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Notation

Notation is generally in accordance with EN 1992-1-1 [N3] and principal symbols are
listed below. Other symbols are defined in the text where necessary.

e Latin upper case letters:

o

s

“

s, min

LS SESESENES
=
|

CECES
|

I
|

9)
I

=~

s3]
u

Z 2
|

Z
[

Cross sectional area;

Cross sectional area of concrete;

Area of a prestressing tendon or tendons;

Cross sectional area of reinforcement;
Minimum cross sectional area of reinforcement;
Mross sectional area of shear reinforcement;
Diameter of mandrel;

Effect of action;

- Tangent modulus of elasticity of normal weight concrete at a stress

of 0=0 and at 28 days;

Effective modulus of elasticity of concrete;

Design value of modulus of elasticity of concrete;

Secant modulus of elasticity of concrete;

Tangent modulus of elasticity of normal weight concrete at a stress
of 0 .=0 and at time t;

Design value of modulus of elasticity of reinforcing steel;
Bending stiffness;

Action;

Design value of an action;

Characterisatic value of an action;

Characterisatic permanent action;

Second moment of area of concrete section;

Length;

Design value of the applied internal bending moment;

Axial force;

Design value of the applied axial force (tension or compression);



Characterisatic variable action;

Resistance;

Internal forces and moments;

First moment of area;

Serviceability limit state;

Torsional moment;

Design value of the applied torsional moment;
Ultimate limit state;

Shear force;

Design value of the applied shear force.

Latin lower case letters:

a
a

Distance;

Geometrical data;

Deviation for geometrical data;

Overall width of a cross-section, or actual flange width ina T or L
beam;

Width of the web on T, I or L beams;

Diameter; Depth;

Effective depth of a cross-section;

Largest nominal maximum aggregate size;
Eccentricity;

Compressive strength of concrete;

Design value of concrete compressive strength;
Characteristic compressive cylinder strength of concrete at 28 days;
Mean value of concrete cylinder compressive strength;
Characteristic axial tensile strength of concrete;

Mean value of axial tensile strength of concrete;
Characteristic 0,2% proof-stress of reinforcement;
Tensile strength of reinforcement;

Characteristic tensile strength of reinforcement;

Yield strength of reinforcement;

Design yield strength of reinforcement;

Characteristic yield strength of reinforcement;

Design yield of shear reinforcement;

Height;

Overall depth of a cross-section;

Radius of gyration;

Coefhicient; Factor;
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(or L) Length; Span;

Effective length or lap length;

Mass;

Radius;

Curvature at a particular section;
Thickness;

Time being considered;

The age of concrete at the time of loading;
Perimeter of concrete cross-section, having area A ;
Components of the displacement of a point;
Neutral axis depth;

Coordinates;

Lever arm of internal forces.

Greek lower case letters:

o

B

Y

Ya
Ye
Ve
yF, fat
Ye far
Yo
Ym

Angle; ratio;

Angle; ratio; coeflicient;

Partial factor;

Partial factor for accidential actions, A;

Partial factor for concrete;

Partial factor for actions, F;

Partial factor for fatigue actions;

Partial factor for fatigue of concrete;

Partial factor for permanent actions, G;

Partial factor for a material property, taking account of uncer
tainties in the material property itself, in geometric deviation
and in the design model used;

Partial factor for actions associated with prestressing, P;
Partial factor for variable actions, Q;

Partial factor for reinforcing or prestressing steel;

Partial factor for actions without taking account of model
uncertainties;

Partial factor for permanent actions without taking account
of model uncertainties;

Partial factor for a material property, taking account only
of uncertainties in the material property;
Increment/redistribution ratio;

Reduction factor/distribution coefficient;

Compressive strain in the concrete;
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Compressive strain in the concrete at the peak stress f;
Ultimate compressive strain in the concrete;

Strain of reinforcement or prestressing steel at maximum load;
Characteristic strain of reinforcement or prestressing steel

at maximum load;

Angle;

Slenderness ratio;

Coefficient of friction between the tendons and their ducts;
Poisson’s ratio;

Strength reduction factor for concrete cracked in shear;

Ratio of bond strength of prestressing and reinforcing steel;
Oven-dry density of concrete in kg/m’;

Value of relaxation loss (in%), at 1000 hours after tensioning
and at a mean temperature of 20°C;

Reinforcement ratio for longitudinal reinforcement;
Reinforcement ratio for shear reinforcement;

Compressive strength in the concrete;

Compressive strength in the concrete from axial load or prestressing;
Compressive strength in the concrete at the ultimate compressive
strain € ;

Torsional shear stress;

Diameter of a reinforcing bar or of a prestressing duct;
Equivalent diameter of a bundle of reinforcing bars;

Creep coefficient, defining creep between times ¢ and ¢,
related to elastic deformation at 28 days;

Final value of creep coefficient;

Factors defining representative values of variable actions:

For combination values;

For frequent values;

For quasi-permanent values.



Implementation of the Eurocodes extends to all of the European countries
and there are firm steps toward their adoption internationally. As with any
design codes, it is important to have an understanding of the principles and back-
ground, as well as design aids to assist in the design process. The relevance
to train in the use of Eurocodes should be pointed out, especially in engineer-
ing schools as a basic course for civil and structural engineering students
and as a part of continious professional development courses for engineers
and technicians, which are promoted both at national and international levels.

This book is directed primarily at civil and structural engineering students,
young designers, who require an understanding of the basic theory and a con-

cise guide for design procedure.

This book is gratefully dedicated to the prof. Andrzej Lapko - to the teacher,
friend and just a real Human with capital letter.
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Preface

The main purpose of this book is to provide a straight forward and clear introduc-
tion into the theoretical background, to present and describe some basic principles
and methods of designing concrete structures in accordance with European Stand-
ard EN 1992-1-1 (Eurocode 2).

The Eurocodes are a set of European Standards which provide common princi-
ples and rules for designing different types of structural elements. The use of these
common standards is intended to reduce trade barriers. Moreover, these design codes,
considered to be the most advanced in the world, lead to a common understanding
of concrete structure design principles and rules for designers, engineers, contractors
and manufacturers of concrete products. The additional advantages of unified codes
include the preparation of common design-aiding tools and software, and the estab-
lishment of a common understanding of research and development needs in Europe.

With publication of all 58 Eurocode parts, the implementation of the Euroco-
des is extending to all European countries, and firm steps are taken toward their
adoption internationally. As with any design codes, it is important to understand
the background and the principles, as well as be able to use design-aiding tools
in the design process. The importance of practicing the use of Eurocodes should be
emphasized, especially as a basic course for civil and structural engineering students,
and as a part of continuous professional development courses for engineers and tech-
nicians, and should be promoted both at national and international levels.

Although the design methods described in this book are generally in accordance
with EN 1992-1-1 (EC 2), much of the theoretical background and practical examples
are of a fundamental nature and could, therefore, be useful for students and engi-
neers in countries outside Europe.

This book is primarily intended for civil and engineering students and young
designers, who require explanation of the basic theory and a concise guide for design
procedures. The handbook contains the principles of designing reinforced concrete
elements in accordance with Eurocode 2 (EC2). The design approach was explained,
the relationships between the standard principles and the rules of strength of mate-
rials and building mechanics were shown. After discussing the basics of structural
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design, the methods of structural analysis were described as well as the properties
of concrete and reinforcing steel, and then individual cases of calculating the ulti-
mate limit states and serviceability limit states of basic structural elements were pre-
sented. The detailing requirements for reinforcement of the designed different mem-
ber types were also given.

Authors wish to commemorate the memory of Professor Andrzej Lapko, a great
teacher of many generations of Polish and foreign students, who introduced us
to a number of issues in the theory of concrete structures, inspired us to write this
book and who was a great advocate of international cooperation in the field of research

and education.
Bialystok, 1.12.2020
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Introduction

What is the difference between behaviour under the loading of plain concrete and rein-
forced concrete (RC) members?

In accordance with EN 206 (3.1) [N4] «concrete is material formed by mixing
cement, coarse and fine aggregate and water, with or without the incorporation of admix-
tures, additions or fibers, which develops its properties by hydration».

As with most rocklike substances (concrete is an artificial rock), concrete has
a high compressive strength and very low tensile strength.

Reinforced concrete (RC), as a composite material, is a rational combination
of concrete and steel, wherein the steel reinforcement provides the tensile strength
lacking in the concrete. Steel reinforcing is also capable to resist compression forces
and it is used in columns as well as in other structures.

Let us consider a free supported beam loaded by two concentrated loads at the span.
A beam with two concentrated loads applied at the third points, where the central third
between two loads is subjected to constant moment only (pure bending), is shown
in Figure L.1.

After initial loading the top half of the beam is subjected to compression
and the bottom half is subjected to tension.

There is a plane in the beam, which is not strained and this is known as the neu-
tral surface. The intersection of the neutral surface with a cross-section of the beam
defines the neutral axis (fundamental assumption of bending theory is that plane
sections remain plane).

Therefore, the ends of the beam remains plane under the action of the bending
moment, resulting in a linear variation of strain with distance from the neutral axis,
as it shown in Figure I.2.

In addition, there is a linear stress distribution over the depth of the beam
if the concrete in the tensile zone (under the neutral axis) works in a linear-elastic
stage. Before cracking, concrete strains and stresses in compression and tension zones
increase with increasing load. In this stage concrete in uncracked sections will resist
tension force, but it soon cracks when strains of the concrete in the tensile zone will
exceed its ultimate tensile strains ¢_ .
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FIGURELLL Free supported beam loaded by two concentrated loads at the span

When tensile strain in concrete reaches its ultimate value ¢ , at a particular sec-
tion, cracking occurs at the applied load P__(see Figure 1.2). The first crack occurs
at the weakest cross-section (there is equal probability of the crack occurring
at the length of the pure bending zone!).

When cracking first occurs the stress in the concrete at the section with crack
(at the crack) drop to zero and concrete beam fails suddenly without any warning
(brittle mode of failure) (see Figure 1.2).

So, reinforcement is required to resist tension force due to the bending moment.
When a crack occurs in the reinforced beam (RC-beam), the concrete at the top
of the section (over the neutral axis) resists compression and steel reinforcement
resists tensile force at the cross-section with the crack. The effective section resisting
moment at the cracked position is shown in Figure I.2.

At the conventionally low load (but after cracking) the concrete in compression
and steel in tension are in the elastic range.

The average strains and stresses in the reinforcement just before cracking depend
on the amount of the steel reinforcement and bond conditions (between concrete
and steel reinforcing bars).
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FIGUREL.2. Behaviour of the concrete beams under increasing load: a) plain concrete
beam; b) reinforced concrete beam

tensile force from concrete to steel reinforcement

The typical load-deflection curve for RC-beam is given in Figure I.3. The behav-
iour of the cracked section of RC-beam is elastic at low loads and changes to plas-
tic at higher loads (near ultimate), as shown in Figure 1.3. Increasing the load causes
displacement of the neutral surface (neutral axis in section) upward, which reduces
the compression zone depth and deflection also increases. If the deflection increases
without increasing the load, the reinforced beam fails.
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FIGURE 1.3. Typical load-deflection curve for the reinforced concrete beam

It should be noted, that there are two possible modes of failure of the reinforced
concrete beam in the ultimate stage (so-called, “tension failure” and “compression
failure”). Failure mode of the rc beam depends on the amount of steel reinforcement
present in the tension side (see Figure 1.4).

a) £>0+—4—¢<0

F.=My/z,

> F =Mp/z,

Fcc:MR/Zs

> F=M,/z,

FIGURE L4. Modes of the reinforced beam failure in bending (ultimate state): a) case 1
(tenson mode failure); b) case 2 (compression mode failure))
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When a moderate amount of steel reinforcement is present, strain in steel reaches
its yielding value (e_ ). This induces crushing of concrete in the compression zone
and is known as “secondary compression failure” (see Figure 1.4 a). This failure is grad-
ual as it is preceded by visible signs of collapse. Such critical sections of the beam are
called «under reinforced» sections.

When the amount of steel bars is large or very high strength steel is used, com-
pressive strains in concrete reaches its ultimate value (¢,_=¢_) before steel yields. Con-
crete fails by crushing and such a failure is sudden. This mode of failure is almost
explosive and occurs without any warnings. Such critical sections of the beam are
called «over reinforced» sections.

As was shown, the beams are generally reinforced in the tension zone. Such beams
cross-sections are called as a «singly reinforced». Sometimes rebars are also provided
in compression zone in addition to tension rebars to enhance the resistance capacity,
then such beams cross-sections are known as «doubly reinforced».

Advantages and disadvantages of reinforced concrete as a structural material
As was shown in [15] reinforced concrete may be the most important material avail-
able for construction. It is used in one form or another for almost all of the struc-
tures, great or small - buildings, bridges, pavements, dams, retaining walls, tunnels,
tanks, and so one.
The tremendous success of this universal material can be understood quite easily
if its numerous advantages are considered. These include the following:
1. It has considerable compression strength per unit cost compared with most other
materials;
2. Reinforced concrete has excellent resistance to the actions of fire and water (in fact,
it is the best structural material available for the situation when water is present);
3. Concrete is a low-maintenance material and as compared to other materials, it has
a very long service life. Under the proper conditions, reinforced concrete structures
can be used without reduction of their load-carrying capacity;
4. A special feature of concrete is its ability to be cast into an extraordinary variety
of shapes: from simple slabs, beams and columns to great arches and shells;
5. A lower grade of skilled labour is required for erection in comparison with other
materials as, for example, steel.

Among reinforced concrete disadvantages are the following:

1. Concrete has a very low tensile strength;

2. Forms are required to hold the concrete in place until it hardens sufficiently. Form-
work is very expansive;
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3.

4.

The low tensile strength per unit of weight of concrete leads to heavy members,
and similarly, the low tensile strength per unit of concrete volume means mem-
bers will be relatively large. It is an important consideration for tall buildings
and long-span structures;

The properties of concrete vary widely because of variations in its proportioning
and mixing;

Concrete demonstrates shrinkage and creep.

Compatibility of concrete and steel
Concrete and steel reinforcement work together in reinforced concrete structures.

It should be pointed out, that the advantages of each material seem to compensate for
disadvantages of the other. The following main causes of compatibility of concrete
and steel in structure are determined:

L.
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The excellent bond-slip conditions between steel and surrounding concrete.
The two materials bond together as a unit in resisting forces. The excellent bond
strength obtained is the result of the chemical adhesion between steel and con-
crete (cement matrix), the natural roughness of the bars, and the closely spaced
rib-shaped deformations rolled onto the bars surface;

Excellent protection properties of the fresh and hardened concrete for the steel
reinforcement. Reinforcing steel bars are subjected to corrosion, but concrete sur-
rounding them provides them with excellent protection (pH>13,5). The strength
of exposed steel subjected to the temperatures reached in fires of ordinary intensity
is nil, but enclosing the reinforcing steel in concrete produces a very satisfactory
fire rating [15];

The same value of coeflicients of thermal expansion. Concrete and steel work well
together in relation to temperature changes because it’s coefficients of thermal
expansion are quite close (near 10-10° K™).



CHAPTER 1
Basis of structural design

1.1. Limit State Design — Basic requirements

By the fundamental basic principle given by EN 1990 [N1] (clause 2.1(P)) a struc-
ture shall be designed and executed in such way that it will during its intended life,
with appropriate degrees of reliability and in an economical way:

e sustain all actions and influences likely to occur during execution and use, and

e meet the specified serviceability requirements for a structure, or a structural ele-
ment.

In accordance with this basic principle, the next fundamental requirements can
be summarized. A structure shall be designed:

1. to have adequate structural resistance, serviceability and durability;

2. in the event of fire, to have an adequate resistance for the required period of fire
exposure;

3. to have an adequate robustness and not be damaged by accidents (e. g. explosion,
impact, consequences of human errors to an extent disproportionate to the origi-
nal cause).

As was shown in [3, 8] given the random nature of the basic variables involved
in structural design (actions, geometry, strength of materials, etc.), the assessment
of structural reliability cannot to be set up by deterministic methods, but requires
a probabilistic analysis.

The objective of safety verification is therefore to estimate failure probability,
i. e. probability that a certain danger conditions is attained or exceeded, below a fixed
value. This value is determined as a function of type of structure, influence on safety
of people and damage to goods.

Every situation which is dangerous for a construction is referred as a limit state.

In accordance with EN 1990 [N1] (clause 1.5.2.12) limit states are defined as states
beyond which the structure no longer fulfills the relevant design criteria (design
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criteria are defined as quantitative formulations that describe for each limit state
conditions to be fulfilled).

Once a construction has exceeded this condition, it is no longer able to fulfill
the functions for which it has been designed.

Limit states are of two types: Ultimate Limit States (ULS) and Serviceability
Limit States (SLS).

Ultimate Limit States (ULS) are those associated with collapse or failure, and gen-
erally govern the strength of the structure or components. They also include loss
of equilibrium or stability of the structure as a whole. As the structure will undergo
severe deformation prior to reaching collapse conditions (e. g. beams becoming cate-
naries), for simplicity these states are also prepared, as ultimate limit states, although
this condition is between serviceability and ultimate limit states; these states are
equivalent to collapse, as they will necessitate replacement of the structure or ele-
ment EN 1990 [N1].

UltimateLoad 'y
hase 3: Inelastic phase {ULS

________________ SLS

crl

1
I
1
1
]
1
:
1
-
1
I
1
Phase 1: Uncracked |
1
]
:
é

d,, ) . Deformation

FIG. 1.I-1. Typical load relationship of RC-element and the limit states

Serviceability Limit States (SLS) generally correspond to conditions of the struc-
ture in use (exploitation). They include deformation, cracking and vibrations, which:
1. damage the structure or non-structure elements (finishes, partitions, etc.)

or the contents of buildings (for example, such as machinery);

2. cause discomfort to occupants of buildings;
3. adversely affect appearance, durability or water and weather tightness;
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They will generally govern the stiffness of the structure and the detailing of rein-
forcement within it. Figure 1.1-1 illustrates a typical load-deflection (deformation)
relationship of RC structures and the limit states.

1.2. Definition of reliability

As was shown in [8] a number of definitions of the term «reliability» are used in liter-
ature and in national and international documents. ISO 2394 [N6] provides a defini-
tion of reliability, which is similar to the approach of national standards used in some
European countries:

Structural reliability is the ability of a structure or a structural member to ful-
fill the specified requirements for which it has been designed, it includes structural
safety, serviceability and robustness.

In a quantitative sense reliability may be defined as the complement of the prob-
ability of failure.

Note that the above definition of reliability includes four important elements:
given (performance) requirements — definition of the structural failure;

time period — assessment of the required service-life T;

reliability level - assessment of the probability of failure p,;

e =

conditions of use — limiting input uncertainties.

An accurate determination of performance requirements and an accurate speci-
fication of the term failure are of uttermost importance. In many causes, when con-
sidering the requirements for stability and collapse of a structure, the specification
of the failure is not very complicated. In many other causes, in particular when deal-
ing with various requirements of occupants comfort, appearance and characteristics
of the environment, the appropriate definition of failure are dependent on several
vaguenesses and inaccuracies. The transformation of these occupants’ requirements
into appropriate technical quantities and precise criteria is very hard and often leads
to considerably different conditions [8].

In the following, the term failure is being used in a very general sense denoting
simply any undesirable state of structure (e. g. collapse or excessive deformation),
which is unambiguously given by structural conditions.

The same definition as in ISO 2394 is provided in EN 1990 [N1] including a note
that the reliability covers the load-bearing capacity, serviceability as well as the dura-
bility of a structure. Fundamental requirements include the statement (as already
mentioned) that «a structure shall be designed and executed in such way that it will
with appropriate degrees of reliability sustain all actions and influences that are likely
to occur during execution and use, and remain fit for the intended use».
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Generally a different level of reliability for load-bearing capacity and for service-
ability may be accepted for a structure or it’s parts. In documents [N1, N6] the prob-
ability of failure p (and reliability index f8) are indicated with regard to failure con-
sequences (see Table 1.2-1).

TABLE 1.2-1. Definition of consequences classes (Table Bl from EN 1990 [N1])

Consequences L. Examples of buildings and civil
Description . .
Class engineering works
High conse.quence for IOS.S . Grandstands, public buildings where
of human life, or economic, social . .
CC3 . consequences of failure are high
or environmental consequences very
(e. g. a concert hall)
great
Medium consequence for loss Residential and office buildings,
cCa of human life, economic, social public buildings where consequences
or environmental consequence of failure are medium (e. g. an office
considerable building)
Low consequence for 1(,)55 . Agricultural buildings where people
of human life, economic, social
CC1 . do not normally enter (e. g. storage
or environmental consequence small 1
.. buildings), greenhouses
or negligible

Table 1.2-1 gives the reccommended minimum values for the reliability index asso-
ciated with reliability classes.

