heat and density of "K" and "T" type probes are very close to each other 
a simulation was carried out with those values for the "T" probe to be an average of the density 
and specific heat of the "K" and "R" thermocouple materials. In a real setup, selecting a different 
probe diameter could have a similar effect. Furthermore, the simulation time was extended 
by a factor of two. Reconstruction carried out in this manner for a case with variable velocity 
and σ=8 K , shows a much higher reconstruction quality for both the "τ" and "htc" methods, 
the values of the root mean square error being respectively RMSE=37.07 K and RMSE=31.38 K. 

3  CONCLUSIONS 
Calculation results for the discussed cases have been summarized in tables 1 and 2. 
Additional comparison metrics have been added such as signal to noise ratio ("s/n") 
and a normalized value of the root mean square error discussed previously.  Both the over 
determined system and particle filter methods were applied to a simulated set of measurements 
with added errors. Determining the reconstruction quality both by assessment of the figures 
and from the calculated errors, it can be seen that both methods are able to provide acceptable 
results when the heat transfer coefficient stays relatively constant (constant gas velocity). 
As the overdetermined system method is considerably faster and simpler and the RMSE 
values are comparable between it and the particle filter method, the overdetermined system 
method is to be recommended in such cases.   
From the point of view of Stirling engine measurements or exhaust gas temperature 
measurements however where the velocity of the gas varies, the use of a particle filter method 
is justifiable, as the other method produces false results in the presence of measurement errors. 
As expected, the "htc" variant of the Particle Filter produces a far better quality 
of reconstruction as effectively more information is utilized in the "filtering" process itself even 
if the information itself is a subject to considerable uncertainity.
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In cases where such data is not available however, its effective replacement 
by theoretically unjustified assumptions such as equation 21 leads to a worse, but still acceptable 
reconstruction quality. Furthermore, it can be noted that the methods can give realistic results 
if the difference between the thermocouple parameters is considerable and the recorded data 
contains a larger number of periods. Thus, care should be taken when selecting probes 
for an experiment.  
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NOMENCLATURE 

h heat transfer 
coefficient, 

μ dynamic 
viscosity, 

Pa·s 

T temperature, K ε thermocouple 
constant ratio, 

- 

p pressure, Pa σ standard 
deviation, 

- 

D diameter, m ω angular velocity, rad/s 
v velocity, m/s π probability, - 
t time, s δ Dirac's delta 

function, 
- 

u uncertainty, - τ time constant, s 
w particle weight, - τ time constant 

matrix, 
s 

x state variable, - D temperature time
derivative matrix,

K/s 

z measurement, - ΔTm readout 
difference 
matrix, 

K 

G temperature 
time derivative, 

K/s ODSE Overdetermined 
system of 
equasions, 

 

P probability 
function, 

- PF Particle filter,  

Nu Nusselt number, - RMSE Root mean 
square error, 

 

Pr Prandtl number, - NRMSE Normalized root 
mean square 
error, 

 

Re Reynolds 
number, 

- p estimated by 
Particle Filter, 

 

g gas, i particle, 
m thermocouple 

readout, 
j sensor number,  

k measurement 
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