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ABSTRACT

This work introduces a theoretical approach of metallic nanoparticles’ (NPs) heat and mass
transfer in two separated systems — when the particles are coated on a surface (base) and when
they move freely in a pipe. In order to simulate the heat transfer, energy and radiative transfer
equations are adjusted to the considered issue. NPs’ properties are determined following
the nanofluidic theories, whereas absorption and scattering coefficients are described using either
Mie-Lorenz theory or Rayleigh-Drude approximation. Thermal boundary conditions
are implemented based on the microscale heat transfer.

Keywords: heat transfer, metallic nanoparticles, Smoluchowski theory, free convection, forced
convection

1. INTRODUCTION

Gold nanoparticles (NPs) appeared commonly in red-stained glasses in medieval ages in gothic
cathedrals (Martin, 1993) However, at that time no one were aware of the physical reason why
gold nanoparticles possessed red color instead the yellowish. It was discovered by Gustav Mie
and Ludvig Lorenz who explored around the same time the theoretical explanation of the red-
shifted gold properties basing on the Maxwell’s equations. Although that work appeared
to be perfect for every spherical nanoparticle size, there was a problem to describe the interaction
for other shapes, e.g. rods, cubes, triangles. For over one hundred years, it has been discovered
that most shapes are not possible to calculate explicitly and require using numerical methods
(Lorenz, 1890; Mie, 1908; Strutt, 1871; Bohren and Huffman, 1983; van de Hulst, 1957; Martin,
1993; Doicu et al., 1996).

Currently, Rayleigh-Drude approximation is being commonly proposed for calculations of small
nanoparticles and gases, regardless of working environment. However, this theory is only
approximation of the Mie-Lorenz one, and fails under condition d « A, where ‘d* is the nanoparticle
diameter, and ‘A° is the incident wavelength. However, each nanoparticle shape may
be implemented and calculated explicitly regardless of shape’s complicity.

Both approaches, however, indicate there exists at least one spectra peak at where the absorption
cross section is maximized. The maximum is searched at the local surface plasmon resonance
phenomenon (LSPR) which treated each nanoparticle as a set of vibrations — plasmons. In case
the vibrations’ frequency is near the incident wavelength, nanoparticle produce a collective single
vibration that, if there is no electrical and magnetic outlet, is capable only to convert the whole
absorbed energy into heat.
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This potential was discerned generally a dozen years ago in inactivation bioprocesses,
e.g. hyperthermia tumors, where temperature increases locally, which minimizes
the process invasiveness. Nevertheless, this paper proposes and considers the approaches
that based on micro- and nanoscale heat transfer at two selected and separated issues
in this work, particles coated at a surface (Chapter 3) and in a pipe (Chapter 4). Moreover,
it has been investigated in which system and why nanoparticle orientation is crucial to reproduce
and maximize temperature of a considered system properly. Likewise, some problems that
are connected with shape deformation of particles, which complicates the model solutions,
are mentioned.

2. LIGHT - PARTICLES INTERACTION

2.1. Heat transfer equations

Light-matter interaction that includes all classical phenomena are described in general
following the radiative heat transfer approach (Siegel and Howell, 1972; Radomski et al., 2022):
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For investigation of temperature changes, the energy balance equation would be applied, treating
particles as inclusions in fluid or at a solid boundary, following (Siegel and Howell, 1972; Radomski
et al., 2021a; Radomski et al., 2021b; Black, 2011; Zidtkowski, 2022):
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These equations are adapted to the considered system containing particles. For metallic thin films,
specific heat capacity and thermal conductivity are ruled by the heat exchange between electron
and crystal lattice interaction regardless of the incident intensity (Black, 2011; Siegel and Howell,
1972). In case of particles, this coupling, g.-_,,, exists as well, however is much stronger, which
reduces the temperature increase (Zheng et al., 2018; Medvedev and Milov, 2022).

Nonetheless, many other problems appear at the nanoparticles orientation and strain deformation,
which cannot be solved accurately. The first one refers to the thermal conductivity that may
be treated following many approaches. The most crucial issue here, however, is to include a size
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and a shape dependence that diminish the thermal conductivity value significantly. For the
nanoparticle that is made of noble metal the proceeding may follow the formula (Warrier and Teja,
2011; Feng et al., 2009; Wang, 2006; Smoluchowski, 1898a):

_ PpiCppiVFho Api _ 1
keffp.i a 3 Ao % 1+Kn Eq. (8)

Other issues, which are related to the fluid flow, are discussed in the next chapters.