Three reliability classes RC1, RC2 and RC3 may be associated with the three con-
sequences classes CC1, CC2 and CC3 (see Table 1.2-2).

TABLE 1.222. Recommended minimum values for reliability index S, ultimate limit state
(Table B2 from EN 1990 [N1])

Reliability Minimum values for 3
ipes 1 year reference period 50 years reference period
RC3 5,2 43
RC2 4,7 3,8
RC1 4,2 3,3

The fundamental task of the theory of structure reliability concerns a basic require-
ments for the relation between the action effect (E) and structural resistance (R) within
in form of inequality:
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E<R or E-R<0 (1.2-1)

Both variables E and R are generally random variables and the validity of inequality
(1.2-1) cannot be guaranteed absolutely, i. e. with the probability equal to 1 (the total
certainly). Therefore it is necessary to accept the fact that the limit state described by
equation may be exceeded and failure may be occur with certain very small probability.

The most important term used above (and in the theory of structure reliability)
is evidently the probability of failure p.

In order to define p, properly it is assumed that structural behavior may be
described by a set of basic variables X= [X1 Xy X, ] characterizing action, mechan-
ical properties, geometrical data and model uncertainties. Furthermore, it is assumed
that the limit state (ultimate, serviceability, durability or fatigue) of a structure
is defined by the Limit State Function (or the performance function in accordance
with EN 1990 [N1]), usually written in an implicit form:

G(X)=0. (1.2-2)

The Limit State function G(X) should be defined in such a way that for a favora-
ble (safe) state of structure the function is positive, G(X) >0, and for unfavorable
state (failure) of the structure the limit state function is negative, G(X )<0.

For most limit states (ultimate, serviceability, durability and fatigue) the proba-
bility of failure can be expressed as:

p; = Prob(G(X)<0). (1.2-3)

The failure probability p, can be assessed if basic variables X= [X1 19, S Xn] are
described by appropriate probabilistic (numerical and analytical) models. Assuming
that the basic variables X =[X1 1, Xn] are described by time independent joint
probability density function f, (x) then the probability p,can be determined using

the integral: p, = j £ (x) dx;
G(X)<o0.
More complicated procedures needs to be used when some of the basic varia-
bles are time-dependent. However, in many cases the problem may be transformed
to a time-independent one for example by considering in Equation (1.2-3) or in Equa-
tion (1.2-4) a minimum of the function G(X) over the reference period T.
For the simple condition in the form of Inequality (1.2-1), the probability of fail-
ure may be formally written as follows:

p; = Prob(E>R). (1.2-5)

(1.2-4)

The random character of the action effect E and the resistance R, both expressed
in terms of suitable variable (performance indicator) X (i. e. stress, force, bending
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moment, deflection) is usually described by the appropriate distribution function,
i.e. by distribution functions F, (X), F (X) and corresponding probability density
functions f,(x), f,(x), where x denotes a general point of the considerable variable X
used to express both the variables E and R (see Figure 1.2-1). Distribution of vari-

ables E and R further depend on appropriate parameters, e. g. moment parameters
Py Op U 0pand w,.

a) b)
Fx(X)
> A Random Sample A Population
Ry
2
=
g N N Fy (X) = [ 'f, (0dx
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o) d)
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A A

mmnﬂﬂHHN

X,

1
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' >
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FIGURE 1.2-1. Discrete empirical distribution of a random sample and probability func-
tions for a random variable population: a) - histogram; b) — probability density func-

tion; ¢) — cumulative frequence; d) — probability distribution function.

Let us further assume that E and R are mutually independent (which may be pro-
vided by appropriate transformation).

Figure 1.2-2 shows an example of probability density functions of both the vari-
ables E and R and their mutual location.

Note, that the probability density functions f,(x), f,(x) shown in Figure 1.2-2 over-
lap each other and therefore it is clear that unfavorable realization of variables E and R,

32



denoted by small letters e and r, may occur in such way that e > r, i. e. the load effect
is greater than the resistance and failure will occur.

Obviously in order to keep the failure probability p, = Prob(E > R) within
an acceptable limits, the parameters of variables E and R must satisfy certain condi-
tions (concerning the mutual position and variances of both distributions) depend-
ing on the types of distribution.

Safety Margin .
1 My I

A
fi(e)

>,
My Ec Re\ e ’

E>R—>failure
FIGURE 1.222. Probability density functions for action effects (E) and resistance (R)

In Figure 1.2-3: p, represents the probability that failure arises, i. e. that consid-
ered limit state is attained or exceeded at least once during T.

This analysis (known as Level 3 method) is very complex. Because of the diffi-
culty of calculation and of the limitation of available data (data which often fail to
give the probabilistic distributions necessary for calculation), this method is of lim-
ited applicability to the design practice.

Alternatively, if only the first and second moments (averages and standard devia-
tions) of the random variables R and E, but not their statistical distributions, are known,
the probability of failure can be estimated based on a 8 index, called «the reliabil-
ity index».
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0

FIGURE 1.2-3. Probability density functions (E, R) and limit state (perfomance) function:
a) — probability density function; b) - limit state performance function

Assume that both basic variables, the action effect E and resistance R are random
variables. A simple solution can be obtained assuming a normal distribution for both
E and R. Then also the difference:

G=R-EL (1.2-6)
called the safety margin, has a normal distribution with parameters:

MGZAuR_!’lEJ (12-7)
0L =0,+0;+2p 070, (1.2-8)

where: p, . is the coefficient of correlation of R and E.
Assuming that G is linear, it was first defined by Cornell as the ratio between
the average value i of G and its standard deviation o

p=te, (1.2-9)

Og
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In a circumstance where R and E are not correlated (note, that in case of normal
distributions non-correlation is equivalent to statistical independence p, .= 0), accord-
ance with [N1, N6, 8] reliability index  is expressed as follows:

p=—tets (1.2-10)

b
[ 2, 2
0,10,

where: u, 0., u, o are the averages (means) and standard deviations of R and E
respectively.

As was pointed out in [N6, 8] this method (known as Level 2 method
or «fB-method») does not generally allow assessment of the probability of failure,
with the exception of the particular case where relation between y, and the random
variables of the problem is linear and the variables have normal distribution. The prob-
ability of failure, i. e. probability that the safety margin G assumes non-positive val-
ues, is given by the distribution function f, (x) of G calculated in point 0:

p; =Prob(G<0)=,(0). (1.2-11)
Introducing u,.as the normalized variable of safety margin G:
u =S (1.2-12)
0-G
the result:
G=u,+0o,;-u,. (1.2-13)

Substituting Equation (1.2-13) in the Equation (1.2-11) of p, gives:

pr= Prob(G<0)= Prob(ptc+o'G ‘u, < 0) = Prob(uo < —H—Gj =
OG

(1.2-14)
= Prob(uo < —/30)=®u (‘/3)21 -0, (ﬁ)’

where: @ indicates the distribution function u. The relation between S and p is given
in Table 1.2-3.

TABLE 123 — Relation between S and p,

p, 10" 10° 10° 10" 10° 10°° 107
B 1,28 2,32 3,09 3,27 4,27 4,75 5,20

The probability density function f(g) of the safety margin G is shown in Figure
1.2-3, where the grey area under curve f,, (g) corresponds to the failure probability p =
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As was shown in [8] the Level 2 method is also difficult to apply in practical design
because the necessary data are often not available, so that another method is used:
the partial factor method or semi-probabilistic method (Level 1 method).

1.3. Partial factors method

1.3.1. General

In accordance with EN 1990 [N1] (clause 6.1(1)P) when using the partial factor
method, «it shall be verified that, in the relevant design situations, no relevant limit
state is exceeded when design values for actions or effects of actions and resistances are
used in the design models».

Design values should be obtained by using:

e the characteristic, or

e other representative values,

in combination with partial and other factors as defined in EN 1990 [N1], EN 1991
[N2] and EN 1992 [N3].

This method is based on the compliance with a set of rules that ensure the require-
ment reliability of the structure by using characteristic values of the problem varia-
bles and a series of safety elements. These are represented by partial safety factors «y »
which cover the uncertainties in actions and materials, and by additional elements
«A» for uncertainties in geometry, e. g. to allow for the randomness of cover to rein-
forcement and therefore of the effective depth of a reinforced concrete section.

The method does not require that the designer has any probabilistic knowledge,
because the probabilistic aspects of the question of safety are already taken into
account in the method calibration process, i. e. in the choice of characteristic value,
partial factors, etc., fixed in standards.

The partial factors method is based on the following assumptions:

1. Resistance (strength) and action effects (stress) are independent random variables;

2. Characteristic values of resistance (strength) and action or action effect (stress)
are fixed as fractiles of given order of the respective distributions, on the basis
of a given probability;

3. Other uncertainties are taken into account by transforming characteristic values
into design values, by applying partial factors and additional elements for reliability;

4. The assessment of safety is possible if the design action (action effects) do not exceed
the design resistance.
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1.3.2. Principles of limit state design, design situations

Eurocodes adopt the partial factors method, or limit state semi-probabilistic method,
as the method for the verification of structure safety.

Design for limit states shall be based on the use of structural and action models
for relevant limit states. It shall be verified that no limit state is exceeded when rele-
vant design value for actions, materials and product properties and geometrical data
are used in these models EN 1990 [N1] (clause 6.1(1)P).

The verifications shall be carried out for all relevant design situations and load
cases in accordance with EN 1990 [N1].

The situations chosen for design shall cover all situations that can reasonably occur
during the execution and working life of the structure.

In common cases, design situation in EN 1990 [N1] are classified as:

o persistent design situation, which refer to the conditions of normal use;

e transient design situation, which refer to temporary conditions applicable
to the structure, e. g. during execution or repair;

e accidental design situation, involving exceptional conditions of the structure
or its exposure, including fire, explosion, impact, etc;

e seismic design situation, which refer to conditions applicable to the structure
when subjected to seismic events.

As it is stated in EN 1990 [N1]: «the selected design situation shall be sufficiently
severe and varied so as to encompass all conditions that can reasonably be foreseen to
occur during the execution and use of the structure».

1.3.3. Basic variables

1.3.3.1. Actions and environmental influences

As was pointed out in EN 1990 [N1], each design situation is characterized by the pres-
ence of several types of actions on the service.

Actions means, as EN 1990 [N1] states, either a set of forces (loads) applied to
the structure (direct actions), or a set of imposed deformation or accelerations caused,
for example, by temperature changes, moisture variation, an even settlement or earth-
quake (indirect actions).
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In accordance with EN 1990 [N1], actions are classified as:

permanent actions (G), the duration of which is continuous and equal to
the design working life of the structure, or for which the variation in magnitude
with time is negligible (e. g. self-weight of structures, fixed equipment and road
surfacing and indirect actions caused by shrinkage and uneven settlements). Those
actions, like prestressing or concrete shrinkage, for which the variation is always
in the same direction (monotonic) until the action attains a certain limit value,
are also permanent actions;

variable actions (Q), divided into variable actions with discrete and regular occur-
rence in time (e. g. imposed load of people and low-duration imposed load in gen-
eral on building floor); and variable actions characterized by variable and non-
monotonic intensity or direction (e. g. snow, wind, temperature, etc.);
accidental actions (A), which are not easily foreseeable and of low duration (e. g.
explosions, impacts, fire, etc.). Certain actions, such as seismic actions and snow
loads, may be considered as either accidental and/or variable actions, depending
on the site location.

Actions caused by water may be considered as permanent and/or variable actions

depending on the variation of their magnitude with time.

Additionally, actions shall also be classified:

by their origin, as direct or indirect;

by their spatial variation, as fixed or free;

by their nature and/or the structural response, as static or dynamic.

An action should be described by a model, its magnitude being represented

in the most common cases by one scalar which may have several representative values

(for some actions and some verifications, a more complex representation of the mag-
nitudes of some actions may be necessary):

F,=y-F,. (1.3-1)

The characteristic value F, of an action in accordance with EN 1990 [N1] (clause

p-4.1.2(1)P) representative value and shall be specified:

as a mean value, an upper or lower value, or a nominal value (which does not refer
to a known statistical distribution) (see EN 1991 [N2]);

in the project documentation, provided that consistency is achieved with meth-
ods given in EN 1991 [N2].

Each permanent action with low variability has a single characteristic value G,.

This is the case of actions due to self-weight: they are generally represented through
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a nominal value calculated on the basis of the design drawings (structural and non-
structural member dimensions) and of the average specific gravity of materials
(G, =G).

If permanent action has relevant uncertainties (coefficient of variation bigger
than 10%, where the coeflicient of variation is the ratio between standard devia-
tion and mean value) and if sufficient statistical information is available, two char-
acteristic values (upper, G, andlower, G, , ) should be used. Value G, is the 95%
fractile and G, , -is the 5% fractile of the statlstlcal distribution for G, Wthh may be
assumed to be Normal (Gaussian). There is a 5% probability that these two values will
be exceeded, the probability that the real value of action is more than G, _ or less
than G,, 1s less than 5% (see Figure 1.3-1).

A

>
Gk,inf GkE Gm Gk,sup

FIGURE 1.3-1. Characteristic value of a permanent action. G, = G, if the coefficient

of variation is small (negligible); a lower and upper characteristic value of G, -
and G, are defined if the coefficient of variation is high

For variable actions, the characteristic value (Q,) in accordance with EN 1990 [N1]

(clause 4.1.2(7)P) shall correspond to either:

e an upper value with an intended probability of not being exceeded or a lower
value with an intended probability of being achieved, during some specific ref-
erence period T;

e anominal value, which may be specified in cases where a statistical distribution
is not known.

The characteristic value of climatic actions is based upon the probability of 0,02
of its time-varying part being exceeded for a reference period of one year. This is equiv-
alent to a mean return period of 50 years for the time-varying part. However in some
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cases the character of the action and/or the selected design situation makes another

fractile and/or return period more appropriate.

Each variable action has four representative values. As was shown, the main rep-
resentative value of a variable action is characteristic value Qu the other representa-
tive values are (in decreasing order):

a) the combination value, represented as a product ¥, and Q,, used for the verifica-
tion of ultimate limit states and irreversible serviceability limit states;

b) the frequent value, represented as a product ¥, and Q,, used for the verification
of ultimate limit states involving accidental actions and for verifications of revers-
ible serviceability limit states;

) the quasi-permanent value, represented as product y, and Q,, used for the veri-
fication of ultimate limit states involving accidental actions and for the verifica-
tion of reversible serviceability limit states. Quasi-permanent values are also used
for the calculation of long-term effects.

For simplicity, each of these last three values is defined as a fraction of the char-
acteristic value, obtained by applying a reducing factor v, to Q,. In reality, the fre-
quent value and quasi-permanent value are inherent properties of the variable action,
and the y, and y, factors are simply the ratios between these values and the charac-
teristic value. On the other hand, the y, factor, called the combination factor, deter-
mines the level of intensity of a variable action when this action is taken into account,
in design, simultaneously with another variable action, called leading variable action,
which is taken into account by its characteristic value.

The v, factor takes into account, therefore, the low probability of simultaneous
occurrence of the most unfavorable values of independent variable actions. It is used
both for ULS verifications and for irreversible SLS verifications.

The frequent (y, - Q) and the quasi-permanent (y, - Q,) values are used for ULS
verification including accidental actions and for reversible serviceability limit states.

For building, for example, the frequent value (v, - Q) is chosen so that the time
it is exceeded is 0,01 of the reference period. For loads on building floors, the quasi-per-
manent value (y, - Q) is usually chosen so that the proportion of the time it is exceeded
is 0,5 of the reference period. The quasi-permanent value can alternatively be deter-
mined as the value averaged over a chosen period of time. In the case of wind actions
or road traffic loads, the quasi-permanent value is generally taken as zero. Theoretical
background for y, coefficients assessment is presented in ISO 2394 [N6].

Figure 1.3-2 resumes the representative values of variable actions.
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FIGURE 1.322. Schematic illustration of representative values of the variable actions
Values of y, factors for buildings are defined in National Annexes to EN 1990 [N1].
Table 1.3-1 shows the values of y, factors recommended by EN 1990 [N1].

TABLE 1.3-1. Recommended values of v, factors for buildings (Table (A1.1) from
EN1990 [N1])

Imposed loads in buildings, category (see EN1991 [N2]) v, | vo | v,
Category A: domestic, residential areas 0,7 | 0,5 | 0,3
Category B: office areas 0,7 | 0,51 0,3
Category C: congregation areas 0,7 | 0,7 | 0,6
Category D: shopping areas 0,71 0,7 | 0,6
Category E: storage areas 1,0 |1 0,9 [ 0,8
Category F: traffic area, vehicle weight <30 kN 0,71 0,7 | 06
Category G: traffic area, 30 kN<vehicle weight <160kN 0,71051| 03
Category H: roofs 0 0 0
Snow loads on buildings (see EN1991-1-3)* in Finland, Iceland, Norway, 07 | 05| 02
Sweden and other CEN Member, for sites located at altitude H>1000m a. s. 1. ’ ’ ’
Other CEN Member States, for sites located at altitude H<1000m a. s. L. 05(02( 0
Wind load on buildings (see EN 1991 [N2]) 0,6 | 0,2
Temperature (non-fire) in buildings (see EN 1991 [N2]) 0,6 | 0,5

Note: The y values may be set by the National annex.
* For countries not mentioned below, see relevant local conditions.
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In order to take into account the uncertainties on the choice of characteristic val-
ues for actions and some uncertainties concerning the action modeling, design does
not use characteristic values, but amplified values, called «design values», which are
obtained by multiplying characteristic values by a partial factor (see Figure 1.3-3).

A

Q, Qe QFYrQ

FIGURE 1.3-3. Characteristic and design values of a variable actions

Symbols representing the design values are indicated with index «d». Table 1.3-2
shows the steps to pass from the representative values of actions to the design values
of their effects on construction.

TABLE 1.32. Procedure to determine the design values of effects on structures starting
from the representative values of actions [3, 8]

Expression Comment
F, Actions on the structure are identified
F ory-F,_, where Representative values are assigned to actions: characteristic values
W=vy,v,v,). or other (combination, frequent, quasi-permanent) values.

Design values of actions are determined by multiplying

the representative values F,  or yF,  (where y =y, v, y,) by

a partial factor y - y,, is a partial factor generally covering

the uncertainties related to the choice of characteristic values for
actions and, sometimes, part of the uncertainties related action
modeling. In case of permanent actions, when it is necessary to split
the action into a favorable and an unfavorable parts, two different
partial factors, indicated as Y6.up and Yo inp> A€ used.

Fd,i: Vi Fk,f
©Or - v-F,).
where (v =y, v, v,).
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Expression Comment

Actions that can occur simultaneously are considered;
combinations of actions are calculated and the effects of these
combinations on the structure are assessed (e. g. action effect
E,=E(y,-y-Fa) in cross section). a, represents either the design value of the set
of geometrical data (in general, values indicated on the design
drawings) or data that take into account the possibility

of geometrical imperfection liable to cause second order effects.

The design value of effects is obtained by multiplying the values
E,=y, E(y-F, ;a) produced by the design actions, by a partial factor y,, mainly
covering the uncertainties of the structural model.

In normal cases, the previous expression is simplified in this
one, where: y,. = f (y,,, y,) so that the model coefficient y,, does
E,=E(y-F, ;a) not explicitly appear. The product: F, =y, F, or (y, -y -F;

v =1,v, V,) is often directly assumed as the design value

of the action F, .

As was shown in EN 1990 [N1], the values of actions to be used in design are gov-
erned by a number of factors. These include:

1. The nature of load. Whether the action is permanent, variable or accidental,
as the confidence in the description of each will vary.

2. The limit state being considered. Clearly the value of an action governing design
must be higher for ultimate limit state than for serviceability for persistent
and transient design situations. Realistic serviceability loads should be modeled
appropriate to the aspect of the behavior being checked (e. g. deflection, crack-
ing or settlement). For example, creep and settlement are functions of permanent
loads only.

3. The numbers of variable loads acting simultaneously. Statistically, it is improbable
that all loads will act at their full characteristic value at the same time. To allow
for this, the characteristic values of actions will be needed in modification.
Consider the case of permanent action (G,) and one variable action (Q,) only.

For the ultimate limit state the characteristic value should be magnified, and the load

may be represented as follows:

Ve G+ Yo Q, (1.3-2)

where: y. is a partial factor for actions.

The values of y, and y, will be different, and will be a reflection of the variable-
ness of the two loads being different. The y, factors are accounted for:
1. the possibility of unfavorable deviation of the loads from the characteristic values;
2. inaccuracies in the analysis;
3. unforeseen redistribution of stresses;
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4. variation in the geometry of the structure and its elements, as this affects the deter-
mination of the action-effects.

