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ABSTRACT

The relaxation equations describing nonequilibrium mass transfer (in steady 1D
homogeneous two-phase flow models) that have been so far developed have very
simple mathematical structures, while the topological analysis of considered models suggests
that they should be, in a specific way, more complicated.

The mentioned analysis uses the theory of dynamical systems which, for a long time,
is considered a closed and systematised branch of topology. Despite of that researchers seem
to be unaware of (or more probably ignore) the topological flaws of the developed
equations. Otherwise, the equations developed over the last decades and recently would
not share the same defect. Consequently, the main aim of this article is to bring attention to the
problem and expose its nature and practical importance. Also, a derivation of the generic form
of relaxation equation for the nonequilibrium mass transfer in the Delayed Equilibrium Model
(DEM) that is free of the mentioned flaw is presented. This generic form, in Author's opinion,
could be a starting point for every new development of the mentioned model.
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1. INTRODUCTION

The flashing phenomenon is encountered in such common devices as valves,
orifices, and throttling devices. Therefore, the accurate prediction of the flashing flow
is of crucial importance for the design of apparatus that could be generally classified
as devices of chemical and process engineering. The flashing also occurs in accidentally
appearing channels (or microchannels) such as cracks or full bore ruptures in pressurized tanks
and tubes. Thus, the process is also relevant for nuclear power plant and chemical plant
safety where the exact prediction of the leakage rate through the crack plays a crucial role.
The described areas of flashing flow applications are undoubtedly important in practice,
and therefore interesting, but the area of the author's interest is mostly centered around
the problem of energy efficiency enhancement of refrigeration devices. Thus,
the considerations presented in this work focus on the flashing process that occurs
in a motive nozzle of atwo-phase ejector (Fig. 1a) that was recently successfully applied
in vapour-compression refrigeration cycles and heat pump systems in order to recover
the throttling loss and consequently increase the energy efficiency of the cycle.

The flashing process that occurs in the convergent-divergent (C-D) motive nozzle of the ejector
is presented in Fig. 1b and can be described as follows. The supercritical or subcooled liquid
enters the motive nozzle and partly evaporates (mostly due to accelerational
depressurisation). The rate of evaporation at the beginning of the flashing flow depends on two
factors: the number of active nuclei and the superheating of the liquid (Janet and Lucas
2015). However, the smaller nucleus, the higher superheating is required for its activation.
Therefore, despite that at a certain location, the equilibrium saturation pressure is achieved,
the vaporization process does not start, and a metastable liquid flow occurs
up to a location where the metastable liquid is sufficiently superheated to activate
the largest nuclei (Boure et al. 1976). In that location, the two-phase flashing flow
is formed and the vapour phase growth rate is limited by the interphase heat transfer rate
rather than mechanical expansion.
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Figure 1: lllustration of physical processes occurring in: a) the ejector; b) C-D motive nozzle

However, under real operation conditions, both mechanical and thermal nonequilibrium
exist simultaneously during flashing inside the motive nozzle (however, the mechanical
nonequilibrium plays a secondary role in the most practical cases).
The appearance and growth of vapour bubbles drastically decrease the fluid
density. Consequently, the velocity, Mach number, and fluid compressibility dramatically
increase. The compressibility increase is inextricably linked to the local sound speed decrease.
As a result, the fluid velocity could become higher than the local sound speed. However, due
to the presence of dissipative phenomena, the flow achieves the local sound speed (M = 1)
somewhere after the nozzle throat (Bilicki et al. 1987) and the further expansion and Mach
number increase continue to the nozzle outlet. In summary, in the described case, the subsonic
flow occurs in the convergent portion of the nozzle until some point in the divergent part where
the flow reaches the local sound speed. From that point, the flow is supersonic. Hence, the entire
process is a transonic flow.