2.2. Cross sections

The most paramount parameters, which are worth a deeper investigation, are nanoparticles
concentration, &, and cross sections. Nanoparticles concentration, &, which is defined
as the number of nanoparticles in selected volume, is not a separated parameter, and indicates
the interaction rate between single nanoparticles. Its relationship with cross sections
are dependent of the applied theory. This topic was touched in (Volz, 2007).The issue
stays at the number of nanoparticles concentration, and there is no precise value where
the interaction starts to be significant.

Scattering and extinction cross section, however, are well-known and may be calculated differently
depending on the considered theory. Mie-Lorenz one presents them as for spheres (Mie, 1908;
Bohren and Huffman, 1983; van der Hulst, 1957; Siegel and Howell, 1972):

Coxt; = 2 Z?:l(zj +1) -re(a;; +bj,;) Eq. (10)

Cocay = SN 23242 + 1) - ([agl + byl Eq. (11)

Meanwhile, Rayleigh-Drude approximation yields (Mie, 1908; Bohren and Huffman, 1983;
van der Hulst, 1957; Siegel and Howell, 1972):
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It is generally thought that the second approach is more amicable compared to the Mie-Lorenz
theory for several reasons. Firstly, Rayleigh-Drude approximation introduces simple
and distinguishable formulas depending on the mean distance between the nanoparticles.
It was presented in particular in (Bohren and Huffman, 1983; van der Hulst, 1957; Siegel
and Howell, 1972; Martin, 1993). On the other hand, both Mie-Lorenz and Rayleigh-Drude
approach may be introduced via the particle’s polarizability, andit takes differentformulas
for each shape. The relationship, however, is usually very tangled for non-spherical particles.

The simplest shapes, spherical and ellipsoidal ones, are well-known for both approaches, and they
enable to expand the number of shapes with needles (stretched to infinity) and disks (flattened
to the zero thickness) structures at the mathematical limits of a depolarization factor, JI;. Then,
for the particle oriented along the i-axis (Bohren and Huffman, 1983; van der Hulst, 1957; Siegel
and Howell, 1972; Radomski et al., 2022; Radomski et al, 2021a):
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For prolate (stretched) structures:
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whereas for oblate (flattened) ones:
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Some other shapes have been explored using numerical methods, yielding near-accurate results.
A five-percentage approximation was proposed in (Kang et al.,, 2018) and it is possible
to implement any arbitrary shape, albeit it requires using hypergeometric mathematical functions.
The majority of presented structures are also capable of the “coating”process, which give
an opportunity to investigate another group of hybrid materials or surfactants that are unreacted
and attached to a nanoparticle’surface compounds.The topic has been detailed in (Bohren
and Huffman, 1983; van der Hulst, 1957; Siegel and Howell, 1972; Sihvola and Lindell, 1990).

3. NANOPARTICLES COATED ON A SURFACE

Coating/embedding nanoparticles freely on a surface/inside a material seems to be relatively
simple, and all nanoparticles may be assumed as stable and non-moving granules at a wall.
It should be taken into account, however, that there exists a few issues, which are worth
mentioning. Firstly, when the prolate or oblate structures are considered, the biggest part
of nanoparticles are oriented in one direction due to gravity. Therefore, the particle’s polarizability
would be discussed for the one oriented axis.

Another relevant problem is that LSPR phenomenon imposes a change in the light-particle-base
interaction. For smooth, polished non-charged materials, like glasses, it has been assumed that
the change exists only at the refractive index of the host medium that is defined as (Bohren
and Huffman, 1983; van der Hulst, 1957; Siegel and Howell, 1972):

my, = Zh*Mbase Eq. (20)

sur 2
where my,, is the refractive index of the base material on where particles are coated.

If the wall is a charged surface, interaction may be calculated treating NPs and surface as a crib
structure at which legs are the nanoparticles and the manger is a base material. Noticeably,
the crib becomes a thin film if its thickness is very high and NPs’ presence are negligible.
Nonetheless, this topic requires sophisticated mathematics and is beyond the considered subject
in this work.

Furthermore, it has been occurred that the heat interaction particles and fluid, (E)ip'f, cannot
be treated separately. Among models that perceive the interaction as nanofluids or are based
on property’s  slips, Smoluchowski model, which was proposed in (Radomski
et al., 2021b; Smoluchowski, 1898b,c), defines the temperature jump at the body boundaries
as a result of conductivity discontinuity. In case of fluid contained metallic nanoparticles
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this model is extremely major due to the ranges (for noble metals k~300 W - m~! - K™%, for fluids
k~0.4 W -m~!-K™1). For particles, the Smoluchowski model follows the energy equations:

a ‘Bp,lz . ﬁp,lz hd - .
a pp,i . Cp,p,iTp + T + div pp.i . Cp,p,iTp + T . Ip . vp,i + div (keffp,i . grad(Tp)) +
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+(G = GP) - 7+ (B X Ugip — Fn X D) 7= ST+ SP + Qin— Gem—pn - (T = Top) Eq. (22)

Similar approach can be referred to the fluid. On the other hand, the Smoluchowski
approach seems to be a great model in case particles are melted locally. The problem,
however, occurs atthe light-particle interaction. Due to the fact the size and shape
decreases, absorption cross section becomes a function of time, which is not trivial
so as to estimate it form. Moreover, virtually all material properties undergo changes
and the electron-phonon coupling undergo severe changes.