Now let’s consider the case of structure subjected to variable action Q. and Q,,
simultaneously. If Q,  and Q, , are independent, i. e. the occurrence and magnitude
of Q, , does not depend on the occurrence and magnitude of Q, , and vice-versa, then
it would be unrealistic to use combination y,, - G, | +y,,, * G, as the two loads are
unlikely to act at their maximum at the same time. Joint probabilities will need to be
considered to ensure that the probability of occurrence of the two loads is the same
as that of a single load.

It will be more realistic and reasonable to consider one load at its maximum
in conjunction with a reduced value for the other load. Thus, we have two possibilities:

yQ,l ’ Qk,l + woz : yQ,Z ' Qk,z’ (1'3_3)
or:
You Yar " Qur T Vo2 Qo (1.3-4)

Multiplication by v, is said to produce a combination value of the load. It should
be noted that the values of y, and y, vary with each load. The method of deriving v,
values is outlined in the addenda to ISO 12394 [N6]. In practice, designers will not
have sufficient information to vary the y-values in most cases. Table 1.3-1 summa-
rizes the y, values recommended by the EN1990 [N1].

1.3.3.2. Material and product properties

Properties of materials and products should be represented by characteristic val-
ues. In accordance with EN1990 [N1] (clause p.1.5.4.1) characteristic value is defined
as «the value of material or product property (X, or R, ) having a prescribed probabil-
ity of not being attained in a hypothetical unlimited test series». This value generally
corresponds to a specified fractile of the assumed statistical distribution of the par-
ticular property of the material or product. When a limit state verification is sensi-
tive to the variability of a material property, upper and lower characteristic values
of the material property should be taken into account:
e where a low value of material or product property is unfavorable, the character-
istic value should be defined as the 5% fractile value (see Figure 1.3-4);
e where a high value of material or product property is unfavorable, the character-
istic value should be defined as the 95% fractile value (see Figure 1.3-4).

The structural stiffness parameters (e. g. modulus of elasticity, creep coeflicient)
and thermal expansion coefficient should be represented by a mean value. Different
values should be used to take into account the duration of the load. For the structural
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stiffness parameters, the characteristic value is taken as a mean value, because depend-
ing on the case, these parameters can be favorable or unfavorable.

fx('x)A
- K, =226
- — K,_,=-2,054
- | K, _g05=-1,645
K, o1=-1.232
- =K, 05=1,645
Fx(xp) = _fwfx(x) x,=0,05 ! o, !
| |
I I
I I
A
1 1
1 1
1 1
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FIGURE 1.3-4. Characteristic values (5% and 95% fractiles) for material properties

Product properties are also represented by a single characteristic value or a set
of characteristic values, according to their constituent materials.

In order to account for the differences between the strength of the test specimens
of the structural materials and their strength in-situ, the strength properties will be
needed to be reduced. This is achieved by dividing the characteristic values by partial
factors for materials (y, ). Which leads to the design value X, = X, / y, . Uncertainties
of the resistance models are also covered by y, . Although it is not stated in the code,
y,, also accounts for local weaknesses and inaccuracies in the assessment of resist-
ance of the section.

Table 1.3-3 shows the steps to pass from characteristic values of individual mate-
rial strengths (X)) or product resistances (R) (as function of the strength) to the design
values of structural resistance.

Table 1.3-4 gives the summarized values of partial factors to be assumed for con-
crete and reinforcement steel for ULS, in case of persistent, transient and accidental
load combinations.
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TABLE 1.3-3. Procedure to determine the design values of resistances starting from
the characteristic values of strength [3]

Expression Comment
Material strengths and product resistances involved
X . . . . .
i in the verifications are indentified.
x Characteristic values of material strength and product resistances
kot are introduced.
The design value of a material property is determined on the basis
of its characteristic value, through the two following operations:
- a) divide by a partial factor y_, to take into account unfavorable
di— e . .
Vi uncertainties on characteristic of this property, as well as any

local defaults;
b) multiply, if applicable, by a conversion factor n mainly aimed
at taking into account scale effects.

Determine the structural resistance on the basis of design values
of individual material properties and geometrical data.

Following a procedure similar to the one for calculating

the design value of action effects, the design value of structural
resistance is determined on the basic of individual material
properties and of geometrical data multiplied by a partial
factor y,, that covers the model uncertainties of resistance

and the geometrical data variations, if these are not explicitly
taken into account in the model.

As for the action effects, factor y,, is often integrated in the global
safety factor y, ., by which the characteristic material strength
isdivided: y, .= f(y,,'v,.)-

TABLE 1.3-4. Partial factors for concrete and steel for ultimate limit states (Table (2.1N)

from EN 1992 [N3])

Design situation y,for concrete | 1y for reinforcing steel | y_for prestressing steel
Persistent and transient 1,5 1,15 1,15
Accidental 1,2 1,0 1,0

uncertainty, material strength.

Note: 1. The values of partial factors in the table 1.3-4 were determined in accordance
with Annex C from EN 1990 [N1]: y,, = exp(th B-Vy —1,64-Vf), where: V, =,V +V, +Vf2

,andV,, V.,V , Vf are coefficients of variation of resistance, geometrical factor, model
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For serviceability limit states values of partial factors y_and y,_are equal 1,0 (rec-
ommended value for situations not covered by specific parts of EN1992 [N3]). Besides
the partial factors for material above, EN1992 [N3] also defines partial factors for
shrinkage, prestressing, fatigue loads and materials for foundations. The Table 1.3-5
gives the values recommended in EN1992 [N3].

TABLE 1.3-5. Recommended values of partial safety factors [8]

Shrinkage 10
(e. g. for ULS verification of stability when second order effects are relevant) Ysu ’
Favorable in persistent and transient situation Yofan 1,0
Veunfav Stability ULS with external prestressing may be unfavorable Vo |13
Local effects Vb, una 1,2
Fatigue Vi far 1,0
Materials for foundations (amplified in order to obtain the design resistance 11
of cast in place piles without permanent scaffolding) Y6 fond ’

The recommended values of the partial factors given in Table 1.3-5 can be changed
in National Annex to EN 1992 [N3].

1.3.4. Verification of the limit states
by partial factors method

1.3.4.1. Ultimate Limit State (ULS)

1.3.4.1.1. General

As was shown, the Ultimate Limit States are associated with the loss of the equilib-
rium of the whole structure, or failure or excessive deformation of a structural mem-
ber and they generally concern safety of people.

Table 1.3-6 shows the ULS classification according to EN 1990 [N1] (clause (6.4.1)).

47



TABLE 1.3-6. ULS classification in accordance with EN 1990[N1]

Notation Definition

Loss of static equilibrium of the structure or any part of it considered as a rigid body,

where:

EQU ® minor variations in the value or the spatial distribution of the actions from a single
source are significant (e. g. self-weight variation), and

o the strengths of construction materials or ground are generally not governing.

Internal failure or excessive deformation of the structure or structural members,
STR including footing, piles, basement walls, etc., where the strength of construction
materials of the structure governs.

Failure or excessive deformation of the ground where the strength of soil or rock are

GEO Lo . L .
significant in providing resistance.

FAT Fatigue failure of the structure or structural members.

Verification of static equilibrium: when considering a limit state of static equi-
librium of the structure EQU (overall stability), it should be verified that the design
effects of destabilizing actions are less than the design effects of stabilizing actions:

E <E

d,dst d,stb>

(1.3-5)

where: E, , is the design value of the effect of destabilizing; E

of the effect of stabilizing actions.
Where appropriate the expression for limit state of static equilibrium may be sup-

4.« 18 the design value

plemented by additional terms, including, for example, a coeflicient friction between
rigid bodies.

When considering rupture or excessive deformation of a section, member or con-
nections (STR), it should be verified that the design value of internal force or moment
(E) is less than the design value of resistance (R,):

E,<R, (1.3-6)

where: E is the design value of the effect of actions such as internal force, moment
or a vector representing several internal forces or moments; R, is the design value
of the corresponding resistance.

1.3.4.1.2. Combination of actions for persistent or transient design situations

As is shown below, EN1990 [N1] gives three separate sets of load combinations, namely
EQU (to check against loss of equilibrium), STR (internal failure of structure gov-
erned by the strength of the construction materials) and GEO (failure of the ground,
where the strength of soil provides the significant resistance).
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(1) Equilibrium (EQU)

Equilibrium is verified using the load combination Set A in the Annex A from EN1990
[N1], which is follows:

Yjsup *Okjsup "+ Yosing *Grjing + Var Qs " Yai Vo Quis (1.3-7)

where: y. -G, isused when the permanentloads are unfavorable; y,.. - G
is used when the permanent actions are favorable.

Numerically, y isup = 1,1, Ve jinf = 0,9, and Yo is equal to 1,5, when unfavorable
and 0, when favorable.

The above format applies to the verification of the structure as a right body
(e. g. overturning of retaining walls). In cases where the verification of equilibrium
also involves the resistance of the structural member (e. g. over hanging cantile-
vers), the strength verification given below without the above equilibrium check may
be adopted. In such verifications, Vi is equal to 1,15 should be used.

k.j,inf

(2) Strength (STR)

When a design does not involve geotechnical actions, the strength of elements should
be verified using load combination Set B in the Annex A from EN1990 [N1]. Two
options are given. Either combination (6.10) from EN1990 [N1] or less favorable
of equation (6.10a) and equation (6.10b) may be used:

"

n " n p‘l n " n
)’G,j,sup'Gk,j,sup + )’G,j,mf'Gk,j,mf Ty, * Yoir Vo Qu, + (1.3-8)
+ Yai 'Vlo,i 'Qk,i;
" " n " P” " " "
E"YG,j,sup'Gk,j,sup + yG,j,inf'Gk,j,inf + yp + yQJ'QkJ + (1.3-9)
+" Yai Vo 'Qk,i'

The above combination (1.3-8) and combination (1.3-9) assume that a number
of variable actions are present at the same time. Value Q,, is the dominant load
if it is obvious, otherwise each variable load is in turn treated as a dominant load
and the others as secondary (accompanying). The dominant load is then combined
with combination value of the accompanying (secondary) loads. Both are multiplied
by their respective y; values.

When design involves geotechnical action, a number of approaches are given
in EN'1990 [N1].
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1.3.4.1.3. Combination of actions for accidental design situation

The load combination recommended is following:
Gj +"P"+ "Ad" + "<1//1,i or 1//2,;')'Qk,1 TV, 'Qk,i’ (1.3-10)

where: A, is the design value of accidental action.

Accidents are unintended events such as explosions, fire or vehicular impact,
which are of short duration and which have a very low probability of occurrence
(near 107/year).

1.3.4.2. Serviceability Limit States (SLS)

1.3.4.2.1. General

Serviceability Limit States (SLS) correspond to conditions beyond which specified
service requirements for structure or structural member are no longer met. Exceeding
these limits causes limited damage but means that the structures do not meet design
requirements: functional requirements (not only of the structure, but also of machines
and services), comfort of users, appearance (where the term “appearance”, as it was
noted in EN 1990 [N1], is concerned with high deformation, extensive cracking, etc.),
damage to finishes and to non-structural members. Usually the serviceability require-
ments are agreed for each individual project.

It should be verified that the design effects of actions do not exceed a nominal
value, or a function of certain design properties of materials; for example, deflection
under quasi-permanent loads should be less than span/250, and compression stress
under a rare combination of loads should not exceed 0,6 - fc .- In most cases, detailed
calculations using various load combinations are unnecessary, as the code stipulates
simple compliance rules. It should be verified that:

E,<C, (1.3-11)

where: E, is the design value of the effects of actions specified in the serviceabil-
ity criterion, determined on the basic of the relevant combination; C, is the limiting
design value of the relevant serviceability criterion (parameter).
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1.3.4.2.2. Combinations of actions for serviceability limit states checking

The combination of actions to be taken into account in the relevant design situation
should be appropriate for serviceability requirements and performance criteria being
verified. The combinations of actions for serviceability limit states are defined sym-
bolically by the following expressions:

Characteristic combination.
EGk)j" +'P'+"Q,,"+ 2 Vo Qy; (1.3-12)
j>1 i>1
This represents a combination of service loads, which can be considered rather
infrequent. It might be appropriate for checking states such as micro-cracking or pos-
sible local non-catastrophic failure of reinforcement leading to large crack in sections.

Frequent combination.
sz’j'v‘l'"P"‘l'"l//l,l ,Qk)lﬂ+nz 1/12’,_ .Qk)i‘ (1'3_13)

21 i1
This represents a combination that is likely to occur relatively frequently in ser-
vice conditions, and is used for checking cracking.

Quasi-permanent combination.
2 Gk,j” +'P'+ 2 Vi Qi (1.3-14)

=1 i1

This will provide an estimate of sustained loads on the structure, and will be
appropriate for the verification of creep, settlement, etc.
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CHAPTER 2
Structural Analysis

2.1. General requirements

The purpose of structural analysis is the verification of overall stability and establish-

ment of action effects, i. e. the distributions of internal forces and moments. The anal-
ysis implies a preliminary idealization of the structure, based on more or less refined
assumptions of behavior. In terms of behavior of the structure, there are four types
of idealization, as was shown in EN 1992 [N3]:

linear elastic behavior that assumes, for analysis, uncracked cross sections
and perfect elasticity. The design procedures for linear analysis are given in Sec-
tion 2.5.1;

linear elastic behavior with limited redistribution (see Section 2.5.2). It is a design
(not analysis) procedure based on mixed assumptions, derived from both linear
and non-linear analysis;

plastic behavior (see Section 2.5.3). Its kinematic approach in accordance
with EN1992 [N3] (clause 5.6), assumes at ultimate limit state the transforma-
tion of the structure in a mechanism through the formation of plastic hinges;
in its statistical approach, the structure is represented by compressed and ten-
sioned elements (strut and tie model);

non-linear behavior, that takes into account, for increasing actions, cracking,
plastification of reinforcement steel beyond yielding, and plasticization of com-
pressed concrete. The general design procedures for non-linear analysis are given
in EN 1992 [N3]. As it was pointed out in [8] the first two types of behavior are
common for slabs and frames, and plastic analysis is popular in the design of slabs;
non-linear analysis is very rarely used in day-to-day design and it is used mainly
for structural design in accidental design situations and for the existing struc-
tures assessment. The above methods, with the exception of plastic analysis are
suitable for both serviceability and ultimate limit states.
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2.2. Cases and load arrangements

In the analysis of the structure, the designer should consider the effects of the realis-

tic combinations of permanent and variable actions.

Within each set of combinations (e. g. dead (permanent) and imposed loads)
a number of different arrangements of loads (load cases) throughout the structure
(e. g. alternate spans loaded and adjanced adjacent spans loaded) will need consider-
ation to identify an envelope of action effects (e. g. bending moments and shear enve-
lopes) to be used in the design of sections.

While the general requirement is that all relevant load cases should be investigated
to arrive at the critical conditions for the design on all sections, EN 1992 [N3] permits
simplified load arrangements for design of continuous beams and slabs. Accordance
with EN1992 [N3] (clause p.5.1.3), the arrangements to be considered are:

1. alternate spans loaded with the design variable and permanent loaded
with the design variable and permanent loads (1,35 - G, + 1,5 - Q) and other
spans carrying only the design permanent load (1,35 - G,);

2. any two adjacent spans carrying the design variable and permanent loads
(1,35 G, + 1,5 - Q), with all other spans carrying only design permanent load
(1,35 G).

As was shown in [3, 8], the above arrangements are intended for braced non-sway
structures. They are also be used in the case of sway structures, but the following addi-
tional load cases involving the total frame will also need to be considered:

1. all spans loaded with the design permanent loads (1,35 - G,) and the frame sub-
jected to the design wind load (1,5 - W,), when W is the characteristic wind load;

2. all spansat all floor levels loaded with (1,35 - G,_+ 1,5 - Q) and the frame subjected
to the design wind load at 1,5 W;

3. In sensitive structures (sensitivity to lateral deformation), it may be necessary
to consider the effect of wind loading in conjunction with patterned imposed
loading throughout the frame.

EN 1992 [N3] states that in linear elements and slabs subjected predominantly
to bending, the effect of shear and axial forces on deformation may be neglected
if these are likely to be less than 10%. In practice, the designer need not actually cal-
culate these additional deformations to carry out this check.

Deflections are generally of concern only in members with reasonably long spans.
In such members, the contribution of shear to the deflections is never significant
for members with normal (span/depth) ratios. When the spans are short, EN1992
[N3] provides alternative design models (e. g. truss or strut and tie) in which deflec-
tions are rarely, if ever, a consideration. The contribution of the axial loads to deflec-
tions may be neglected if the axial stresses do not exceed 0,08- f, .
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2.3. Geometrical imperfections

2.3.1. General

Perfection in buildings exists only in theory; in practice, same some degree of imper-
fection is unavoidable, and designs should recognize this, and ensure that build-
ings are sufficiently robust to withstand the consequences of such inaccuracies [8].
For example, load-bearing elements may be out of plumb or the dimensional inaccu-
racies may cause eccentric application of load.

EN 1992 [N3] has a number of provisions in this regard, affecting the design
of 1) the structure as a whole, 2) some slender elements and 3) elements which trans-
fer forces to bracing members.

2.3.2. Global analysis

For the analysis of the structure as a whole, an arbitrary inclination of the struc-
ture 6 =1/200 is prescribed as a basic value. This is then modified for height and for
the number of members are involved.
The design value will be:
0=0,a «, (2.3-1)

where:
(2.3-2)

o —i
n \ﬁ’

where: [ is the total height of structure in meters (0,67 < a < 1,0).

a, = /0,5-(1+ij, (2.3-3)
m

where: m is the number of vertically continuous elements in the storeys contribut-
ing to the total horizontal force on the floor. This factor recognizes that the degree
of imperfection is statistically unlikely to be the same in all of the members.

As a result of the inclination, a horizontal component of the vertical loads could
be through of being applied at each floor level, as shown in Figure 2.3-1 a and in Fig-
ure 2.3-1b.
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FIGURE 2.3-1. Application of the effective geometrical imperfections: a) braced struc-
ture (number of vertically continuous members m=2); b) unbraced structure (num-
ber of vertically continuous member m=3)

In the design of slender elements, which are prone to fail by buckling (e. g. slen-
der columns), EN 1992 [N3] requires geometrical imperfection to be added to other
eccentricities. For example, in the design of the columns, an eccentricity of (6,. 1, ) /2
is assumed for geometrical imperfection (where I, is the effective length of the column).
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FIGURE 2.3-2. Minimum tie force for perimeter columns

In the design of these elements (such as a floor diagram), a force to account
for the possible imperfection should be taken into account in addition to other design
actions. This additional force is illustrated in Figure 2.3-2. This force need not be taken
into account in the design of the bracing element itself [8].
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2.4. ldealization of the structure

2.4.1. Structural models for overall design

In accordance with EN1992 [N3] (clause p.5.3.1), the elements of a structure are clas-
sified, by consideration of their nature and function, as: beams; columns; slabs; walls;
plates; arches; shells, etc.

L.

For buildings the following provisions are applicable:

a beam is a member for which span is not less than 3 times of the overall section

depth. Otherwise it should be considered as a deep beam (Figure 2.4-1 a and Fig-

ure 2.4-1 b);

a slab is a member for which a minimum panel dimension is not less than 5 times

of the overall slab thickness (Figure 2.4-1 ¢);

2.1) a slab subjected to dominantly uniform distributed loads may be considered
to be one-way slab (Figure 2.4-2),
if either:

e it possesses two free (unsupported) and sensibly parallel edges, or
e itis the central part of sensibly rectangular slab supported on four edges
with ratio of the longer to shorter span greater than 2.

2.2) ribbed or walffle slabs need not be treated as discrete elements for the purpose
of analysis, provided that the flange or structural topping and transverse ribs
have sufficient torsional stiffness. They may be assumed provided that (see
Figure 2.4-3):

e The rib spacing does not exceed 1500 mm;
e The depth of the rib below the flange does not exceed 4 times of its width;
e The depth of flange is at least 1/10 of clear distance between ribs or 50mm;
whichever is the greater;
e Transverse ribs are provided at a clear spacing not exceeding 10 times
of the overall depth of the slab.
The minimum flange thickness of 50 mm may be reduced to 40 mm where
permanent blocks are incorporated between the ribs.
This exception applies for slabs with clay blocks only. It does not apply
for expanded polystyrene blocks.
An exception to this rule is given at EN1992 [N3] (clause 10.9.3(11)) in relation
to prefabricated slabs without topping, which may be analyzed as solid slabs pro-
vides that the in-situ transverse ribs are provided with continuous reinforcement
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through the precast longitudinal ribs and at a spacing according to Table 10.1
from EN1992 [N3].

3. acolumn is a member for which the section depth does not exceed 4 times of its
width and the height is at least 3 times of the section depth.