Among all aspects of the flashing flow, the problem of accurate prediction of the critical mass
flow rate is currently the most widely studied. The most profound conclusion from these studies
is that the aspects of mechanical nonequilibrium are in this matter a secondary meaning issue.
This was first concluded through theoretical considerations, among others, by Boure et al. (1976).
However, there are also empirical observations stating that the flashing transonic flow has usually
a form of a fully dispersed flow, Brown et al. (2013). The problem of accurate prediction
of the critical mass flow rate can be reduced to a problem of obtaining a physically consistent
prediction of the sound speed, as inferred by Bilicki and Kestin (1990), Attou et al. (1999),
Lorenzo et al. (2017). The mentioned researchers investigated various types of nonequilibrium
two-phase flow models. Despite they used different analytical approaches, they all have shown
that the physically consistent predictions of the sound speed cannot come from equilibrium
approaches and that the introduction of thermal nonequilibrium effects into the modelling is in
this matter crucial. Keeping this in mind, the author started his preliminary attempts of flashing
flow modelling with the Homogeneous Relaxation Model (HRM). The HRM is a relatively simple
approach accounting for thermal nonequilibrium effects (Angielczyk et al. 2010). Using the HRM,
the author calculated the decompression curves for the selected nozzle geometries
and boundary conditions, obtaining reasonable matching with the applied experimental data.
However, subsequently Bartosiewicz et al. (2010) proved that the Delayed Equilibrium Model
(DEM), which is also a relaxation model, is more accurate than HRM in terms of the critical
mass flow rate prediction. The ability of the DEM to accurately predict the critical mass
flow rate was also confirmed by Lorenzo et al. (2017) through confrontation with experimental
data of a wide range (incorporating flows through long tubes, short tubes, and slits) that comes
mainly from the famous Super Moby-Dick experiment. The main conclusion of the above-
mentioned investigations is that among the tested models (HEM, HRM, and lumped-parameter
approaches of Moody and Hanry-Fauske), DEM is the most accurate in terms of both
the critical mass flow rate prediction and pressure distribution prediction.
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This conclusion has been widely recognised and consequently, DEM was a subject of many
investigations, analyzes and implementations. For instance, it was implemented in the WAHA
code (that uses a one-dimensional two-fluid model) by Bartosiewicz and Seynhaeve (2014)
and in the NEPTUNE_CFD code by Duponcheel et al. (2013). It was shown that the use
of DEM in CFD codes allows a very good representation of the experimental data and (more
importantly) the results obtained were very close to the ones obtained by application of the one-
dimensional steady version of the model. This and the previously presented facts support
a conclusion that the usage of relatively more complicated approaches such as CFD, two-fluid,
and slip ratio models for the modelling of the transonic flashing flow seems to be practically
unjustified since simpler one-dimensional two-phase homogeneous approaches, that include
the thermal nonequilibrium (such as HRM, and without any doubts, DEM), are sufficiently
accurate in this matter.

The above explanations and the literature review show that, from the physical point of view,
the flashing process in a convergent-divergent nozzle is complex and consequently its modelling
has to be challenging. Nevertheless, there are also unobvious mathematical problems arising from
the transonic character of the flow. This problem is described (as a consequence of topological
and numerical aspects of the modelling) in the first part of the next section. The second part of the
next section is a review and topological analysis of the available in the literature relaxation
equations. Finally, just before the overall conclusions, a generic topologically correct
mathematical form of relaxation equation for the nonequilibrium mass transfer in the Delayed
Equilibrium Model (DEM) is derived.

2. TOPOLOGICAL ANALYSIS OF RELAXATION MODELS

The topological analysis is crucial for understanding the basic features of the models and applying
the proper numerical procedures giving physically and practically acceptable solutions (a solution
means a numerical description of a particular flow case, called also trajectory). This analysis uses
the theory of dynamical systems and was conducted and described in a rather detailed way
by Bilicki et al. (1987, 1990) and (more recently) by De Streck (2007, 2009). Thus, here only
those elements of the theory are presented that are crucial in understanding:
o the general idea of the modelling,
e why the transonic flow solution is harder to determine than the subsonic, supersonic
and impossible flow solutions,
¢ and finally, how the mathematical form of the considered relaxation equation impacts
the structure of phase space and in consequence an operation of the solution procedures.
In case of doubts regarding the analysis, the reader is guided to the above-mentioned articles,
and in case of questions concerning the solution procedures, the reader is directed
to the author's previous publications (in particular to Angielczyk et al. 2019, 2019a). A detailed
description of physical sense and mathematical formulation of relaxation models, as well
as the Homogeneous Equilibrium Model, are presented in Angielczyk et al. (2010, 2019).

21. General Form of The Equation System and Its Transformations

Practically all known one-dimensional models of a steady-state flow can be presented in a form
of the following nonlinear ordinary first order differential equation system (Bilicki
et al. 1987):