Smoluchowski equations, however, may be also shortened under some conditions. Firstly, if the

particles are attached to the boundary perfectly, parts ﬁp,iz/Z and ﬁﬁ equal zero. In reality,
mechanical forces always exist and they are responsible for the convection phenomena. For
free convection particles moves are negligible for source of energy and heat is transported
by buoyancy effects.

In case of forced convectiorﬁ,{l and Iinp are governed by drag forces and they are responsible
for particles moves rotation (Dennis et al, 1980). For spherical NPs, the drag coefficient
is described by Morsi and Alexander, 1972, and is governed by Stokes-Cunningham drag law,
whereas for non-spherical structures the topic was discussed in particular by Dennis et al., 1980.

However, heat generation becomes much more difficult to estimate, besides spherical
particles that are characterized by the full symmetry. For prolate/oblate structures as long
as particles are attached to the ground, formula (15) is preserved. At critical point particles when
start to be swept away from the base material the particles’ polarizability ends to be oriented,
changing light-particle interaction into formula for randomly distributed particles:
_ ai,i + ai,j + Cll-’f(

Bl 3

where i, J, k are the rectangular coordinates’ axes, where 1 is the oriented one.

Formula (15) is being continued if particles stop rotating and every streamline is parallel along the
long diameter, which take place at high speed flows and at the high Reynolds number. Then shear
stresses do the lion’s share and it should be assumed that they do not affect on the particle’s
shape during it moves.

@ Eq.(23)

4. NANOPARTICLES IN A PIPE

Free moving NPs incorporated in a fluidic pipe can be treated as a typical phase, e.g. with
a mixture or DDPM model regardless if the fluid is a gas or liquid. Heat generation may be then
ruled following the equations (6)(7)(9)(27)(28), and refractive index from (26) is governed only near
pipe walls. Likewise, an appropriate boundary conditions in reference to microchannels and heat
transfer coefficients should be considered (Siegel and Howell, 1972; Kumar et al, 2018; Szymanhski
and Mikielewicz, 2022; Bfauciak et al., 2021). Nevertheless, effective thermal conductivity
coefficient, kqs, should be modeled based on nanofluids for heterogeneous materials. The topic
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has been considered in some papers for selected materials. Since particles are not arranged, ket
is (Warrier and Teja, 2011):

st \ 7
Kt = - () Eq. (24)

Moreover, for high speed flows, particles are exposed to high shear stresses. This situation
is much further complicated if a pipe is highly curved. In that case, NPs’ heat generation rate
should be governed by the full Mie theory including particle orientation (Yang et al., 2011;
Bohren and Huffman, 1983). Shear stresses may be modeled based on condensation
phenomena between liquid and solid or liquid and gas (Mikielewicz et al, 2014).
Nevertheless, Smoluchowski temperature jump might be still applied, investigating microscale
heat transfer and heat transfer between fluid and particles.

5. SUMMARY

Heat transfer of the radiated particles is a complex issue. On the one hand, both interactions
between particles and fluid and particles themselves should be considered, which is not trivial.
On the other hand, heat generation rate is dependent on many different factors that become
highly tangled. Nevertheless, Rayleigh-Drude approximation provides concisely the particles-
particles interaction that may be modeled and implemented easily. However, particle’s size
conflicts between Mie-Lorenz theory, which is only relatively simple for spheres,
and the Rayleigh-Drude approximation, which enable modeling any particle’s shapes albeit it fails
when particle diameter is similar to the incident wavelength. Authors of this work would follow
with the Mie theory for plain and coated spheres, whereas any more complicated shape would
be performed using Rayleigh-Drude approximation.

Moreover, fluid-particles interaction is still being studied now and there is no one, general theory
that may be performed to model the heat transport due to different material properties.
Nonetheless, Smoluchowski theory, which was virtually forgotten for nearly one hundred years,
is highly recommended for any particles-contained system due to its versatile legitimacy,
starting from a high difference of thermal conductivity between particles and fluids up to the fluid-
particles interaction, which includes (or may be extended with) boundary phenomena, velocity
slips and materials melting. It is subjected to the considered system, the results’ accuracy
and a scientist which theory and model would be studied.