Ty

m
be3 qyz

FIGURE 2.4-1. Definition of structural members for analysis: a) beam; b) — deep beam;

¢) — slab.

b)

L,/2

L,/2

s

— free edges

ﬂ support

this area
may be treated
as a one-way slab

L,>21,

FIGURE 2.4-2. One-way spanning slab (subjected predominantly to ultimate design load):

a), b) one-way spanning slab.
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FIGURE 2.4-3. Geometrical parameters for slabs (see Figure 5.2 from EN 1990 [N3])

2.4.2. Geometrical data

2.4.2.1. Effective width of flanges (valid for all limit states)

In T-beams the effective flange width, over which uniform conditions of stress can
be assumed, depend on the web and flange dimensions, the type of loading, the span,
the support conditions and the transverse reinforcement.

As it was noted in [8] if a T-beam with a relatively wide flange is subjected to
a bending moment, the width of flange that effectively works with the rib in absorb-
ing the compressive force (effective width) should be assessed.

An exact calculation shows that the actual distribution of compressive stresses has
a higher concentration it the part of flange which is close to the rib and a progressive
reduction in the further parts.

This implies that the conservation of plane section is not respected and that
the neutral axis is not rectilinear, but is higher on both sides on the rib. In order
to simplify calculations, the actual distribution of stresses is usually replaced by a con-
ventional block, extended to the effective width. This allows the application of the usual
design rules, and in particular the assumption that plane sections remain plane.

In accordance with EN1992 [N3] (clause 5.3.2.1) effective width is defined as a func-
tion of the cross-section geometry (b, — distance between adjacent ribs; b, — width
of ribs) and of the distance I, between points of zero moment which may be obtained
from the Figure 2.4-4.
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FIGURE 2.4-4. Definition of 10for calculation of effective flange width (see Figure 5.2 from
EN 1992 [N3]). Note: The length of the cantilever, 1, should be less than the half of
the adjacent span and ratio of adjacent spans should lie between 2/3 and 1,5.

The effective flange width b, for a T-beam or L-beam may be derived as:

by = by, +b, <b, (2.4-1)
where:
by =0,2:b,+0,1-, 0,21, (2.4-2a)
and:
by <b,, (24-2b)

b, b b,

g I

b

FIGURE 2.4-5. Effective flange width parameters (see Figure 5.3 from EN 1992 [N3])
For structural analysis, where a great accuracy is not required, a constant width

may be assumed over a whole span. The value applicable to the span section should
be adopted.
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2.4.2.2. Effective span of beams and slabs in buildings

The following provisions are provided mainly for member analysis, taking into account
the different types of support (see Figure 2.4-6). For frame analysis some of these sim-
plifications may be used where it is appropriate.

a) . . b)

a=min{1/2-h; /124/7 //

a=min{1/2-h;1/

d) / centreline

9] /\/

a;=min{1/2-h;1/2-t} a L,

5}» ln I<—> EanEE—
: [ —————— ﬂ_ L

A Ly
r——»—»

e) .
i
L. \ h

a;=min{1/2-h;1/2-t}

i

FIGURE 2.4-6. Effective span (1, ) for different support conditions (see Figure 5.4 from
EN 1992 [N3]): a) non-continuous members; b) continuous members; ¢) supports
considered fully restrained; d) bearing provided; e) cantilever
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The effective span, leﬁ, of a member should be calculated as follows:

lejf =1l +a,+a,, (2.4-3)

where: [ is the clear distance between the faces of the supports; values for a, and a,,
at each end of the span, may be determined from the appropriate a, values in Figure
2.4-6, where t is the width of the supporting element as it is shown.

Continuous slabs and beams may be generally analyzed on the assumption that
the supports provide no rotational restraint.

Two important points must be noted. Where a beam or slab is monolithic with its
supports, the critical design moment at the support should be taken as that at the face
of the support. The design moment and reaction transferred to the supporting ele-
ment (e. g. column, wall, etc.) should be generally taken as the greater of the elastic
or redistributed values. Additionally, in EN1992 [N3] (clause 5.3.2.2) is stated that
the moment at the face of support should not be less than 0,65 that of the full-fixed
end moment. This ensures a minimum design value for the support moment, par-
ticularly, in the case of wide supports.

Regardless of the method of analysis used, where a beam or slab is continuous over
a support which may be considered to provide no restraint to rotation (e. g. over walls),
the design support moment, calculated on the basis of a span equal to the centre-to-
centre distance between supports, may be reduced by an amount AM,, as follows:

AMy, = Fyy Y (2.4-4)
where: F,; is the design support reaction; f is the breadth of the support (see Fig-
ure 2.4-6 b).

Note: Where support bearings are used, t should be taken as the bearing width.
This Formula (2.4-4) is derived derives by assuming a uniform distribution

of the design support reaction F,,  over the breadth of the support:

F F, .t
AM,, =| Hew | L L Ty (24-5)
2 4 8

This recognizes the effect of the width of support and arbitrarily rounds of the peak
in the bending moment diagram.
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2.5. Methods of analysis

2.5.1. Linear elastic analysis

Elastic analysis remains the most popular method for frame (e. g. moment distri-
bution and slope deflection). As was shown in [3, 8] braced frames may be analyzed
as a whole frame or may be partitioned into sub-frames (see Figure 2.5-1). The sub-
frames may consist of beams at one level with monolithic attachment to the columns.
The remote ends may be assumed to be «fixed» unless a «pinned» end is more rea-
sonable in particular cases. As a further simplification, beams alone can be consid-
ered to be continuous over supports providing no restraint to rotation. Clearly this
is more conservative. In unbraced structures, it is generally necessary to consider
the whole structure, particularly when lateral loads are involved. A simplified analy-
sis may be carried out, assuming points of contra flexure at the mid-lengths of beams
and columns (see Figure 2.5-2). However, it should be remembered that this method
will be inaccurate if: 1) the feet of column are not fixed and/or 2) the beams and col-
umns are not of the similar stiffness.

Linear analysis of the elements based on the theory of elasticity may be used for
both the Serviceability and Ultimate Limit States.

For the determination of the action effects, linear analysis may be carried out
assuming:

e Untracked cross sections;
e Linear stress-strain relationships, and
e Mean value of the modulus of elasticity.

With these assumptions, stresses are proportional to loads and therefore the super-
position principle is applied.

For thermal deformation, settlement and shrinkage effects at the Ultimate Limit
State (ULS), a reduced stiffness corresponding to the cracked sections, neglecting ten-
sion stiffening but including the effects of creep, may be assumed. For the Servicea-
bility Limit State (SLS) a gradual evolution of cracking should be considered.

In accordance with EN1992 [N3] (clause 5.4 (2) and clause 5.4 (3)) in calcula-
tion of the stiffness of members it is normally satisfactory to assume a «mean» value
of the modulus of elasticity E_, and the moment of the member. However, when com-
puting the effects of deformation, shrinkage and settlement reduced stiffness corre-
sponding to cracked cross-section should be used.

It is important, that the fact that no limits were set to x, / d for application
of the linear analysis method at the ULS, does not mean than any value of x / d may
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be used in design: it’s it is opportune to observe a limit consistent with the method
of linear elastic analysis with limited redistribution, for which x / d <0,45. It must be
remembered that increasing of the x_ / d values lead tothe model uncertainty increas-
ing as well as higher partial factors should be assumed for precaution.

Full Frame
h
R R R EaaEr BT B -n
] I
—! p—

[ R S SN SR B, | _|

777 777 777 777 777 777

1 ) 7 Y RN 7)
N [T I N

— -
| I | |
h
777 777 777 777 777
s 4z s 4z
V4 I
vV A |2
7 7 7 7
stiffness halved /
Beam only Column only
.

ettt

A

stiffness halved

7

FIGURE 2.5-1. Partitioning of multistoried braced structures for analysis (see Figure 3.6
from [8])
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FIGURE 2.5-2. Simplified model for the analysis of unbraced structures (see Figure 3.7
from [8])
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2.5.2. Linear elastic analysis with limited redistribution

At Ultimate Limit State (ULS) plastic rotation occurs at the most stressed and cracked
sections. These rotations transfer to other zones is the effect of the further load increas-
ing, thus it is allowed to take for the design of reinforcement a reduced bending
moment M, smaller than the moment M resulting from elastic linear design, pro-
vided that in the other parts of the structure the corresponding variations of load
effects (viz. shear) necessary to ensure equilibrium are considered.

As was shown in [8], «the moment-curvature» response of a true elasto-plastic
material will be typically as shown in Figure 2.5-3. The long plateau after moment M,
is reached implies a large rotation capacity.

Considering a continuous beam made of such a material and loaded as shown
in Figure 2.5-4, when a bending moment in a critical section (usually at a support)
reaches M , a plastic hinger is said to be formed. The structure will be able to withstand
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under the further increasing in loading until the sufficient plastic hinges from to turn
the structure into mechanism.

e e e e - — 4

(), /), ol

FIGURE 2.5-3. «Moment—curvature» bi-linear idealization

FIGURE 2.5-4. Redistribution of the bending moments in continuous beam

Clearly, to exploit plasticity fully, the material must possesses an adequate ductil-
ity (rotation capacity), concrete has only limited capacity in this regard. The moment
redistribution procedure is an allowance for the plastic hinge analysis. Indirectly,
it also ensures that the yield of sections under service loads and large uncontrolled
deflections are avoided.

How it As was stated in EN1992 [N3] (clause 5.5), linear analysis with limited
redistribution may be applied to the analysis of structural members for the verifica-
tion of ULS.

In accordance with EN1992 [N3], the moments at ULS calculated using a lin-
ear elastic analysis may be redistributed, provided that the resulting distribution
of moments remains in equilibrium with the applied loads.
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In continuous beams or slabs which:

a) are predominantly subject to flexure and

b) have the ratio of the lengths of adjacent spans in the range of from 0,5 to 2 redistri-
bution of bending moments may be carried out without explicit check on the rota-

tion capacity, provided that:
X

0=k, +k, j’ for f, <50MPa, (2.5-1)
62k3+k4~%‘ for f, >50MPa, (2.5-2)

>k, , where Class B and Class C reinforcement is used (see Annex C from EN1992
[N3]); =k, , where Class A reinforcement is used (see Annex C from EN1992 [N3]),
where: J is the ratio of the distributed moment to the elastic bending moment;
x, is the depth of the natural axis at the ultimate limit state after redistribution;
d is the effective section depth; k , k., k., k, are coefficients with the recommended
values: k, =0,44; k,=1,25 - (0,6+0,0014/¢” ); k,=0,54; k,=1,25 - (0,6+0,0014/¢’ ); k.=0,7;
k. =0.8.

Redistribution should not be carried out in circumstances where the rotation
capacity cannot be defined with confidence (e. g. in the corners of prestressed frames).

For the design of columns the elastic moments from frame action should be used
without any redistribution.

It must be considered that a redistribution carried out in observance of the duc-
tility rules only ensures equilibrium at the ultimate limit state. Specific verifications
are needed for the serviceability limit states. Very high redistributions, which may be
of advantage at the ultimate limit states, very often must be lowered in order to meet
the requirements of serviceability limit states. For the design of columns the elastic
moments from frame action should be used without any redistribution.

2.5.3. Plastic analysis

2.5.3.1. General

As was shown in EN 1992 [N3] plastic analysis should be based either on the lower
bound (static) method or on the upper bound (kinematic) method for the check at ULS
only. The ductility of the critical sections shall be sufficient for the envisaged mech-
anism to be formed. The effects of previous applications of loading may generally
be ignored, and a monotonic increase of the intensity of actions may be assumed.
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2.5.3.1.1. Static method

It is based on the static theorem of the theory of plasticity, which states: «<whichever
load Q, to which a statically admissible tension field corresponds, is lower or equal
to the ultimate load Q, ».

The expression “statically admissible” indicates a field that meets both the condi-
tions of equilibrium and the boundary condition without exceeding the plastic resist-
ance. An important application of this method is the strut-and-tie scheme in accord-
ance EN1992 [N3] (clause p.5.6.4, see section 3.7.4).

Other applications are the management of shear by the method of varying
and the analysis of slabs by the equivalent frame analysis method which is presented
in Annex E, EN 1992 [N3].

2.5.3.1.2. Kinematic method

In this method, the structure at Ultimate Limit States becomes a mechanism of rigid
elements connected by yield hinges. The method is based on the kinematic theorem,
which states: «every load Q, to which corresponds a kinematically admissible mechanism
of collapse, is higher or equal to the ultimate load Q, » [3, 8]. The method is applied for
continuous beams, frames and slabs (in this last case with the theory of yield lines).

2.5.3.2 Plastic analysis for beams, frames and slabs

Plastic analysis without any direct check of rotation capacity may be used for the Ulti-
mate Limit State if the ductility of critical sections will be sufficient for the envisaged
mechanism to be formed.
The required ductility may be deemed to be satisfied without explicit verification
if all the following are fulfilled:
o the area of tensile reinforcement is limited such that, at any section:
e x, /d<0,25for concrete strength classes < C50/60;
e x /d<0,15 for concrete strength classes > C55/67.
e reinforcing steel is either Class B or Class C;
o the ratio of the moments at intermediate supports to the moments in the span
should be between 0,5 and 2.
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Columns should be checked for the maximum plastic moments which can be
transmitted by connecting members. For connections to flat slabs this moment should
be included in the punching shear calculation.

When plastic analysis of slabs is carried out account should be taken of any non-
uniform reinforcement, corner tie down forces, and torsion at free edges.

Plastic methods may be extended to non-solid slabs (ribbed, hollow, waftle slabs)
if their response is similar to that of a solid slab, particularly with regard to the tor-
sional effect.

2.5.3.2.1. Rotation capacity

The simplified procedure for continuous beams and continuous one way spanning
slabs is based on the rotation capacity of beam/slab zones over a length of approxi-
mately 1,2 times of the section depth. It is assumed that these zones undergo a plas-
tic deformation (formation of yield hinges) under the relevant combination of actions.
The verification of the plastic rotation in combination of actions the calculated rota-
tion 0, is less than or equal to the allowable plastic rotation (see Figure 2.5-5).

0,6:h , 0,6:h

FIGURE 2.5-5. Plastic rotation 6_ of reinforced concrete sections for continuous beams
and continuous one-way spanning slabs (Figure 5.5 from EN 1992 [N3])

In regions of yield hinges x, / d shall not exceed the value 0,45 for concrete strength
classes less than or equal to C50/60, and 0,35 for concrete strength classes greater
than or equal to C55/67.

The rotation 6 _should be determined on the basis of the design values for
the actions and materials and on the basis of the mean values for prestressing at the rel-
evant time.
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In the simplified procedure, the allowable plastic rotation may be determined by
multiplying the basic value of allowable rotation 6, , by a correction factor k, that
depends on the shear slenderness.

As was noted in EN1992 [N3], the recommended values for steel of the Class B
and Class C (the use of Class A steel is not reccommended for plastic analysis) and con-
crete strength classes less than or equal to C50/60 and C90/105 are given in Figure
2.5-6.

The values for concrete strength classes C55/67 to C90/105 may be interpolated
accordingly. The values apply for a shear slenderness 1=3,0. For different values of shear
slenderness 6, , should be multiplied by k,:

k == (2.5-3)

where: 1 is the ratio of the distance between point of zero and maximum moment
after redistribution and effective depth, d.

As a simplification A may be calculated for the concordant design values
of the bending moment and shear:

=54 (2.5-4)
Ve, d
8,4 (mrad)
35
N ~ ~N
30 / J\ ~ < C50/60
/| 7 ~ ~ ~ /
/4 S YO
25 / V4 ~ ~
/ ~ ~
/ S S
/ N N
20 // < - < -
1 ~ ~ C 90/105
15 > 54
= < C 50/60 I o e N
5 / \‘ =
C 90/105 —
0

0,05 0,10 0,15 0,20 0,I25 0,30 0,35 0,40 0,45 (xu/d)
— = =— — (Class C === Class B

FIGURE 2.5-6. Basic value of allowable rotation, GPL » of reinforced concrete sections for
Class B and C reinforcement. The values apply for a shear slenderness A=3,0 (see Fig-
ure 5.6 from EN 1992 [N3])
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2.5.3.2.2. Analysis with strut and tie models

Strut-and-tie models utilize the lower-bound theorem of plasticity, which can be sum-
marized as follows: for structure under a given system of external loads, if a stress dis-
tribution throughout the structure can be found such that 1) all conditions of equi-
librium are satisfied and 2) the yield conditions is not violated anywhere, then
the structure is safe under the given system of external loads. This approach par-
ticularly simplifies the analysis of the parts of the structure where linear distribution
of strain is not valid (see Section 2.1).

Strut and tie analysis may also be necessary, particularly when the assumption
of linear strain distribution in the plane section is not applied. Examples of this
include: anchorage zones; members with significant changes in cross-section, includ-
ing the vicinity of large holes; beam-column joints; locations adjacent to concen-
trated loads.

Typical models are shown in Figure 2.5-7. As can be seen, the structure is thought
of as comprising notional concrete struts and reinforcement ties. Occasionally, con-
crete ties may also be considered (e. g. slabs without stirrups; anchorages without
transverse reinforcement).

Concrete has only a limited plastic deformation capacity; therefore, the model
has to be chosen with care to ensure that the deformation capacity is not exceed
at any point before the assumed state of stress is reached in the structure. The ties
of a strut-and-tie model should coincide in position and direction with the corre-
sponding reinforcement.

Possible means for developing suitable strut-and-tie models include the adop-
tion of stress trajectories and distributions from linear-elastic theory or the load path
method. All strut-and-tie models may be optimized by energy criteria.

The angles between the struts and ties should generally be greater than 45° in order
to avoid incompatibility problems. In this context, the deformation of the struts may
be neglected, and the model optimized by minimizing the expression:

ME-lL-¢,, (2.5-5)
i=1

where: F is the force in the i-th tie; [, is the length of the i-th tie; ¢ | is the mean
strain in the i-th tie.

Having idealized the structure as struts and ties, it is than a simple matter to arrive
at the forces in them based on equilibrium with external loads. Stresses in struts
and ties should be verified including those at nodes, where a number of members meet.

In accordance with EN 1992 [N3] limiting stresses is as follows:

L. inties, f ;

2. in struts with no transverse tension, o = fs
,max cd
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3. in struts with transverse tension, Ot max = 056 ° v fc » where v'= l—zj%ko;
4. in nodes where no ties are anchored, 0, = v "
5. in compression-tension nodes, where ties are anchored in more than one direc-
1 = . / . .
tion, o, =085-v-f ;
6. in compression-tension nodes, where ties are anchored in more than one direc-
1 —_ . / . N
tion, g, = 0,75-v fcd ;
7. where aload is distributed uniformly over an area A and it is dispersed to a larger
area A (which is concentric to A ), the applied load F,, should be limited

as F, d,uzAco-fC d-(Ad/ACo)O’5 but limited to 3-A,/ f,,.

Members with holes

N EEEDENIENRIIN End blocks
I | ] ] -
: /)_\\ : [
I I l—
B pe— R P
1 I | | .
Lo - L
1 I ~
: | 1 ! pp LA ~L___1—
I N , I —
| SNo—— ! o
1 1 1 1

L et vt pat tpet bt Bitd

Beam-column junctions

Half joints

—————— struts (compression)

Ll __ 1L —— ties (tension)

FIGURE 2.5-7. Typical strut-and-tie model (see Figure 3.19 from [8])
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In accordance with EN1992 [N3], strut and tie models may be used for design
in ULS of continuity regions (cracked state of beams and slabs) and for the design
in ULS and detailing of the discontinuity regions. In general these extend up to a dis-
tance h (section depth of member) from the discontinuity. Strut and tie models
may also be used for members where a linear distribution within the cross section
is assumed, e. g. plane strain.

Verification in SLS may also be carried out using strut-and-tie models, e. g. verifi-
cation of steel stresses and crack width control, if approximate compatibility for strut-
and-tie models is ensured (in particular, the position and direction of important struts
should be oriented according to the linear elasticity theory).

Strut-and-tie models consist of struts representing compressive stress fields, of ties
representing the reinforcement, and of the connecting nodes. The forces in the ele-
ments of a strut-and-tie model should be determined by maintaining the equilibrium
with the applied loads in ultimate limit state. The elements of a strut-and-tie models
should be dimensioned according to the rules given in Section 6.5 of the EN1992 [N3].
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CHAPTER 3
Materials properties and durability criteria

3.1. Concrete

3.1.1. Strength of concrete

In accordance with EN 206 [N4] normal weight concrete is a concrete in the oven-dry
condition having a density greater than 2000 kg/m® but not exceeding 2600 kg/m>.
Concrete technology specifications shall satisfy the requirements of EN 206 [N4]
and are not discussed at this book.

For hardened concrete strength is the most important property which influ-
ences the ultimate resistance forces and moments in analyzed reinforced concrete
structures.