A(c)@ =b(z,0). Eq. (1)
dz

The size and elements of the matrix A and the vector o depend on the model type. The vector o
consists of n quantities describing thermodynamic state of the fluid, and if necessary, the velocity
of the fluid. The elements of matrix A depend only on vector ¢ components, and the vector b
elements additionally depend on the spatial coordinate z (specifying distance along the nozzle
axis). The set of governing equations (1) supplied with the vector o =[ 015, 0235, ..., O,g] (related
to the flow inlet conditions, the inlet is located at zg) creates an initial-value problem. A solution
to the problem is a trajectory o(z) in n+1 dimensional phase space Q, which usually can
be obtained by numerical integration of the eq. system (1).
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The system of equations (1) can be solved with respect to the derivatives of the vector o
components by using Cramer's rule:

do;, N,(z,0)
dz D(o)

where, D denotes the determinant of A, and N, are determinants, each of which is created
by replacing the i-th column of A with b. The most practically useful form of the equation system
is obtained by application of the dummy parameter t (defined by: dt = D™ dz, Bilicki et al. 1987):

, 1=12,...,n, Eq. (2)

“_p, iy Eq. (3
dt dt

It is worth to notice that in the above autonomous form the independent variable is not
Z but the dummy parameter t.

2.2, Topological Structure of The Phase Space

Each possible state of a system is represented as a point in the phase space Q. Thus, for example,
if in the mathematical model n=3 then o consists of 3 components, say: pressure p, enthalpy h,
velocity w, consequently the state of the fluid and flow in any cross-section of the nozzle
is determined by three values of those parameters and value of the spatial coordinate z. Thus,
the phase space of this example is 4-dimensional. However,
in general, the phase space is n+1 dimensional, thus for simplicity, the most interesting features
of its structure are presented in form of projections on a pressure p - spatial coordinate z plane
depicted in Fig. 2. Accordingly, the black, green and red curves present projections of n+1
dimensional trajectories on p - z plane. Each solid line is a projection of a solution to the initial-
value

Figure 2: lllustration of the structure of the considered phase space

problem mentioned in the previous subsection. The inlet conditions related to those flows differ
only in the velocities. Consequently, all trajectories related to the solid lines start form the same
values of the inlet pressure pg, density pg, and specific enthalpy hg but they are related to different
mass flow rates.

It is necessary to distinguish three classes of points in the phase space Q:

2.2.1 Regular points at which D # 0. At each of these points the systems (1), (2) and (3)
are equivalent. Any numerical forward-marching integration of (1) that starts from the inlet
conditions B=(zg, 015, 028, ..., Ong) and passes towards the channel outlet, only through the
regular points,
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gives a proper approximation to a physically acceptable analytic solution. The system (1) satisfies
the existence and uniqueness requirements (only one trajectory passes through any regular point).
A trajectory that consists of only regular points is fully subsonic or fully supersonic. Fig. 2 shows
projections of three subsonic trajectories - the green curves that are called Possible Flow (PF)
trajectories.

2.2.2 Turning points at which D = 0 and and all N;# O (Bilicki and Kestin 1990). At those points
the systems (1) and (2) are not equivalent. Numerical integration of (1), in the vicinity of the turning
point, produces a systematically accumulating numerical error. As a result, the integration could
become impossible even before reaching the turning point. This is because | do/dz | — « while D
— 0. However, the autonomous system (3) satisfies the existence and uniqueness requirements at
those points. Hence, during its numerical integration, one can simply pass through a turning point
and can obtain a proper approximation of a trajectory that, at the turning point, changes direction
along the z-axis (the red curves in Fig. 2). The one-dimensional steady-state flow cannot change
direction in the channel. Therefore, those trajectories are physically acceptable only if they pass
through a point of inlet conditions B and the turning point is located at the end of the channel.
Consequently, the solutions that pass through turning points localized inside of the channel
are called Impossible Flow (IF) trajectories. In work of Bilicki et al. (1987) was shown that D = 0
occurring at the channel end is also a choking criterion (or critical flow condition) since D = 0
means that at this point the fluid reaches the local speed of sound, and as a result, the mass flow
rate and the subsonic part of the trajectory are unchangeable even despite possible pressure drop
occurring beyond the channel exit. Fig. 2 shows projection of three IF trajectories (the red curves).
They pass through the turning points F, G, H. Turning points determine the curve D = 0
(the projection of this curve is shown in Fig. 2 as the brown dashed line).

2.2.3 Singular points at which D = 0 and all N; = 0. Here are considered only
nondegenerate singular saddle points like S at which rank(A)=n-1 and through which exactly two
trajectories pass. Namely, BSE, and BSE; in Fig. 2 (but only BSE;, is "really" a transonic trajectory
since on BSE,; the velocity of the fluid reaches the speed of sound merely at point S to decrease
just after it, Bilicki and Kestin (1990). According to eq. (3), dz = D dt and do; = N; dt. Therefore,
atthose points, values of Az and Ao, calculated by the numerical methods are equal
to O regardless of the integration step size Atf. It means that, the numerical algorithms cannot
neither “start from” nor “pass through” this kind of points (they simply "get stuck" in these points
- inthe theory of differential equations, such points are called equilibrium points). Therefore,
contrary toremaining trajectories, the transonic trajectory cannot be determined
by a conventional numerical forward-marching integration (even of the system 3).