NOMENCLATURE
Roman letters
A; — projected area of the i-particle (m?)
aj — first Mie coefficient ( - )
b; ; — second Mie coefficient ( - )
Cext; — extinction cross section of the i-particle (m?)
Copi — heatcapacity (J- K1)
Csca; — scattered cross section of the i-particle (m?)
c — speed of light in vacuum (m - s™1)
Cppi — specific heat capacity of the i-particle (J - kg™ - K1)
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symmetric rate of deformation (s™1)

longer diameter of the i-nanoparticle (m)

shorter diameter of the i-nanoparticle (m)

emissivity coefficient of the i-particle due to black-body radiation (W - m~3)
specific energy (] - kg™1)

mechanical forces of the fluid (N)

mechanical forces of the particles (N)

electron-phonon coupling for nanoparticles (W - m=3 - K1)
initial intensity laser profile (W - m™2)

absorbed part of the i-particle (W - m™2)

first invariant of the strain rate (s71)

incident intensity of radiation (W - m~2)

unit tensor ( -)

idemfactor in reference to particles ( - )

Knudsen number ( -)

thermal conductivity coefficient of a pure metal (W - m™1 - K~1)
effective thermal conductivity coefficient (W - m™! - K™1)

thermal conductivity coefficient of fluid (W - m=! - K1)

thermal conductivity coefficient of the i-particle (W - m™1 - K1)
path’s length that light passes through fluid (m)

path’s length that light passes through the i-particle

discontinuity at the boundary from fluid side

discontinuity at the boundary from particle side

refractive index of air ( -)

real part of refractive index of the surrounding medium ( -)

real part of the refractive index of particle’s material ( - )

imaginary part of the refractive index of the surrounding medium ( -)
imaginary part of the refractive index of particle’s material ( - )
normal vector of the boundary layer ( - )

pressure (Pa)

internal source of energy, e.g. as a result of the magnetic field presence (W - m~3)
radius — spherical coordinate

source of energy for fluids (W - m™3)

source of energy for the i-particle (W - m~3)

oriented surface (m?)
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vp,i

—>f
vslip
>

p
vslip

xt

temperature (K)

temperature of fluid (K)

temperature of particles (K)

temperature of crystal lattice (phonon heat) (K)
Smoluchowski temperature jump (K)
temperature at the boundary from fluid side (K)
temperature at the boundary from particle side (K)
time (s)

volume of the i-particle (m3)

Fermi velocity (m - s™1)

velocity of the fluid (m - s™1)

velocity of the i-particle (m - s™1)

velocity slip at fluid boundary (m - s™1)

velocity slip at particle boundary (m - s™1)

diffusive momentum flux (kg - m - s2)

Greek letters

a;
Qp

adf

pp,i

polarizability of the i-particle (m3)

volume of particle occupation in fluid ( - )

thermal diffusivity of the considered fluid (m? - s™1)

thermal diffusivity of the i-particle (m? - s~1)

real part of the permittivity of the host medium ( -)

real part of the permittivity of the considered metal ( -)
imaginary part of the permittivity of the host medium ( -)
imaginary part of the permittivity of the considered metal ( -)
emissivity of the i-particle ( -)

heat exchange between the i-particle and fluid (W - m™3)
heat exchange between particles (W - m™3)

mean free path of an electron for a bulk metal (m)

mean free path (mean particle size) of an electron for the i-particle (m)
incident wavelength (m)

molecular viscosity (Pa - s)

nanoparticles concentration (m=3)

density of a material (kg - m~3)

density of the i-particle (kg - m~3)
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OsB

Uabsh
Uabsp
Uscap

®
Others

d
JI;
I
fimm

re

Stefan-Boltzmann constant (W - m™2 - K™*)

absorption coefficient of the surrounding medium (m~1)

absorption coefficient of particles (m™1)

scattering coefficient of particles (m™1)

fraction of occupied particles in fluid

symbol of partial derivative

depolarization factor of the i-nanoparticle ( - )
symbol of imaginary unit

imaginary part of a complex number

real part of a complex number

Subscripts and superscripts

!

p
+

symbol of derivative

air

diffusivity

electron

in reference to Fermi (crystallography)
fluid

selected number

rank of accuracy
mechanical

in reference to pure metal
particle

transposition

Abbreviations

abs
base
div
eff
exp
ext
grad

in

absorption

base — a material on which nanoparticles are coated

divergence
effective
exponent
extinction
gradient

internal
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NPs — nanoparticles

ph — phonon

SB —  Stefan-Boltzmann
sca —  scattering

slip — slip at the boundary
sur — surface
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