Strength of concrete is defined as the maximum load which it can carry per unit
area (stress). Under practical conditions concrete is seldom stressed in one direction
only (uniaxial stress). Nevertheless, as assumed, uniaxial stress-strain conditions can
be used in many cases. Concrete strength changes with age and environment; there-
fore it is not possible to attribute the absolute values to it. Laboratory tests give only
an indication of concrete properties in the structure.

3.1.1.1. Compressive strength

Compressive strength of concrete is usually taken as the maximum axial compressive
force which it can carry per unit area. It is obtained either from cylinders or cubes
with fixed dimensions as it is stated in [N4]. The specimens are loaded longitudinally
at a slow rate. In accordance with [N5], testing results are valid for monotonically
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increasing compressive stresses or strains at a rate of 6= 0,6 £ 0,4 MPa/s or rate
of £=15-10"°s™" respectively.

Compressive strength of concrete is obtained through the elaboration of compres-
sion tests executed at 28 days on cylindrical specimens of diameter 150 mm and height
300 mm. As in many countries testing is carried out on 150 mm cubic specimens,
EN 206 [N4] admits cube compressive strength too (see Figure 3.1-1).

a) b)

150

150

150

|
|
i.__
d

150

FIGURE 3.1-1. Specimens for compressive strength testing: a) cube; b) cylinder

For special requirements or in national code test specimens other than cylinders
150/300 mm and stored in other environments may be used to specify the concrete
compressive strength. In such cases conversion factor (see Table 3.1-1) should either
be determined experimentally or, when given in National Codes, used accordingly
for a given category of testing equipment.

In the case when concrete cubes 150 mm are used, the characteristic strength
value shall be obtained for the various concrete classes of normal weight concrete.
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TABLE 3.1-1 — Conversion factor values

Specimen size (cube) Conversion factor
150x150x150 1,0
100x100x100 0,95
200x200x200 1,05

So, in accordance with EN 1992 [N3], the compressive strength of concrete
is denoted by concrete strength classes which relate to the characteristic (5%) cylin-
der strength, f, , or the cube strength f,

In EN 206 [N4] it is stated:

Characteristic strength of concrete, f, , is a value of strength below which 5%
of the population of all possible strength determinations of the volume of concrete
under consideration, are expected to fall, and

Compressive strength class is a classification comprising the type of concrete,
the minimum characteristic cylinder (150/300 mm) strength ( f, ko ) and the mini-
mum characteristic cube strength (150 mm edge length) and is denoted
as C f, 1/ fi oo (for example, C16/20). An exemplary histogram showing the fre-
quency of compressive strength results from testing concrete of one population
is shown in Figure 3.1-2.

k,cube *

a) b)
A A
7 Af=8 N/mm'’= 1,64 g | C25/30
2] | N A A
3 | | f4=25N/mm \: / !
L 1 1
JO: 0 =5N/mm’ ! ! 0 =5N/mm’
2 /o
5 5% - fractile !
[=}
Y IR
.
W % - . >
Fomin Lo 15 25 '35 45 fo N/mm’
: : f. =33 MPa

FIGURE 3.12. Frequency histogram and probability density function for concrete com-
pressive strength: a) frequency histogram; b) probability density function

The assumption of a normal distribution of concrete strength forms the basis
of determinations of the characteristic compressive strength, fc .- Fora Normal (Gauss-
ian) distribution, the probability of the strength lying outside the specified limits either
side of the mean strength can be determined.
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These limits which are given in Figure 3.1-2 can be expressed in terms of the esti-
mator of the standard deviation s, as follows:

s=Jii(fd—fm)z) 6.1

n—13

where: f is the observed strength result; f_ is the mean value of compressive strength

37,

i=1

equal to ; n is the number of test results.

The probability of the strength lying outside the range (f, +t-s) for different val-

ues t, are given in Table 3.1-2 (also see Figure 3.1-2) depending on the assumed prob-
abilities (as a fractile of probability distribution).

TABLE 3.1-2 — Fractile values for concrete strength

el gl
1% 2,33
2,5% 1,96
5% 1,64
10% 1,23

Specified characteristic strength, f , should be calculated by the expression:
fa=fmmtrs (3.1-2)

where: s is the standard deviation obtained from Formula (3.1-1).
The characteristic strengths for f, and the corresponding mechanical character-
istics are necessary for design, and given in Table 3.1-3.

TABLE3.1:3 — Strength and deformation characteristics for concrete (Table 3.1 from EN
1992 [N3])

Strength classes for concrete

£, (MPa) 12 16 | 20 | 25 ( 30 [ 35 ] 40 | 45 | 50 | 55 [ 60 [ 70 | 80 | 90

f;:k tuhe(l)
(MPa) 15 | 20 | 25 | 30 [ 37 | 45 | 50 [ 55 | 60 | 67 [ 75 | 8 | 95 [ 105
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Strength classes for concrete

£, (MPa) [ 20 | 24 | 28 | 33 | 38 | 43 | 48 | 53 | 58 | 63 | 68 | 78 | 88 | 98
£,0MPa)| 16 | 1,9 |22 26|29 3235|3841 42|44 |46 48|50

ﬁtk0.05(4)
doe | LU 13|15 18 |20 22|25 |27 |29 |30 | 31|32 |34 |35

(5)
S 095 202502903338 |42]46|49]|53]|55]|57]60]63]66
(MPa)

E,“(GPa)| 27 | 29 | 30 | 31 | 33 |34 | 35 |36 |37 |38 |39 | 41|42 |44
e (%)” | 1,8 |19 |20]|21]22]225[23|24245[25]|26]|27|28]28

e, (%0)® 3,5 323028 |28]28
e, (%o0)” 2,0 2223 |24|25]26
e, (%0)"” 3,5 3112927 |26]26
n 2,0 1,75 1,6 |145| 14 | 1,4
e, (%0)™? 1,75 L8 | L9 [ 202223
e, (%0)™ 3,5 3112927 |26]26

Notes: Analytical relation/ Explanation:

L fck, cube :fck, c}'l/ 0,8;

2.f =f,+8, (MPa);

3. f, =0,3-f* <C50/60; f,, =2,12-In(1+(f,,/10)) > C50/60;

4.fdk 005 = 0,07 -fam, 5% fractile;

S'qu, 005 = 1,3 -fm, 95% fractile;

6.E_ =22-[(f,)/10]", (f, in MPa);

7. see Figure 3.1-8, £, (%0)=0,7- 7' <2,8;

8. see Figure 3.1-8, for f, = 50 MPa £, (%) =2,8+27-[ (98~ £,,)/100]" ;
9. see Figure 3.1-9, for f, > 50 MPa &,, (%0) =2,0+0,085-(f, —50)";

10. see Figure 3.1-9, for f, > 50 MPa €, (%0)=2,6+ 35-[(90—]})/100]4 ;
11. for f, 2 50 MPan=1,4+23,4-[ (90~ f,)/100] ;

12. vsee Figure 3.1-10, for f, > 50 MPa &,, (%) =1,75+0,55-[ (f, —50)/40];
13. see Figure 3.1-10, for f, > 50 MPa &, (%0) = 2,6+35-[ (90— £, )/100] .

cu3

In certain situations (e. g. prestressing) it may be appropriate to assess the com-
pressive strength for concrete before or after 28 days, on the basis of test specimens
stored under other conditions than standard conditions prescribed in EN 12390 [N7].
It may be required to specify the concrete compressive strength, f, (£), at time ¢ for
a number of stages (e. g. demolding, transfer of prestress), where:

f.® =1, () -8for3<t<28days (3.1-3)
f.@® =1, fort =28 days (3.1-4)
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More precise values should be based on tests especially for ¢ < 3 days.

The compressive strength of concrete at age t depends on the type of cement, tem-
perature and curing conditions. As is pointed out in EN 1992 [N3], for a mean tem-
perature of 20°C and curing conditions in accordance with EN 12390 [N7], the com-
pressive strength of concrete at various ages f, (f) is estimated as follows:

fon()=B.(t) for> (3.1-5)

with: 12
ﬁa(t)=eXP{S[1—(?) }} (3.1-6)

where: f_(t) is the mean concrete compressive strength at the age
of t days; f is the mean compressive strength at 28 days according to Table 3.1-3; ¢
is the age of concrete in days; s is the coefficient which depends on the type of cement
and it is equal to 0,20 (class R); 0,25 (class N); 0,38 (class S).

3.1.1.2. Tensile strength

The term tensile strength relates to the maximum stress which concrete can carry
when subjected to uniaxial tension. Tensile strength of concrete is generally less than
20% of the compressive strength. It is difficult to measure concrete strength in direct
tension (see Figure 3.1-3 a) because of the technical problems of holding the speci-
mens in axial load (force). Indirect methods have been developed for assessing this
property.

The simplest and most widely used method is the split cylinder test (see Figure
3.1-3 b) in accordance with [N4]. This test entails diametrically loading a cylinder
in compression along its entire length. This form of loading shown in Figure 3.1-3
b induces tensile stresses over the loaded diameter plan. Where the tensile strength
is determined as splitting tensile strength, f, . an approximate value of the axial ten-
sile strength, fc » may be taken as:

frp=09-f, . (3.1-7)
The magnitude of the induced tensile stress f,, _at failure is given by the expression:

2-F
fct,sp: 4
7-d-l

where: F is the maximum applied load; /, d are the cylinder length and its diameter,
respectively.

(3.1-8)
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Tensile strength of concrete can also be evaluated by means of bending tests con-
ducted on plain concrete prismatic specimens (beams) which have normally 150 mm
square cross section. In this test a simply supported beam is loaded at its third points,
as it is shown in Figure 3.1-3 c.

a) FA

,Q&
1 A s | o | oz A Lb=h
F 7 7 7 7
f=(4F ) (") Foog=(EDI(bH)

FIGURE 3.1-3. Specimens for concrete tensile strength testing: a) direct tension; b) split-
ting; c) bending

The resulting bending moments induce compressive and tensile stresses at the top
and bottom of the beam. The beam fails in tension and the flexural strength fc o
is defined by: F.l

Jag= PR (3.1-9)

where: F is the maximum applied load; /is a distance between the supports; b, h are
the beam width and depth, respectively.

According to EN 1992 [N3] requirements, these above mentioned methods can be
used. However, for prediction of axial tensile strength f it is necessary to use the fol-
lowing conversion factors:

e for results from the flexure test (f, ﬂ):
J=05-1, 4 (3.1-10)
e for result from the splitting test (f, ) SP):
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£,=09-f, . (3.1-11)

In the absence of more accurate data, the mean tensile strength of concrete can
be obtained as follows:

£, =030 (f)%, (3.1-12)
where: f is the mean value of the tensile strength; f, is the characteristic cylinder
compressive strength of concrete.

As for compressive strength, the statistical approach for definition of the charac-
teristic tensile strength of concrete f, should be used (see Figure 3.1-2) according to
the Normal distribution. This strength can be determined from the following simpli-
fied equations which are constructed on the basis of Formula (3.1-12):

o for lower value of the characteristic strength (5% fractile):

fctk,o.os =0,70-f,,,;3 (3.1-13)
e for upper value of the characteristic strength (95% fractile):
fctk,o.95 =1,30-f,,; (3.1-14)

The development of tensile strength with time is strongly influenced by the cur-
ing and drying conditions as well as by the dimensions of the structural members.
As a first approximation it may be assumed that tensile strength f (¢) is equal to:

fn®=[B.O] fir (3.1-15)

where: 3 (t) follows from the Expression (3.1-6); o is a coefficient that is equal to 1,0
for t<28 days and equal to 2/3 for t>28 days.
The values for f, are given in Table 3.1-3.

3.1.1.3. Classes of concrete
For design purposes the concrete should be classified into the classes which corre-
spond to a specified value of the characteristic compressive strength. According to

EN1992 [N3] the compressive strength of concrete is based on the cylinder strength
Jox.e,y and simultaneously it can be associated with cube strength, f, .
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3.1.2. Deformation of concrete

Concrete deforms under load. Deformations increasing with applied load are com-
monly known as elastic deformations. If concrete is deformed with time under con-
stant load this phenomenon is known as time-dependent deformation, or creep.

3.1.2.1. Elastic deformation

The elastic deformations of concrete largely depend on its composition (especially
the aggregates). The values given in EN 1992 [N3] should be regarded as indicative
for general applications. However, they should be specifically assessed if the structure
is likely to be sensitive to deviations from these general values. The modulus of elas-
ticity of concrete is controlled by the modulus of elasticity of its components. Com-
pared to the use of quartzite aggregates, the modulus of elasticity can be increased
by 20% or decreased by 30% only by changing the type of aggregate. Table 3.1-4 give
the qualitative changes a, in the modulus of elasticity for different types of aggregate.

TABLE 3.1-4 — Effect of type of aggregates on modulus of elasticity

Type of aggregate a, E, - a,, [GPa]
Basalt, dense limestone aggregates 1,2 25,8
Quartzite aggregates 1,0 21,5
Limestone aggregates 0,9 19,40
Sandstone aggregates 0,7 15,10

In thegeneral case, modulus of elasticity of concrete E,is defined as the ratio
of load per unit area (stress, ) to elastic deformation per unit of length (strain, ¢):
Ao
E, ==, (3.1-16)
Ag,
Since concrete is not a perfectly elastic material the modulus of elasticity depends
on an adopted definition (see Figure 3.1-4). We can define the following approaches:
- initial tangent modulus E;
~- secant modulus E_ .
Approximate values for the modulus of elasticity E_ secant value between o = 0

and 0. = 0,4 - f for concretes with quartzite aggregates, are given in Table 3.1-4.
As it was shown in Table 3.4, for limestone and sandstone aggregates the value
should be reduced by 10% and 30% respectively. For basalt aggregates the value
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should be increased by 20%. It should be noted, that the modulus of elasticity
E_does not include the initial plastic strain due to its definition. While the limit
for the stress o_reached in the SLS it set to 0. = 0,4 - fthis stress level gives an upper
limit for the reduction factor & = E_/ E__ is increasing with increasing concrete strength.
For concrete strength classes higher than C80/90 the difference between first load-
ingup to o =0,4-f and the unloading branch is smaller than 3% may be neglected.
Note that E_ is considered as the mean value of the tangent modulus of elasticity,
hence E =E_ .

A \
g K /
8 / /
04f Lo . o, _ _kn-n
Vo ! : fo T 1+(k-2)y
N
/ 7/ |
/ / :
// I-unloading branch
/ 1
/ |
// 7/ :
/7 1 tga,=E
/ go,=Ly
/ | tga=E_=E
/ : g‘x ct cm
/ |
4 i
/ I
/ |
/ |
060 o :
:
concrete strain

£<0
FIGURE 3.1-4 — Definition of different moduli of elasticity (according to fib Bulletin 42)
Where only an elastic analysis of a concrete structure is carried out, a reduced mod-

ulus of elasticity E according to Equation (3.1-17) should be used in order to account
for initial plastic strain, causing some irreversible deformations:

E =« -E_, (3.1-17)
where:
a =O,8+O,2-%Sl,0. (3.1-18)
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As was shown, the tangent modulus has a significance only for low stress level,
whereas the secant modulus takes into account the total deformation (elastic and plas-
tic, or irreversible) at any point. For definition of the secant modulus the relevant
standards [N7] require repeated loading and unloading before the specimen is loaded
for determination E_ from a tested stress-strain curve according to Formula (3.1-16).

It depends notonly on strength class of concrete but, as well as, on adequate prop-
erties of the aggregate used. For most concrete classes (at 28 days) modulus of elastic-
ity ranges from 27 GPa up to 44 GPa. The modulus E_ in accordance with EN 1992
[N3] may be assumed in terms of f, to be (see Table 3.1-3):

E, =22-[f,/10]", (3.1-19)

where: f_isin MPa.
Variation of the modulus of elasticity with the time can be estimated by the fol-

lowing expression:
0,3
E, (t)= [f;—(t)] ‘E_, (3.1-20)

where: E_ (t) and f (f) are the values at an age of t days and both E_ and f are
the values determined at an age of 28 days. The relation between f_ (t) and f, fol-
lows from Expression (3.1-5).

3.1.2.2. Poisson’s ratio and coefficient of thermal expansion

The ratio between transverse strain and the strain in the direction of applied uniax-
ial loading, referred to as Poisson’s ratio is usually found to be in the range from 0,15
to 0,20 for concrete. For design purpose according to EN 1992 [N3] Poisson’s ratio may
be taken equal to 0,20 for uncracked concrete. If the cracking is permitted for con-
crete in tension, Poisson’s ratio may be taken as zero.

Unless more accurate information is available, for design purpose, the linear coef-
ficient of thermal expansion may be taken equal to 10-10° K.

3.1.2.3. Creep and shrinkage of concrete

Creep and shrinkage of concrete depend on the ambient humidity, the dimen-
sions of the element and the composition of the concrete. Creep is also influenced
by the maturity of the concrete when the load is first applied and depends on the dura-
tion and magnitude of the loading. Figure 3.1-5 shows changing in time of the concrete
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strains under the load. In Figure 3.1-5: ¢_(t,), €_(t,) — elastic strains; ¢ (t,) - shrink-
age strain; ¢_(f, t)) - creep strain; ¢ (¢, £, f ) - creep recovery.
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FIGURE 3.1-5. Stresses and strains diagrams for time dependent deformations: a) stresses
diagram; b) strains diagram

3.1.2.3.1. Creep of concrete

Creep is generally defined as the time-dependent strain caused by a stress which
is applied onto the material at certain time ¢, and this stress is maintained constant
in time thereafter. According to this definition, if the specimen is simultaneously sub-
jected to drying, temperature changes or other causes of deformation, to measure creep
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experimentally one must use at least two specimens subjected to exactly the same

conditions except that one is loaded and the other remains load-free. Creep strains

are than equal to excess strains experienced by the loaded specimen with respect
to the unloaded specimen. The resulting strains are partially reversible, which can
be measured in a loading/unloading cycle.

The creep deformation of concrete under constant axial compressive stress is illus-
trated in Figure 3.1-5. The creep deformation proceeds at a decreasing rate with time.
If the load is removed, the elastic strain is immediately recovered, however this recov-
ered elastic strain is less than the initial elastic strain, because of elastic modulus
increasing with age.

Creep deformations depend mainly on the ambient humidity, composition
of the concrete and its maturity and also on the duration and magnitude of the loading.

The following two definitions are used:

e creep coefficient, denoted as ¢(t, t,), expresses the delayed deformation with respect
to the elastic strain (typical values fall in the range from 2,0 to 6,0 for the maxi-
mum attained creep strain);

* compliance function, denoted as J(t, t,), represents the creep strain per unit
of imposed stress and it is used to compare the delayed strain that takes place
in concretes loaded at different stress levels (although the principle of superposition
is valid until approximately 30% of the peak load in compression test; it includes
the elastic instantaneous compliance (also called «specific creep);

e specific creep, denoted as C(t, t,), expresses only the delayed strains due
to the application of a unit stress (i. e. it excludes the instantaneous elastic strain)
With these definitions, the following relations are applied:

o(tt,)=E.(t,)- ] (6t,), (3.1-21)
oy e(st)
C(t:t,) = 5 () (3.1-22)
1
I(t,to)—m+C(t,to), (3.1-23)

where: ¢ is the age at loading; ¢ is the time at which strains are evaluated.

The creep coefficient ¢(t, ¢,) is related to E, the tangent modulus, which in turn
may be taken equal to 1,05-E_ . Where accuracy is required, value of the creep coef-
ficient ¢(t, t,) at time t is calculated in accordance with EN 1992 [N3].

The creep coefficient ¢(t, ) may be calculated from the following expression:

o(tt,) =9, B.(t:1,), (3.1-24)

where: ¢ is the notional creep coefficient and it can be estimated from the follow-
ing expression:
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Po = Pru 'ﬁ(fcm)'ﬂ(to)) (3.1-25)

where: ¢ is a factor that takes into account the effect of the relative humidity
on the value of the notional creep coefficient:

Pt = 1 L REVI00 o f., <35MPa, (3.1-26)
(1-RH /100)
a |-a,, for f, >35MPa, (3.1-27)

Prer 0)1'%

where: RH is the relative humidity of the ambient environment (in %); h,
is the notional size of the member (see Figure 3.1-6) (in mm) and it is equal to 2+ A _/ h
(where: A _is the cross-sectional area; h is the perimeter of the member in contact
with the atmosphere).

a) beam b) slab c) T-beam
o b
Y |<—’| | = . >
A A
h hy
h 1 - ‘ L bbby
) 0™ h 0~ byth
<
bh
hy=7"—- \
b+h -
d) circle e) tube f) hollow section
b
hoy | - -
y T - — |
h h b,
A A t gin L -
/ L
hy=h/2 hy=2-t<h/2 h, v
| | b,
bu
’ byhy+b,h,+2b, h;

0= B, +h+0,5(b,+ 1)

FIGURE 3.1-6. For h0 value calculation

B(f.,) is a factor that takes into account the effect of the concrete strength
on the value of the notional creep coeflicient:
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16,8

ﬁ(fcm)z\/f_’

where: f, is the mean compressive strength of concrete in MPa at the age of 28
days; B(t,) is a factor that takes into account the effect of the concrete age at loading

on the value of the notional creep coefficient:

1
t)=7———. (3.1-29)
) (0,1+19)
B.(t.t,) is a coefficient to describe the development of creep with the time after

loading, and may be estimated using the following expression:

(3.1-28)

t—t,
B.(t:t)= [ﬁH Tt }, (3.1-30)
where: t is the age of concrete in days at the moment considered; ¢, is the age of con-
crete at loading in days; (¢ - ¢,) is the non-adjusted duration of loading in days.