2.3. Review of the relaxation equations

Relaxation is a process of return of a disturbed system to equilibrium. Relaxation time 6
characterizes the speed of the return. If the state of the system is characterized by the parameter f,
then its relaxation changes are described by the eq. (Atkins and de Paula 2006):

Eq. (4)

dt 0

where f, is the value of the parameter f at equilibrium. The physical sense of the relaxation time
is such that after it has elapsed the deviation from the equilibrium state (f - f,;) decreases e times
(e - the base of the natural logarithm).

df -t

The idea of relaxation time has been successfully used already by Einstein (1920), to analyze
sound propagation in partially dissociated gases, and Mandelshtam and Leontovich (1937),
in the analysis of sound absorption in liquids. Nevertheless, probably the first application

in the field of two-phase flows is attributed to Bauer (1976), who obtained the following equation
by substituting f=x in the general form (4):
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However, it was not until 1990 that Bilicki et al. analyzed this equation in the background
of the linear theory of irreversible processes (stating that it is fully consistent with the mentioned
theory). They also showed that the theoretical expression for the relaxation time depends
on the second order derivative of specific Helmholtz free energy, a, as follows:

-1

2
0=pT 1[6—?] : Eq. (6)
ox cq. p.T

where | is the phenomenological factor. Also, the same article shows how to attach the above
relaxation equation to the system of the conservation equations (of mass, momentum
and energy) to formulate the Homogenous Relaxation Model (HRM). Subsequently,

the authors described the difference between the Homogenous Equilibrium Model and HRM,
focusing on a study of dispersion, characteristics, choking and shock waves. However,
no closure equation for the relaxation time was proposed, instead, a few constant values for this
parameter were applied during calculations.

Since the publication of this fundamental article, many closure equations for relaxation time
have been proposed (Haida et al. 2018), but not a single new relaxation equation was developed.
What is surprising, especially that the authors of the article themselves point out that this equation
is only a simplified approach (directly in the text of the article and by deriving eq. 6).
In the next subsection, it will be shown that there are some topological reasons for not using
equations with the structure of eq. (5). Now it should be noted that Eq. (5) contains only one
gradient, namely dx/dz.

In the case of the DEM, the relaxation equation is not so obviously connected with
the relaxation formula (4). It is a result of the fact that it was originally developed in form
of a closure law (and according to the authors' knowledge, all later involved researchers
have followed this way, including the authors themselves). The original equation has been
presented by Seynhaeve et al. (2015) and Lorenzo et al. (2017) in the following form:

G

Lo Erey-y| Ll L

dz p.—p,(T,) Eq. (7)

C, =0.008390, C, = 0.633691i, C, =0.228127.
m

which has been developed for water flows to describe saturation index defined as follows:

m., +m m., +m
| |
y=———"—=—. Eq. (8)
my, + iy + 1, m

According to the author's knowledge time-dependent version of eq. (7) was not formulated yet.

In a subsequent investigation (Banasiak et al. 2013), the nucleation theory was applied, in order
to analytically derive an equation describing the saturation index. Then, the coefficients
of the derived equation were experimentally adjusted so that the ratio of heterogenous nucleation
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to homogeneous nucleation would be appropriate for transonic CO2 flows. In order to adjust
the coefficients, the researchers carried out experiments using an ejector-compressor
refrigeration system, which means that, in fact, not pure CO2 flow was investigated but a flow
of a mixture of CO2 with the PEG oil. Nevertheless, the closure equation has the following form:

; o
4/3nlo. r +anyp 72"
dy _ Piea VP o Eq. (9)

dz pWX, .,

where Fis an average radius of vapor bubbles:

=gl i Eq. (10)

Another relation developed for CO2, was proposed by Angielczyk et al. (2020) in the following
form:

(dA) (dAj
- N i ¢,
-~ _ Cl +C26Xp C3 dZ div dZ conv (l_y)|: ps(Tml)_p:|

dz (dAj _(dAj p.—p(T,)
dZ ref dZ conv

Eq. (11)
The values of the constants proposed for CO2 are presented below:

C, =38 i, C,=1291-10™ i, C,=75.28, C,=-0.22. Eq. (12)
m m

For purposes of this article is not necessary to denote all quantities in eq. (7), (9) and (11)
or understanding the physical meaning of each term. However, it is important to note that eq. (9)
and (7) contain only one gradient, namely dy/dz itself, while eq. (11) contains two gradients: dy/dz
and dA/dz. Still, the cross-section area A describes the channel geometry, not the fluid state
or velocity, consequently, it cannot be a component of vector o. Hence, for further topological
considerations, it is important to note that egs. (7), (9) and (11) can be expressed in a very generic
way as follows:
A
b _ Y(o,z,C, A,‘O"l—) Eq. (13)
z

dz

24, Analysis of The Relaxation Equations and The Bleak Conclusion

For steady flow eq. (4) takes the following form:
W = — 1 Eq. (14)

While, by adapting eq. (2) can be written:
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= = . Eq. (15)
dz D
Application of the above expression in eq. (13) gives:
X=X,
N, =-—-D. Eq. (16)
Ow
Analogically, eq. (2) can be adapted to express dy/dz:
N
Q =2 , Eq. (17)
dz D
and substituted to eq. (13) resulting with:
Ny =Y D. Eq. (18)

Meaning of egs. (16) and (18) is that both determinants N, and N, vanish when the main
determinant D vanishes.
Nevertheless, recalling the momentum conservation eq.:

—tpWw—=——, Eq. (19)
» P

and subsequent application of eq. (2) gives:

N N T C
—L w2t =l Eq. (20)
D D A
This can be transformed in the following relation:
T C
Np+prW:—%D. Eq. (21)

This means that the vanishing of D does not impose the vanishing of N, nor N, but
most importantly the vanishing of N, (or N,) does not impose the vanishing of N, and N,, (and any
other N;, which can be proven by conducting the analogical analysis for the remaining
conservation equations). However, it follows from subsections 2.2.2 and 2.2.3 that when D =0
and one of N; vanishes the remaining N; have to vanish also. Hence, the reviewed relaxation
equations are not consistent with the described previously structure of the phase space.
A practical consequence of this flaw is that neither N, nor N, can be selected as the second
condition (next to D = 0) used for the determination of the singular point. Those
determinants cannot either be used to recognize if the flow is Possible or Impossible. In general,
not being aware of this flaw may lead to the erroneous recognition of any of the turning points
as a singular point, which will prevent, for example, the proper operation of the PIF algorithm
and the NCP procedure (Angielczyk et al. 2019a).
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2.5. Derivation of The Proper Form of the Relaxation Equation for DEM

The strict core of the described in section 2.2 structure of the phase space is that when D = 0 and
one N; = 0 then all remaining N; also vanish. It is a consequence of the fact that each conservation
equation:

1) contains exactly two gradients of quantities that can be selected as components of vector o and;
2) one of these gradients is present in each of the equations (or can be introduced into it).
Hence, a relaxation eq. having the same feature has to be consistent with the considered structure
of the phase space. Let us try to exploit this fact.

Differentiation of the definition of the saturation index given by eq. (8) yields:

d_yi(msl+msg] d(m51+xj=dx+l%. Eq. (22)

dz  dz m :Z m Z m dz

Analysis of the model's equation system results in a conclusion that instead of dx/dz in this
equation should appear dp/dz or dw/dz. Otherwise, having D = 0 and N, = 0 (or N, = 0) will
not cause vanishing of the remaining determinants The motive force of the flashing process
is a decrease in the static pressure. Hence, it is physically justified to introduce gradient dp/dz into
the equation. In order to do that let us express dx/dz with an equilibrium gradient in isentropic

flow (dx/dp)eq:
@:k @ d_p, Eq. (23)
dz dp w0 dz
where: -1
k(z,o):ﬁ [@j . Eq. (24)
dp|\dp),,

This leads to a topologically correct relaxation equation for DEM:

Q_k ax d_p:i_dmsl, Eq. (25)
dz dp w0 dz m dz

Naturally, the function k and gradient dmg/dz require a separate theoretical description
or development based on the experimental data. However, to keep the topological correctness
both those quantities should stay independent of dx/dz, dy/dp, dp/dz and dw/dz (but they can
be functions of z and components of vector o).

3. CONCLUSIONS

This paper presented a review and topological analysis of the relaxation equations used
to describe nonequilibrium mass transport in 1D steady homogeneous models of flashing flow.
It was shown that the existing relaxation equations violate the phase space structure
of the steady homogeneous two-phase flow models. A recipe for formulating topologically
proper relaxation equations was presented, as well as a proposition of the generic form
of a relaxation equation for the nonequilibrium mass transfer in the Delayed Equilibrium Model.
This generic form, in Author's opinion, could be a starting point for every new development
of the mentioned closure equation.
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