Coefficient §, is a coefficient depending on the relative humidity (RH,%)
and the notional member size (h in mm). It may be estimated from the following
expressions:

B, :1,5-[1+ 0,012 RH ls}ho +250<1500, forf_ <35MPa  (3.1-31)
B, :1,5.[” 0,012-RH 18]-h0 +250-a, <1500-a,, for f, >35MPa, (3.1-32)

«, . are the coefficients to consider the influence of the concrete strength:

1/2/3 07 02 0.5
35 | 35 | 35 |
(Xl = |:—j| H (Xl = |:—i| 5 0(1 = |:_:| . (31_33)
fom Jom Som

The effect of cement type on the creep coeflicient of concrete may be taking into
account by modifying the age ofloading  in Expression (3.1-30) according to the fol-
lowing expression:

9
tO = tO,T [m-i- 1] > 0,5, (31-34)
0,7

where: { . is the temperature adjusted age of concrete at loading in days adjusted
according to following Expression (3.1-35); a is a power which depends on cement type
and it is equal to -1 (for cement class S); 0 (for cement class N); 1 (for cement class R).

The effect of elevated or reduced temperatures within the range 0-80°C
on the maturity of concrete may be taken into account by adjusting the concrete age
according to the following expression:

2 4000
Lor = ZCXP{_(—‘FB,@H'AQ, (3.1-35)
i=1

273+T(At,)
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where: ¢ is the temperature adjusted concrete age which replaces ¢ in the correspond-
ing equation; T(At) is the temperature in °C during the time period Af; At, is the num-
ber of days where a temperature T prevails.

The mean coefficient of variation of the above predicted creep data, deducted from
a computerized data bank or laboratory test results, is of the order of 20%.

The values of ¢ (t; ) given above should be associated with the tangent modulus E ..

When a less accurate estimate is considered satisfactory, the value given in Fig-
ure 3.1-7 may be adopted for creep of concrete at 70 years.

The values given in Figure 3.1-7 are valid for ambient temperatures between -40°C
and +40°C and a mean relative humidity between RH=40% and RH=100%.

¢ (o3 t) is the final creep coefficient (at 70 years); h is the notional size (see Fig-
ure 3.1-6).

Where great accuracy is not required, the value found from the Figure 3.1-6 may be
considered as the creep coefficient, provided that the concrete is not subjected to a com-
pressive stress greater than 0,45 - f_ (¢ ) at an age of ¢, the age of concrete at the time
of loading. The creep deformation of concrete ¢ _ (co; ) at time ¢ = oo for a constant
compressive stress 0 applied at the concrete age ¢, is given by the following expression:

e, (o5, ) = (p(w;to)-(%). (3.1-36)

3.1.2.3.2. Shrinkage of concrete

Shrinkage of concrete is caused by the settlement of solid and the loss of free water
from a plastic concrete (plastic shrinkage) by the hydration process (chemical combi-
nation of cement with water) (autogenous shrinkage) and by drying of concrete (dry-
ing shrinkage). A curve showing the increase in shrinkage strains with time appears
in Figure 3.1-5.

Like creep, shrinkage deformations occur at a decreasing rate with time. In accord-
ance with EN1992 [N3], the total shrinkage strains are composed of two components,
the drying shrinkage strains and autogenous shrinkage strains. The drying shrink-
age strains develop slowly, since it is a function of the migration of water through
the hardened concrete. The autogenous shrinkage strains develop during hardening
of concrete: the major part therefore develops in the early days after casting. Autoge-
nous shrinkage is a linear function of concrete strength. It should be considered spe-
cifically when new concrete is casted against hardened concrete.

Hence, the value of total shrinkage strain € follows from:

g =€ tE , (3.1-37)
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where: ¢_is the total shrinkage strain; ¢_, is the drying shrinkage strain; ¢_ is the autog-
enous shrinkage strain.

The final value of the drying shrinkage strain, €,y 18 equal to K, e, o Value
of the strain €., MAY be taken from Table 3.1-5 (expected mean values, with a coef-
ficient of variation of about 30%).

The basic drying shrinkage strain ¢ ,  in Table 3.1-5 was calculated in accordance
with the following equation:

=0,85.[@20“10.%>.exp(_% L ﬂ-106- B (313)

cm,0

3
RH
=L55-[1—-| —— | |, 3.1-39
b s 2] -
where: fis the mean compressive strength (f,  is equal to 10 MPa); a, and «
are coefficients which depend on the cement type and equal to 3 and 0,13 respec-
tively (for cement class S); to 4 and 0,12 respectively (for cement class N); to 6 and 0,11
respectively (for cement class R); RH is the ambient relative humidity (%) (RH, is equal
to 100%).

TABLE 3.1-5. Nominal unrestrained drying shrinkage values ¢ , | (in%o) for concrete
with cement CEM Class N (Table 3.2 from EN1992 [N3])

fck / fck,cube Relative Humidity (in %)
(MPa) 20 40 60 80 90 100
20/25 0,62 0,58 0,49 0,30 0,17 0,00
40/50 0,48 0,46 0,38 0,24 0,13 0,00
60/75 0,38 0,36 0,30 0,19 0,10 0,00
80/95 0,30 0,28 0,24 0,15 0,08 0,00
90/105 0,27 0,25 0,21 0,13 0,07 0,00

The development of the drying shrinkage strain in time follows from:
€ty = Bas (t;ts)'kh “Cao (3.1-40)
where: k, is a coefficient depending on the notional size haccording to Table 3.1-6.

(t-1)

(t=t,)+0,04- /1

B, (t:t,)=

(3.1-41)
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FIGURE 3.1-7. Method for determining the creep coefficient ¢(eo; ¢,) for concrete under
normal environmental conditions (Figure 3.1 from EN 1992 [N3]): a) - inside condi-
tions - RH=50%; b) — outside conditions - RH=80%. Note: intersection point between
lines 4 and 5 can also be above point 1; for ¢ >100 it is sufficiently accurate to assume
t,=100 (and use the tangent line).
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TABLE 3.1-6. Values for k, in Expression (Table 3.3 from EN1992 [N3])

h, k,
100 1,0
200 0,85
300 0,75

>500 0,70

The autogenous shrinkage strain follows from:

sca (t) = ﬁas (t).eca (oo)’ (31_42)
where:
e, ()=2,5:(f, —10)-10°, (3.1-43)
and:
B, (t)=1-exp(-0,2-t"), (3.1-44)

where: ¢ is given in days.

3.1.3. Stress-strain relations

The relation between stress (0.) and strain (¢ ) is shown in Figure 3.1-8, obtained under
short term uniaxial loading is considered as the generalized mechanical character-
istic of concrete.

For non-linear structural analysis the relation «g_-¢ » is shown in Figure 3.1-8
(compressive stress and shortening strain are shown as absolute values) and in accord-
ance with EN1992[N3] it is described by the following expression:
o, k- n

Jg; T 1+(k=2)-y

, where ¢_is the strain at peak stress according to Table 3.1-3;

(3.1-45)

C

where: 7 is equal to

cl

kis equalto 1,05-E_ -

scl

I £,

Expression (3.1-45) is valid for 0 <|e_| <

compressive strain.

e |<l|e,,|» where €, is the nominal ultimate
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FIGURE 3.1-8. Schematic representation of the stress-strain relation for structural ana-
lysis (the use 0,4 - f_for the definition of E_ is approximate) (Figure 3.2 from EN
1992 [N3])

As shown in EN 1992 [N3] other idealized stress-strain relations may be applied,
if they adequately represent the behavior of the concrete considered.

For the design of cross-sections, the following stress-strain relationship may be
used, see Figure 3.1-9 (compressive strains are shown positive):

3

o, =f," 1_(1_; J , for 0<¢ <e,, (3.1-46)
c2

o,=f, for 0<s¢ <e_, (3.1-47)

where: 7 is the exponent according Table 3.1-3; ¢, is the strain at reaching the maxi-
mum strength according to Table 3.1-3; ¢_ is the ultimate strain according to Table
3.1-3.

Other simplified stress-strain relationships may be used if equivalent to or more
conservative than the one defined above, for instance bi-linear according to Fig-
ure 3.1-10 (compressive stress and shortening strains are shown as absolute values)
with values of ¢ , and ¢_, according to Table 3.1-3.
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UC
Jap--------- I, i I
/1 1
1
)/ i i
1 1
) [— — ;
/ 1 1
/ 1 1
/ 1 1
/ i i
/ 1 1
/, [ !
4 i i
1 1 >
0 853 85143 st:

FIGURE 3.1-10. Bi-linear stress-strain relation

A rectangular stress distribution (as given in Figure 3.1-11) may be assumed accord-
ing to EN1992 [N3]. The factor a defining the effective height of the compression zone
and the factor n, defining the effective strength, follows from:

a=0,8, for f, <50 MPa, (3.1-48)
a=0,8 - (f, - 50)/200, for 50 MPa < f, < 90 MPa, (3.1-49)
and:
n =10, forfck <50 MPa, (3.1-50)
7= 1,0 - (f, - 50)/200, for 50 MPa < f, < 90 MPa, (3.1-51)

If the width of the compression zone decreases in the direction at extreme com-
pression fibre, the value # = 1,0 - f, should be reduced by 10%.
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FIGURE 3.1-11. Rectangular stress distribution (Figure 3.5 from EN 1992 [N3])

3.1.4. Design compressive and tensile strengths

The value of the design compressive strength is defined as follows:

£, =Zete (3.1-52)
Ye
where: a__is the coefficient, that takes into account long term effects on the compressive
strength as well as unfavorable effects resulting from the way of applying the load. Rec-
ommended value is 1, but in the general case the value of & should fall in the diapa-
son between 0,8 and 1,0; y.is the partial safety factor for concrete, and it is equal to 1,5.
The value of the design tensile strength, f , is defined as:

a .
_fctd _ et ctk,0.05 (31_53)

v
where: a,isa coefficient, that takes into account the influence of the long term effects
on the tensile strength as well as the influence of unfavorable effects, resulting from
the way the load is applied. The recommended value is 1,0.
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3.2. Reinforcing steel

3.2.1. General requirements

Steel reinforcing bars are generally round in cross section. To restrict the longitudinal
movement of the bars relative to the surrounding concrete, ribs are rolled on the bar
surface. The nominal dimensions of a deformed bar are equivalent to those of plain bar
having the same weight per unit length as the ribbed bar. The method of production,
the specific characteristics, method of testing and attestation are included in EN 10080
[N8]. The requirements for properties of the reinforcement are for the material placed
in the hardened concrete. If site operations can affect the properties of the reinforce-
ment, then those properties shall be verified after such operations.

Where other steels are used, which are not in accordance with EN10080 [N8],
the properties shall be verified to be in accordance with EN1992 [N3] (see Sections
from 3.2.2 to 3.2.6 and Table 3.2-1).

TABLE 3.2-1. Properties of reinforcement (Table C.1 from EN1992 [N3])

Reinforcing steel B 500A B 500B B 450C
Rings, Bars, rings, Bars, rings,
Product welded meshes welded meshes welded meshes

Ductility class A B C

Yield strength,fyk [N/mm~] 500 500 <550

: 2) >1,15

Ratio (f, /fy)k >1,05 >1,08 <135

Strain at maximum load euk[%o] >2,5% >5,0 >7,5

Deviation from nominal
value of mass [%o)

+4,5 for ®>8 mm
+4,5 for ®<8 mm

Surface ribbed
Relative rib area f,
5 mm<®P<6 mm 0,035
6,5 mm<®<12 mm 0,040
®>12 mm 0,056

Note: 1. the maximum value determined by means of tests may not exceed 1,3 - f ;; 2. for bars
with @<6 mm: (f, /fy)k >1,03and ¢, >2,0%.




The values of fy y k and g, in Table 3.2-1 are characteristic values. The maximum%
of test results falling below the characteristic value is given for each of the character-
istic values in the right hand column of Table 3.2-2.

TABLE 3.2-2. Properties of reinforcement (Table C.2N from EN1992 [N3])

Bars Requirement
Product form and de-coiled Wire fabrics qu.
or quantile value (%)
rods
Class A B C A B C -

Fatigue stress range (MPa)
(for N=2-105 cycles) >150 >100 10,0
with an upper limitof 8- f |

Nominal
Bond: bar size (mm)
minimum 5-6 0,035
relative rib 6,5 to 12 0,040 5,0
area,f, >12 0,056

Bond: Where it can be shown that sufficient bond strength is achievable with fr values

less than specified above, the values may be relaxed. In order to ensure that sufficient

bond strength is achieved, the bond stresses should satisfy the recommended Expressions

(C 1N) and (C 2N) when tested using the CEB/RILEM beam test: 7, >0,098 - (80 - 1,2 - ®);
7,20,098 - (130 - 1,9 - @) where o is the normal bar size (mm); 7, is the mean value of bond stress
(MPa) at 0,01, 0,1 and 1mm slip; 7, is the bond stress at failure by slipping.

3.2.2. Properties of reinforcing steel

The required properties of reinforcing steel shall be verified using the testing proce-
dures in accordance with EN 10080 [N8].
The behavior of reinforcing steel is specified by the following properties:
o yield strength (f );
e maximum actual yield strength ( fy ’mux);
e tensile strength (ﬁ );
e ductility (¢, and f,/ fy B
e bendability;
e bond characteristics (f,);
e section sizes and tolerances;
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e fatigue strength;
o weldability;
e shear and weld strength for welded fabric and lattice girders.

According by EN1992 [N3], these requirements appliesapply to ribbed and welda-
ble reinforcement, including fabric. The permitted welding methods are given in Table
3.2-1 and in Table 3.2-3.

TABLE 3.2-3. Permitted welding processes and examples of application (Table 3.4 from
EN 1992 [N3])

Loading case Welding method Bars in tensionl | Bars in compressionl

flash-welding butt joint

manual metal arc welding

.. S . . ..
and metal arc welding butt joint =20 mm, splice, lap, cruciform joints,

joint with other steel members

with filling electrode
Predominantly splice, lap, cruciform3 joints & joint with other
static metal arc active welding steel members
(see 6.8.1(2)) - butt joint with ®>20 mm
friction welding butt joint, joint with other steels

lap joint4

resistance spot welding confirm joint2, 4

flash-welding butt joint
Not manual metal arc welding - butt joint with $>14 mm
predominantly | peta] arc active welding - butt joint with ®>14 mm
static
(see 6.8.1 (2)) lap joint4

resistance spot welding confirm joint2, 4

Notes: 1. Only bars with approximately the same nominal diameter may be welded together;
2. Permitted ratio of mixed diameter bars 20,57; 3. For bearing joints ®<16 mm; 4. For bearing
joints @<28 mm.

The surface characteristics of ribbed bars shall be such to ensure adequate bond
with the concrete. Adequate bond may be assumed by compliance with the specifi-
cation of the projected rib area, f, EN 10080 [N8].

The yield strength f, and the tensile strength f are defined respectively as the char-
acteristic value of the yield load, and the characteristic maximum load in direct axial
tension, each divided by the nominal cross sectional area.

99



The reinforcement shall have adequate ductility as defined by the ratio of tensile
strength to the yield stress, (f,/f,), and the elongation at maximum force, ¢ ,, values
of (ft/fyk)k and ¢, are given in Table 3.2-1 (for class A, B and C).

Figure 3.2-1 shows stress-strain curves for hot rolled and cold worked steel.

a) b)
A ’A
fr:k'fyk “““““““““ T ft:k'fyk ““““““ |
f : 02k T 777, 7 1
5% ! / |
: / i
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FIGURE 3.2-1. Stress-strain diagrams of typical reinforcing steel (absolute values are
shown for tensile stress and strain): a) hot rolled steel; b) cold worked steel

3.2.3. Design assumptions

For normal design, either of the following assumptions may be made (see Figure 3.2-2):

a) an inclined top branch with strain limit of ¢ , and a maximum stress of k - f /y,
ate ,, where k = (ft/fyk)k;

b) ahorizontal top branch without the need to check the strain limit.

The design values, f , of strength steel can be derived from the idealized charac-
teristic diagram by dividing by the partial factor y = L,15.

The specified characteristic strength, f | of steel without a pronounced yield stress
[, may be substituted by the stress corresponding to strain equal to 0,02.

For the purpose of designing, the mean value of density may be assumed to be
equal to 7850 kg/m’, and design value of the modulus of elasticity, E , may be assumed
to be 200 GPa.
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FIGURE 3.2-2. Idealised and design stress-strain diagrams for reinforcing steel (for ten-
sion and compression) (Figure 3.8 from EN 1992 [N3])

3.3. Durability and concrete cover to reinforcement

3.3.1. General requirements

Durability of any reinforced concrete structure may be affected both by the direct
actions and by the indirect effects in connection with the structure being considered
such as deformations, cracking or water absorption.

In accordance with EN1990 [N1] the structure shall be designed such that dete-
rioration over its design working life does not impair the performance of the struc-
ture below that intended having due regard to its environment and the anticipated
level of maintenance.

In order to archive an adequately durable structure, the following should be taken
into account:

e the intended or foreseeable use of the structure and the expected environmental
conditions (the aggressivity of the environment to which the member is exposed.
This is analogous to establishing the design loading where the ultimate or service-
ability limit states are being considered);

e the required design criteria;
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the composition, properties and performance of the materials and products (select
materials and design the structure to be able to resist the environment for a rea-
sonable life time);

the choice of the structural system;

the shape of members and the structural detailing

the quality of workmanship, and the level of control;

the particular protective measures;

the intended maintenance during the design working life.

3.3.2. Concrete deterioration mechanism

3.3.2.1 Chemical attack

Chemical attack may be caused by:

an aggressive environment;

contact with liquids, gases or chemical solutions during service use (usually from
exposure to acidic solution or sulphate salts);

chlorides contained in concrete

reactions between the materials in concrete.

In general, concrete has a low resistance to chemical attack. Chemical agents

essentially react with certain compounds of the hardened cement paste. The most
widely observed chemical corrosive effect is the effect of leaching and carbonation.
Where calcium hydroxide Ca(OH), consists in hardened concrete dissolves in water
we have the process of leaching. The effect is enhanced when the water acting on con-
crete structures is very soft. It has been established that the leaching process reduces
the compressive strength of concrete:
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Corrosion of reinforcement. As was shown in [3, 8] in normal circumstances,
the highly alkaline nature of concrete protects steel embedded within it. Except
under the circumstances discussed below, the pH value of the pore solution in con-
crete is in region of 12-14. Steel will not generally corrode in uncontaminated
concrete, until the pH drops below 10. The protection is afforded by the formula-
tion of a very thin, coherent layer of iron oxide over the surface of the bar under
alkaline conditions. Steel protected in this way is described as being in a passive
state. Two mechanisms can lead to the destruction of the passive state. These are:



Carbonation of the concrete. This is the reaction between carbon dioxide

in the atmosphere and the alkalis in the cement matrix. The process of carbona-
tion takes place where the water in contact with concrete contains the ion of car-
bone dioxide - CO, or an organic acid. Then free carbon dioxide reacts with water,
so: CO,+ H,0 » H,CO,, and then the process of carbonation, according to chem-
ical formula: Ca(OH), + H,CO, > CaCO, + 2H,0. This process starts at the sur-
face, and, with time, penetrates slowly into the concrete. The rate of penetration

of carbonation into the concrete is related to the environment and the quality
of the concrete. The rate is fastest where the relative humidity is in the range

of 50-60%. It is slower at higher humidities, being effectively zero at 100%. Good-
quality concrete carbonates more slowly than poor quality material. The speed

of the phenomenon depends on the rate at which carbon dioxide can diffuse into

the concrete. It will decrease with the water-to-cement ratio decreasing and, hence,
with the strength increasing. The effect of carbonation is to reduce the alkalinity
of the concrete to a level where the natural protection is lost, and corrosion may
then occur if the concrete, immediately surrounding the reinforcement, is car-
bonated. For most building structures the above given effects may be avoided by
adopting an appropriate material specification for achieving a dense and imper-
meable concrete.

The presence of chlorides in the concrete. Chlorides have the capacity to destroy
the passivity of steel even where alkalinity remains high. It usually occurs locally,
giving rise to «pitting corrosion». Chlorides may be involved into the concrete

from the various sources, but the commonest are seawater in marine environ-
ments, de-icing chemicals on the roads and additives such as calcium chloride,
which was used extensively in the past as an accelerator. The rate at which chlo-
rides penetrate into the concrete depends upon the rate of application of chlo-
rides to the concrete surface and, as with carbonation, on the quality of the con-
crete.

Once the passivity of the steel has been destroyed, corrosion can occur if there

is 1) sufficient moisture and 2) sufficient oxygen. It is found that these two require-
ments can act against each other since, if the concrete is wet, oxygen cannot pene-

trate and, if it is dry, so that there is plentiful oxygen, there is insufficient moisture
for the progress of the reaction. As a result, the greatest risk of corrosion is in mem-
bers subjected to alternate wetting and drying.

The normal way to design against corrosion is to ensure that there is an ade-

quate concrete cover to the reinforcement and that the concrete in the cover region
is of a high quality and it is well cured. In particularly aggressive environments, how-
ever, there are other, more expensive measures which may be taken.
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Possibilities are:

usage of reinforcement coated with epoxy or similar. Over the recent years, this

approach seems to have been somewhat discredited due to some high-profile

problem cases;

usage of stainless steel reinforcement;

applying a surface coating to the concrete to inhibit the ingress of chlorides or car-
bon dioxide. Such coatings would have to be meticulously maintained to be suc-
cessful for a long period of time;

applying a cathodic protection to the structure.

3.3.2.2. Physical attack

Physical attack may arise from the following actions:

abrasion effects: abrasion of concrete surfaces may occur due to traffic usage
of the concrete or due to sand or gravel suspended in turbulent water;
freeze-thaw actions (frost attack): if saturated concrete is subjected to frequent
freezing and thawing, the expansive effects of ice formation will disrupt the con-
crete.

For typical building structures, physical attack can be neutralized through

an appropriate material specification combined with an adequate limitation of cracking.

Physical attack, arising from e. g.:
temperature change;

abrasion;

water penetration (EN206 [N4]).

The composition of the concrete affects both the protection of the reinforcement

and the resistance of the concrete to attack. Table 3.3-1 gives indicative strength
classes for the particular environmental exposure classes. This may lead to the choice
of higher strength classes than required for the structural design.
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TABLE 3.3-1. Indicative minimum strength class (Table E.IN from EN1992 [N3])

Exposure Classes according to Table 4.1 from EN 1992 [N3]
Corrosion
Carbonation-included Chloride-included Chloride-included corrosion
corrosion corrosion from sea-water
XC1 XC2 XC3 | XC4 | XD1 | XD2 XD3 XS1 XS2 XS3
Indicative
UMWY )005 | €25/30 | €30/37 C30/37 | C35/45| C30/37 C35/45
strength
class
Damage to Concrete
No risk Freeze/Thaw Attack Chemical Attack
X0 XF1 XF2 XF3 XAl XA2 | XA3
_ Indicative C12/15| C30/37 |C25/30|C30/37|  C30/37 C35/45
minimum strength class

3.3.3. Environmental conditions

Environmental conditions are classified according to Table 3.3-2, based on EN206 2014

[N4]. In addition to the conditions in Table 3.3-2, particular forms of aggressive or indi-

rect action should be considered including:
Chemical attack, arising from e. g.:

e the usage of the building or the structure (storage of liquids, etc.);
e solution of acids or sulfate salts (EN206 [N4]);

o chlorides contained in the concrete (EN206 [N4]);
o alkali-aggregate reaction (EN206 [N4]).

TABLE 3.3-2. Exposure classes related to environmental conditions in accordance
with EN 206-1 (Table 4.1 from EN 1992 [N3])

Class Description Informative examples,
designation of the environment where exposure classes may occur
1. No risk of corrosion or attack

For concrete without reinforcement
or embedded metal: all exposures except

X0 where there is freeze/thaw, abrasion Concrete inside the buildings
or chemical attack. with very low air humidity.
For concrete with reinforcement
or embedded metal: very dry.

105



agents.

Class Description Informative examples,
designation of the environment where exposure classes may occur
2. Corrosion induced by carbonation
Concrete inside the buildings
ith low air humidity.
XC1 Dry or permanently wet. W v Y
Concrete permanently submerged
in water.
Concrete surfaces subjected to
XC2 Wet, rarely dry. the long-term contact.
Many foundations.
Concrete inside the buildings
s with moderate or high air humidity.
XC3 Moderate humidity. & ¥
External concrete sheltered from
the rain.
Concrete surfaces subjected
XC4 Cyclic wet and dry. to water contact, not within
the exposure class XC2.
3. Corrosion induced by chlorides
. Concrete surfaces exposed to
XD1 Moderate humidity. . exp
the airborne chlorides.
Swimming pools.
Concrete components exposed
XD2 Wet, rarely dry. . “omp pos
to industrial waters containing
chlorides.
Parts of bridges exposed to
. the spray containing chlorides.
XD3 Cyclic wet and dry.
Pavements.
Car park slabs.
4. Corrosion induced by chlorides from sea water
Exposed to airborne salt but not in direct
XS1 . Structures nears to or on the coast.
contact with sea water.
XS2 Permanently submerged. Parts of marine structures.
XS3 Tidal, splash and spray zones. Parts of marine structures.
5. Freeze/Thaw Attack
XF Moderate water saturation, without Vertical concrete surfaces exposed
de-icing agent. to rain and freezing.
Vertical concrete surfaces
XF2 Moderate water saturation, with de-icing | of the road structures exposed to
agent. freezing and airborne de-icing
agents.
XF3 High water saturation, without de-icing Horizontal concrete surfaces

exposed to the rain and freezing.
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Class Description Informative examples,
designation of the environment where exposure classes may occur
Road and bridge decks exposed to
the deicing agents.
. . . . Concrete surfaces exposed to
High water saturation with de-icing . L .
XF4 the direct spray containing de-icing
agents or sea water. .
agents and freezing.
Splash zone of marine structures
exposed to the freezing.
6. Chemical attack
XAl Slightly aggressive chemical environment Natural soils and eround water
according to Table 2 from EN 206 [N4]. & ’
Moderately aggressive chemical
XA2 environment according to Table 2 from Natural soils and ground water.
EN 206 [N4].
Highly aggressive chemical environment .
XA3 according to Table 2 from EN 206 [N4]. Natural soils and ground water.

3.3.4. Concrete cover

The concrete cover is the distance between the surface of the reinforcement closest to
the nearest concrete surface (including links and stirrups and surface reinforcement
where relevant) and the nearest concrete surface.

The nominal cover shall be specified on the drawings. It is defined as a minimum
cover, ¢, ., plus an allowance in design for deviation, Ac o

€ on=C. +AC, . (3.3-1)

nom mi

Minimum concrete cover, ¢, shall be provided in order to ensure:
e the safe transmission of bond forces;
e the protection of the steel against the corrosion;
e an adequate fire resistance.
The great value for ¢ __ , satisfying the requirements for both bond and environ-
mental conditions shall be used:

Ac, —Ac Ac 10mm}, (3.3-2)

min,b’ Crm'n,dur T duny durst

c . =maxic
n

mi dur,add®

where: ¢, is aminimum cover due to bond requirement; ¢ . isa minimum cover

in,du
due to environmental conditions; Ac dmyis an additive safety element; Ac FRLE: reduc-
tion of minimum cover for use of stainless steel; Ac, .. isa reduction of minimum

cover for use of additional protection.
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In order to transmit bond forces safely and to ensure adequate compaction
of the concrete, the minimum cover should be no less than ¢, , given in Table 3.3-3.

TABLE3.3-3. Minimum cover, ¢ ., requirements with regard to bond (Table 4.2 from
EN 1992 [N3])

Bond Requirement

Argument of bars Minimum coverc_ *
Separated Diameter of bar
Bundled Equivalent diameter (®)

Note: * If the nominal maximum aggregate size is greater than 32 mm, ¢ ,, should be increased

by 5 mm.

min,

The minimum cover values for reinforcement in normal weight concrete taking
account the exposure classes and the structural classes is given by ¢, in EN1992
[N3]. The recommended structural class (design working life of 50 years) is S4 for
the indicative concrete strengths given in Table 3.3-1, and the recommended modi-
fications to the structural class is given in Table 3.3-4. The recommended minimum
structural class is SI. The recommended values of ¢, are given in Table 3.3-5.

Where in-situ concrete is placed against the other concrete elements (precast
or in-situ), the minimum concrete cover of the reinforcement to the interface may
be reduced to a value corresponding to the requirement for the bond provided that:
e the strength class of concrete is at least C25/30;

e the exposure time of the concrete surface to an outdoor environment is short

(<28 days);

e the interface has been roughened.

TABLE 3.3-4. Recommended structural classification (Table 4.3 N from EN1992 [N3])

Structural Class
Exposure Class according to Table 4.1 from EN 1992 [N3]
Sritcsion XC2/ XD2/ | XD3/
X0 XCU xes | Xt | P x| xsorxss
Design Increase | Increase | Increase | Increase | Increase | Increase | Increase
working life class class class class class class class
of 100 years by 2 by 2 by 2 by 2 by 2 by 2 by 2
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Structural Class
Exposure Class according to Table 4.1 from EN 1992 [N3]
Cmadon XC2/ XD2/ | XD3/
X0 Xcl XC3 XC4 XDl XS1 XS82/XS3
>C30/37 | 2C30/37 | =C35/45 | =C40/50 | =C40/50 | =C40/50 | =C45/55
Strength Reduce | Reduce | Reduce | Reduce | Reduce | Reduce Reduce
Class" class class class class class class class
by 1 by 1 by1 by 1 by 1 by 1 by 1
Member
with slab
geometry
(position Reduce | Reduce | Reduce | Reduce | Reduce | Reduce Reduce
of reinforce- class class class class class class class
ment not by 1 by 1 by1 by 1 by 1 by 1 by 1
affected by
construction
process)
Special quality
control Reduce Reduce | Reduce | Reduce | Reduce | Reduce Reduce
of the concrete class class class class class class class
production by 1 by 1 by 1 by1 by 1 by 1 by 1
ensured
Note: 1) The strength class and w/c ratio are considered to be related values. A special
composition (type of cement, w/c value, fine fillers with the intent to produce low permeability
may be considered; 2) The limit may be reduced by one strength class if air entrainment of more
than 4% is applied.

TABLE 33-5. Values of the minimum cover ¢ . requirements with regard to durabil-

ity for reinforced steel in accordance with EN 10080 (Table 4.4N from EN1992 [N3])

Environmental Requirement forc, . (mm)
Structural Exposure Class according to Table 4.1 [N3]
Class X0 XC1 XC2/XC3 XC4 XD1/XS1 | XD2/XS2 | XD3/XS3
S1 10 10 10 15 20 25 30
S2 10 10 15 20 25 30 35
S3 10 10 20 25 30 35 40
S4 10 15 25 30 35 40 45
S5 15 20 30 35 40 45 50
S6 20 25 35 40 45 50 55
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To calculate the nominal cover, c,»an addition to the minimum cover shall be
made in design to allow for the deviation (Ac,, ). The required minimum cover shall
be increased by the absolute value is Ac, = 10 mm mm in certain situations,
the accepted deviation and, hence, allowance, Ac o DAY be reduced. The recom-
mended values are:

e where fabrication is subjected to a quality assurance system, in which the moni-
toring includes measurements of the concrete cover, the allowance in design for
deviation Ac, may be reduced: 5mm < Ac, <10 mm.

e where it can be assured that a very accurate measurement device is used for moni-
toring and non-conforming members are rejected (e. g. precast elements), the allow-
ance in design for deviation Ac, may be reduced as follows: 0 mm < Ac, <10 mm.
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CHAPTER 4
Ultimate limit states

4.1. Bending and Bending with Axial Load

4.1.1. Bending

4.1.1.1. Flexural behavior of beams

Stage | (Uncracked concrete sections).

Before cracking, the concrete strains and stresses in compression and tension zones
increase with increasing load. At small loads when tensile strains ¢, are less than
the value of the concrete ultimate strain in tension ¢, , the entire cross-section
of the beam resists bending moments, with compression on the top face and tension
on the bottom side (see Figure 4.1-1). The distribution of strains and stresses in a cross-
section of the beam for these stage Ia is shown in Figure 4.1-1. As is shown in Figure
4.1-1 strains and stresses are distributed linearly.

As the load is increased, tensile strain e, in the bottom of the cross-section
of the beam reaches a value close to the ultimate tensile strain value ¢ , and distribu-
tion of the tensile stresses becomes non-linear in accordance with relationship «o —¢_»
for concrete in tension (see Figure 4.1-1, stage Ia). The compressive stresses in concrete
are distributed linearly by the height (depth) of the compression zone of the cross-
section in accordance with curve «g —¢ » for concrete (see Figure 1, stage Ia). First
cracking occurs at the weakest cross-section and this is usually assumed to occur
when the concrete tensile strain ¢, reaches the ultimate value ¢ .
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FIGURE 4.1-1. Flexural Behavior of Beam. Stage I (Uncracked section), strains and stres-
ses distribution in cross-section
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Stage Il (Concrete Cracked).

As the load is increased after the ultimate tensile strain in concrete ¢, is exceeded,
cracks begin to develop in the bottom face of the beam. The moment at which these
cracks begin to form - that is, when tensile strain in the bottom of the beam ¢ , becomes
equal to the ultimate tensile strain ¢ , — is referred to as the cracking moment, M_.

Now that the bottom has cracked and another stage is presented because the con-
crete in the cracked zone obviously cannot resist tensile force — steel reinforcement
must do it. As is shown in [6], when the first cracks occur, the stress in tensile concrete
at the crack drops to zero (see Figure 4.1-2 a). The concrete strains and stresses increase
with distance from the crack face due to the steel-concrete bond, until at the same dis-
tance s from the crack, concrete is not longer affected by the crack, as shown in Fig-
ure 4.1-2 a. Slip at the concrete-steel interface in the region of significant bond stress
(s on either side of the crack) causes the crack opening.

A relatively small load increase will cause a second crack developing at a cross-sec-
tion at the same distance x > s from first crack, thereby reducing the concrete stress
in the vicinity of the crack. Eventually, under the increasing load, primary cracks
form at somewhat regular intervals along the member and the primary crack pat-
terns are established.

The concrete tensile stress at the each crack is zero, rising to a maximum value o,
(less than the concrete tensile strength f ) mid-way between adjacent cracks, as shown
in Figure 4.1-2.

After cracking, tensile force is redistributed on the reinforcement at the crack.
At the cracked cross-section the concrete at the top resists compression and steel
reinforcement resists tension. But in the cross-section, situated between two adjacent
cracks, concrete and steel reinforcement resist tensile force together.

Cracking is therefore accompanied by a drop in the average tensile stress carried
by the concrete and, hence, a reduction in tension stiffening.

After primary crack patterns are established, further load increasing may result
in further slip at the concrete-steel interface causing cover-controlled cracks to develop
between the primary cracks and gradual breaking down of the bond between the steel
and concrete, thereby reducing tension stiffening still further, as is shown in Figure
4.1-2 b. At this stage, relation between moment and deflection is linear, but bend-
ing stiffness of the cracked beam is reduced. As the load increases hereinafter, these
cracks quickly spread up to the vicinity of the neutral axis and then the neutral axis
begins to move upward.
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Stage IT (Cracked section)
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FIGURE 4.12 — Flexural behavior of beam. Stage II (cracked section). Strains and stres-
ses distribution on cross-section
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This stage will continue as long as the compressive stress in the top face is less
than about one-half of the concrete compressive strength, f, ,and aslong as the steel
strains are less than its yield strain ¢_. The strains and stresses distribution for this
stage are shown in Figure 4.1-2 b. In this stage the compressive strains and stresses
in concrete vary linearly with the distance from the neutral axis or as a straight line.
The straight-line strain-stress variation normally occurs in reinforced concrete beams
under normal service-load conditions.

Stage IIl (ultimate/strength).

As the load increases hereinafter so that the compressive stress becomes greater than
0,4 - fc m(limit value of the concrete elastic compressive stress), the tensile cracks move
further upward, as it does to the neutral axis, and the concrete compressive stress
begin to change appreciably from a straight line. The stress variation in compres-
sion zone is much like the relationship «o_ - ¢ » that is shown in Figure 4.1-3. Further
increasing load on this stage leads to failure of the beam.

Stage III (ultimate/strenght)
a) cracking stabilization

1/3-x<0<0,416-x

AN
e (x)

FIGURE 4.13. Flexural behavior of Beam. Stage III (Ultimate/Strength). Strains and stres-
ses distribution in cross-section
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b) mode 1: tension failure
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There are two possible ways in which a reinforced concrete beam can fail in bend-
ing in the ultimate stage and the mode of failure depends on the amount of tensile
reinforcement used:

1. Under-reinforced cross-section (element) (p, < p, ; x,<x, ).

In an under-reinforced beam what happens as the load on the beam increases?

If the tensile force that the steel bar can provide is less than compressive force
which concrete can provide then the steel will reach its yield point (strains ¢_, see
Figure 4.1-3 b) before the concrete is crushed (e, 2 €5 €, 2 ¢_)- In this mode tensile
cracks become visible before the steel finally fails (¢, =¢_; ¢ <e_). This mode of fail-
ure is preceded by large a emptiness deflection (ductile mode);

2. Over-reinforced cross-section (element) (p,>p, s E<& ).

In an over-reinforced section, steel is stronger than concrete. The tensile force
which the steel reinforcement can provide is larger than compressive force which con-
crete can provide, then the concrete will reach its ultimate strain ¢ before the steel
yields (see Figure 4.1-3 c). If it as this happens the concrete starts to lose strength
and the beam fails suddenly without warning with concrete failing in compression.
This mode of failure gives little if any prior warning and it is a less safe failure mode
(brittle failure mode).

3. Balanced cross-section

In the balanced section the concrete is almost at its ultimate strain (e ) when
the steel yields (¢, =¢, ). Figure 4.1-4 represents strains and stresses distribution for this
case.

compressive zone

T i
Elim_ d > fi_ d’
mode 1: {<¢, 5
mode 2: &€, 5
balanced: {=¢,,,

FIGURE 4.1-4. Modes of the failure. Balanced state £,

Figure 4.1-5 represents different types of the «moment-curvature» diagrams that
represent the effect of reinforcement percentage. If Figure 4.1-5 from [5] is examined,
there appears two distinct patterns of the beam behavior under the load. The first

17



pattern is where there is a considerable increase in curvature after the attainment
of the maximum moment and where the behavior exhibits characteristics close
to elastic-perfectly plastic behavior (see Figure 4.1-5, ductile failure). The second
type of the behavior is where failure occurs as the maximum moment is achieved
with no subsequent ductility. The first type of behavior clearlyallows a large degree
of rotation after yield, albeit accompanied by severe and increasing cracking and deflec-
tion (ductile mode of failure for under-reinforced sections). The behavior with no post-
yield plateau is given by an over-reinforced section where steel remains elastic
and the concrete reaches its maximum strain before the steel yields (see Figure 4.1-5,
brittle failure).

brittle failure

uSEMyS Fm T T P=4% (P>P) pa)

M
y
M
" /ductile failure
M g—eeffom o fmm oo A na — p=1% (P>p10)
M,

S

>
2

s
&
)
&
)
S
s
S

FIGURE4.1-5. «Moment-curvature» diagram showing effect of reinforcement percentage

So, in accordance with EN 1992 [N3], it is recommended to design bending rein-
forced concrete members based on the under-reinforced sections with a higher ductility.

4.1.1.2. Assumptions

In accordance with EN1992 [N3] (clause 6.1 (2) P), when determining the ultimate

moment resistance of reinforced concrete cross-sections, the following assumptions

are made:

e the strain in the concrete and reinforcement are derived assuming that plain sec-
tion remain plane;
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e strain in bounded reinforcement, whether in tension or compression, is the same
as that in the surrounding concrete;

o the tensile strength of concrete is ignored;

e the stresses in concrete in compression are derived from the design «stress-strain»
relationship given in Chapter 3 (see Figure 3.1-10 and Figure 3.1-11) with y =1,5;

e the stresses in the reinforcement (reinforcing steel) are derived from the design
curve in Chapter 3 (see Figures 3.1-8-3.1-11).

Note that in both cases (rectangular-parabolic and rectangular block) the com-
pressive strain in the concrete shall be limited to ¢, or ¢ ,, depending on the «stress-
strain» diagram used (see Figure 3.1-10, Figure 3.1-11 and Table 3.1-3).

The strains in the reinforcing steel shall be limited to ¢ , (where applicable).

For cross-sections not fully in compression and concrete classes less than C50/60,
to fail when the strain reaches ¢ ,=3,5%o the strain in the tension reinforcement
need not be limited where a horizontal top branch is assumed for the reinforcement
stress-strain curve, and limited to € when the relationship «o—¢» is bilinear, as was
shown in Figure 3.2-2.

For cross-sections that are completely in compression, the strain is limited

€ e
to e, ,=2%o at the height of (l—ij-h or (1— 3 ).h from the most compres-
' I3

cu2 ecu 3

sive face of the section.

For cross-sections loaded by the compressive force it is necessary to assume
the minimum eccentricity eozh/30 but not less than 20 mm, where / is the depth
of section.

In the part of cross-sections which are subjected to approximately concentric
load (e,/h<0,1), such as compression flanges of box girders, the mean compressive
strain in the part of the section should be limited to ¢, (or ¢, if the bilinear relations
for concrete is used).

The possible range of strain distribution is shown in Figure 4.1-6 and is described
in Table 4.1-1.

It should be noted, that some basic assumptions, formulated above (for exam-
ple, plane cross-section hypothesis) are not strictly true. The deformations within
a section are very complex, and, locally in cracks, plane sections don’t remain plain.
Nor, due to the local bond slip between cracks are the strains in the concrete exactly
the same as those in the steel.

It is a universal approach to define failure of concrete in compression by means
of a limiting compressive strain ¢_. For concrete strength not exceeding 50 N/mm’,
the EN 1992 [N3] adopts a value of ¢ =3,5%o for flexure and for combined bending
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and axial load, where the neutral axis remains within a cross-section, and a limit
of between 3,5%o and 2,0%o for cross-section loaded so that the whole section
is in compression (see Figure 4.1-6). The values for the ultimate compressive strains
for the situation, where the neutral axis lies within the section and for axial compres-
sion that varies vary for higher-strength concretes, with the ultimate strain reducing
with increasing strength for cases where the neutral axis is within the section, while
the values of the axial compression increases with increasing strength. The logic
behind the reduction in the strain limit for axial compression is that, in axial com-
pression, failure will occur at the strain corresponding to the attainment of the max-
imum compressive stress.

(1_862/86‘142).11;
or

(1-¢e4/¢,,5)-h.

cu3

reinforcing steel tension strain limit;
concrete compression strain limit;

concrete pure compression strain limit

FIGURE 4.1-6. Possible strain distributions in ultimate limit state in accordance with
EN1992 [N3]

This is 0,002 (2%o) for concrete strength not exceeding 50 N/mm?®. In flexure,
considerably higher strains can be reached before the maximum capacity of the sec-
tion is reached, and the value of €_=3,5%0 has been obtained empirically. A means
is needed to be interpolated between the value of ¢ =3,5%o for flexure and & _,=2%o
for axial load (see Figure 4.1-6).
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TABLE 4.1-1. Description of the possible ranges of strain distributions

(Figure 4.1-7 f)

Strain
Range - -
offefrmim Re1nfox:c1ng ste'el, Cor.lcrete . ErrrEe
distribution A , tension strain, compression strain €
» (most compressive face)
la gcc < 862
=¢ or
i s ud
(Figure 4.1-7 a) ' e <k Mechanical properties
cc 3
b c <o <e of reinforcing steel are
=¢ 27 e " eu utilized completely;
Figure 4.1-7 b st Tud e,<¢ <¢ . 7 .
(Fig ) B ‘cc  cud bending; bending with axial
2 e < force (large eccentricity);
. e <e <¢€ or
(Figure 4.1-7 ¢) sy = st " ud
scc < Ecu3
33. scc < scul
. 0<e,<e¢ or Mechanical i
(Figure 4.1-7 d) W<€, echanica properties
£ <&, of reinforcing steel are not
e <& utilized completely, but
) 3b e, <0 “ or o concrete properties are
(Figure 4.1-7 ) e < used completely bending
S with axial force with small
4 £, SE.<E, eccentricity.
e,<€,<0 2 2 ¥

8[3 < ££c< ecu}

Figure 4.1-7 represents cross-sections with strain diagram, stress blocks internal
forces for possible ranges of strain distribution in accordance with Table 4.1-1.
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FIGURE 4.1-7. Cross-section, strain diagram and stress block for the possible ranges
of strain distribution 1a, 2b and 2 in accordance with Table 4.1-1
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FIGURE 4.1-7. Cross-section, strain diagram and stress block for the possible ranges of
strain distribution 3a, 3b and 4 in accordance with Table 4.1-1 (end)
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4.1.1.3. Rectangular-parabolic compressive stress block in concrete

4.1.1.3.1. Rectangular cross-section

(1) Singly reinforced rectangular cross-section. Basic equations

A rectangular-parabolic stress block may be used to provide a more rigorous analysis
of the reinforced concrete section. The stress block is similar in shape to the stress-
strain curve for concrete in Figure 3.1-9 a, having a maximum stress of f , at the ulti-
mate strain ¢ , =3,5%o.

A section subjected to an applied design moment M_, (as the effect of the loading)
is shown in Figure 4.1-8 a, and the strain diagram, stress block and internal forces
are shown in Figure 4.1-8 b, ¢, d. Figure 4.1-8 shows the simplified rectangular-par-
abolic stress block which are used in EN1992 [N3] to develop the design equations
for bending.

Bending of the section (see Figure 4.1-8) will induce a resultant tensile force F,
in the reinforcing steel and a resultant compressive force in the concrete F_ which
acts through the centroid of the effective compression zone.

As was shown previously (see Chapter 1), based on ULS/STR checking by partial
factors method for equilibrium, applied design moment M, , has to be balanced by
resisting moment M, , so that:

M, <M

Ed— """ Rd

@.1-1)

where: M, is the design value of the applied moment (as an action effect) at the criti-
cal section; M, jis the design value of the corresponding resisting moment.

The beam section is in equilibrium and, hence, the law of static must hold.
The moment of resistance of the section, M, , using the rectangular-parabolic stress
block (see Figure 4.1-8), is calculated from the equilibrium conditions for the cross-
section. The sum of the compressive and tensile forces must be zero, and:

F =F, 4.1-2)

cc

Because the internal forces are equal the moment of resistance with respect
to the centroid to the steel reinforcement and centroid of concrete in compression
are equal, i. e.:

M, =F z=F ,z. (4.1-3)
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where: F_is the resultant compressive force resisted by concrete (as a resultant
of the compressive stress block); F is the resultant tensile force in steel reinforce-
ment; z is the lever arm of internal force.

In the general case, resultant compressive force resisted by concrete can be cal-
culated as follows:

T Y
Fcc=_([fcd.b 1—(1_‘:_yj dy+ fu-b-(x—x,)=

c2

=f,b ! 1—(1—%) dy+(x-x,) (4.1-4)
) b)
S
0 T r,
S ‘ém‘.} “““ T |
o 0—0————4 i————.— ————— = p L

>0 0 &y

st

FIGURE 4.1-8. Rectangular-parabolic concrete compressive stress block, singly reinfor-

ced cross-section: a) cross-section; b) strain diagram; c)stress block; d) internal forces

From the strain compatibility diagram (plane section hypothesis, see Figure 4.1-9):

&
Sc(y)=y-9v=y-xi, (4.1-5)

P
where: ¢ is the curvature at the particular section, what is given by (see Figure 4.1-9):

g=2 (4.1-6)

where: X, is the distance from the neutral axis to strain ¢_; ¢ ,is the concrete strain
at the end of the parabolic section.
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A1:kf1'x Jed>

Azzkfz'xp'fcd~

FIGURE 4.1-9. Parameters of the rectangular-parabolic stress block

Substituting Equation (4.1-5) in Equation (4.1-4):

E =f,b j 1—[ —xl] dy+(x~x,) (4.17)

0 P

To compute a resultant compressive force resisted by concrete, the rectangular-
parabolic stress block is replaced by the equivalent rectangular stress block with mean
(average) concrete stress, f_ , that is given by (see Figure 4.1-9).

_ qurs - rst
—fc,av - x ’ (41-8)
where: qurszfc ;- X is the area of the conventional rectangular stress block (af ; x).
A=A, -A,. (4.1-9)

The area of compressive stress block A is defined as follows:

A, = j fa 1—[ —l] dy, (4.1-10)

x

0 p

and thearea A , is given by:
A, =f.,x, (4.1-11)
Therefore: . .
A=fux,— | far 1—{1—lj dy=f,4x,- | 1—(1—1] dyb.  (4.1-12)
0 xp 0 xp
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From the strain compatibility diagram the distance x, from the neutral axis
to strain ¢, is given by:

_—— xp = x‘_cz (4.].-13)

Hence, in the general case, the mean compressive stress, f__ , can be calculated:

.fcd 'x_Az
—x .

Jow = (4.1-14)

Table 4.1-2 gives values of the coeflicients kﬂ, kfy which are used to calculate

the areas A, and A, according to the following expressions:
A=kyx - f (4.1-15)
A=k, %, f; (4.1-16)

The values of the coefficients kﬂ, kfz, kw, sz, in Table 4.1-2 were obtained from
Equation (4.1-10) by integration for range 0 < y < x .

Combining Equation (4.1-14) and Equation (4.1-16) gives:

foox=fok | =2 |x
cd cd TVf2
_.ffd.x_ku.xp. cod [scz,uJ

c,av

X X

= f, -{1—@2 [S—ZH =0 f, 4.1-17)
ch,u
w, = [1—ku [:—Zﬂ (4.1-18)
c2,u

For strength classes for concrete from C12/15 to C50/60 in accordance
with Table 4.1-2: 852,14:3’5%0; € _,=2%o, kf2=0,333, the value of the coefficient w,
is given by:

where:

2,0
w, =[1—0,333-(—ﬂ=0,809=0,81. (4.1-19)

(Note: this value is used for simplified rectangular block: 1=0,8).

Table 4.1-2 gives values of the coefficient w_ for different strength classes for con-
crete. Values of, as can be seen from Table 4.1-2 decrease with increasing of strength
class for concrete (for high strength classes (more C50/60) value w -0,5).
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TABLE 4.1-2. Value of the coefficients that are used for calculation of the rectangular
parabolic stress block parameters

Parameters <C50/60 C55/67 C60/75 C70/85 C80/95 | C90/105
n 2,0 1,75 1,60 1,45 1,4 1,4

A n

k/1 = = 0,667 0,635 0,615 0,597 0,590 0,590

w-f, n+l

k= A 1

27 0. T n+l 0,333 0,364 0,385 0,403 0,410 0,410
g, n+3

wl ; . (n+2) 0,625 0,595 0,576 0,559 0,552 0,552

a 1
k., :;2 = i 0,250 0,274 0,289 0,303 0,308 0,308
e, [%0] -2,0 -2,2 -2,3 -2,4 -2,5 -2,6
€, [%0] -3,5 -3,1 -2,9 -2,7 -2,6 -2,6
Xy Es
? _? 0,571 0,710 0,793 0,888 0,961 1,0
2
2
W, = l_k/z' e 0,810 0,754 0,694 0,642 0,605 0,590
2

2
0,5-k,, -k, | =
&, 0416 | 0403 | 038 | 0371 | 0360 | 0,366

Co=— 1,947 1,870 1,826 1,730 1,650 1,612

In the general case, location of the resultant compressive force (depth of the k- x =
k,- x centroid for compression stress block) is calculated by taking area moments
of the stress block about the neutral axis (see Figure 4.1-9):

Y

J‘[l—(l—y/xp)n]-ydy

y.=(x—k,-x)=2 . (4.1-20)
Jl:l—(l—y/xp)n:ldy
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For rectangular-parabolic stress block distance (x - k,- x) is determined:

A _0,5x—A -a,

(x—k, x)=—12 (4.1-21)
w o f -x
In accordance with Table 4.1-2a, =k, - X, and distance (x - k,- x) is equal:
0,5x°—f k. -k -x

(x—k, x)= Ja S Ky hop %y (4.1-22)

wc “Jed X

e E, . . . .
Substituting x, = [8 2 J x in Equation (4.1-22) and solving for k, gives:
c2,u
2

0,5-k, -k _-le. /e

k2 =1- f2 w2 ( L‘Z/ c2,u) ) (41_23)

w

c

For concrete classes from C12/15 to C50/60: ecz)u=3,5%o; kf2=0,333; sz:O’253 w =0,81
(see Table 4.1-2), value k, is obtained from Equation (4.1-23):
0,5-0,333-0,25-(2,0/3,5)

k,=1 =0,416. (4.1-24)
0,81

Table 4.1-2 contains values of the k, — coefficient for different concrete strength
classes.
The moment of resistance, M o with respect to steel reinforcement is calculated by:

My, =w -f,b-xz (4.1-25)

and taking into account, that z=d—k, -x , Equation (4.1-25) can be rewritten
as follows: 1
M, =w, - Cd'b~(d—z)~k—~z, (4.1-26)

2
or:

My =C, f,-b-(d=2)z, (4.1-27)

w

<

where: C,= k_
2

Defining n= %, and replacing M, by M, , Equation (4.1-27) can be rewritten as:

M
B —. (4.1-28)

2
— +—
T T bd
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Solving of the quadratic equation for n gives:

17:§=0,5+ /o,zs—oé—m=0, (4.1-29)
0

If the lever arm of internal forces, z = 7 - d is known, then the depth of neutral axis x
can be calculated from the following expression:
1

(1_,7).E, (4.1-30)

Ed

f,b-d

where: o =
m

X

d

From the strain compatibility diagram (for plane cross-section) follows:

3 £

S st (4.1-31)
x  (d- x)
or:
d—
£, =¢,, ( al J (4.1-32)
X
Substituting Equation (4.1-30) into Equation (4.1-32), the following expression
is obtained: k
¢ =€ ( : —1} (4.1-33)
“ 1=y
The failure mode can be estimated based on the following inequality:
€, <€, <€, (4.1-34)

f
where: £, is a yield strain for the steel reinforcement (ssy: EL]{ ); €, is an ultimate value

N

of the strain for the steel reinforcement in accordance with EN1992 [N3] (=0,9-¢_).

If Inequality (4.1-34) is satisfied, then the reinforcement steel yields before con-
crete, the compression zone reaches its maximum strain capacity (ultimate com-
pression strain ¢, ) and crushes (under-reinforced section; «tension failure mode»).
If Inequality (4.1-34) is not satisfied, then the concrete reaches its maximum (ultimate)
strain ¢,  before the steel reinforcement yields (over-reinforced section; «compres-
sion failure mode»).

Limit value of the neutral axis depth xis defined by the following equation (see

Figure 4.1-4):
&
Xy = (;)d (4.1-35)
e te 2u
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or: e X
X =| — 27— |ds (4.1-36)
fyk /Es + ecz,u

If, x < X, Inequality (4.1-34) is satisfied, and x > X, Inequality (4.1-34) is not
satisfied.
If, x = x, , moment of resistance M, . is given by:

3 &
My, =, f,b-d | —2— || 1=k, | —2— ||, (4.1-37)
) ssy + 862;4 esy +£c2,u

852,14

X,
Defining: £, = % =—2%  Equation (4.1-37) can be rewritten as follows:
e +e
sy c2,u

M = wc.f;d.b.dz.g

Rd,lim

(1-k, €, ), (4.1-38)

lim
Hence,
MRd,lim
= wc.fl

T (1-k,€ ), (4.1-39)

or:
« =w-& (1-k-E ) (4.1-40)

m,lim

For the concrete strength classes from C12/15 to C50/60: €c2,u:3’5%0 and for

500
the steel reinforcement, for example S500 grade: fy =500 N/mm?, €, =——=2 5%,

200-10°
and: w =0,81 and k,=0,416 (see Table 4.1-2):

3,5 3,5
« . =08l ———|[1-0,416-| ——— | |=0,368.
i 2,5+3,5 2,5+3,5

(a) Determination of the required bending reinforcement

Ifinequality & <a  is satisfied, then required steel reinforcement area is calculated

from the following equation (moment resistance with respect to compression concrete):

M,=M,,=F,-z= yd~A5t-z. (4.1-41)
Solving Equation (4.1-41) for A , gives:
- My, _ My, .
Y fuz fund (4.1-42)
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(b) Checking of ULS for bending

According to the basic requirement of the partial factors method the following ine-

quality shall be satisfied: M,, M,
A, = = . (4.1-43)
fy K fyd ’ ’7 ’ d

Equilibrium of axial forces gives:

F =F, (4.1-44)
or:

W, fybx=f, A, (4.1-45)

Neutral axis depth is calculated from the following equation:

‘A
x= L (4.1-46)
wc “Jed b
If x < x, , then moment of resistance, M, , is given by:

M,=w-f, bxz=w-f, -b-x-(b—k2 -x). (4.1-47)

If, x > x, , then the reinforced steel does not yield and moment of resistance, M, ,
is calculated, assuming x = X,
My, =My i =i foa b (4.1-48)

Rd,lim m,lim

(c) Short calculation algorithm
Required area of the steel reinforcement.

The required area of the steel reinforcement can be calculated based on stream line
procedure using coefficient from Table 4.1-3.

TABLE 4.1.3. Coefficients for bending members section design

Design parameters
Range Coefficients Strains, %o
of strain .
. . . 3 sl
distribution E=xid © ¢ p €, in conc1:ete in reinforcement
(compression) ]
(tension)
0,02 0,002 0,993 0,002 0,20 10,0
la 0,03 0,004 0,990 0,004 0,31 10,0
0,04 0,008 0,986 0,008 0,42 10,0
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Design parameters

Range Coeflicients Strains, %o
of strain .
distribution E=x/d © ¢ “ €, in conc1.'ete in rein fosi'cement
(compression) (tension)

0,05 0,012 0,983 0,012 0,53 10,0

0,06 0,017 0,979 0,017 0,64 10,0

0,07 0,023 0,976 0,022 0,75 10,0

0,08 0,030 0,972 0,029 0,87 10,0

0,09 0,037 0,969 0,036 0,99 10,0

0,10 0,045 0,965 0,044 1,11 10,0

a 0,11 0,054 0,961 0,052 1,24 10,0

0,12 0,063 0,957 0,061 1,36 10,0

0,13 0,073 0,953 0,070 1,49 10,0

0,14 0,083 0,949 0,079 1,63 10,0

0,15 0,093 0,945 0,088 1,76 10,0

0,16 0,104 0,940 0,098 1,90 10,0

]%:frl:;?eus 0167 | 0,111 | 0938 | 0,104 2,00 10,0

0,17 0,115 0,936 0,107 2,05 10,0

0,18 0,125 0,931 0,117 2,20 10,0

0,19 0,136 0,927 0,126 2,35 10,0

0,20 0,147 0,922 0,135 2,50 10,0

1b 0,21 0,157 0,917 0,144 2,66 10,0

0,22 0,168 0,912 0,153 2,82 10,0

0,23 0,179 0,907 0,162 2,99 10,0

0,24 0,189 0,902 0,171 3,16 10,0

0,25 0,200 0,897 0,179 3,33 10,0

%;T;:Z;“Ie; 0,259 | 0211 | 0,892 | 0,187 3,50 10,0

0,26 0,210 0,892 0,188 3,50 9,96

0,27 0,219 0,888 0,194 3,50 9,46

0,28 0,227 0,884 0,200 3,50 9,00

0,29 0,235 0,879 0,206 3,50 8,57

1b 0,30 0,243 0,875 0,213 3,50 8,17

0,31 0,251 0,871 0,219 3,50 7,79

0,32 0,259 0,867 0,225 3,50 7,44

0,33 0,267 0,863 0,230 3,50 7,11

0,34 0,275 0,859 0,236 3,50 6,79
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Design parameters
Range Coeflicients Strains, %o
of strain .
distribution E=x/d © ¢ p € in conc1.'ete in rein fosi'cement
(compression) (tension)
0,35 0,283 0,854 0,242 3,50 6,50
0,36 0,291 0,850 0,248 3,50 6,22
0,37 0,300 | 0,846 0,252 3,50 5,96
1o 0,38 0,308 0,842 0,259 3,50 5,71
0,39 0,316 0,838 0,264 3,50 5,47
0,40 0,324 0,834 0,270 3,50 5,25
0,41 0,332 0,829 0,275 3,50 5,04
0,42 0,340 0,825 0,281 3,50 4,83
0,43 0,348 0,821 0,286 3,50 4,64
0,44 0,356 0,817 0,291 3,50 4,45
0,45 0,364 0,813 0,296 3,50 4,28
0,46 0,372 0,809 0,301 3,50 4,11
0,47 0,380 0,805 0,306 3,50 3,95
0,48 0,388 0,800 0,311 3,50 3,79
0,49 0,397 0,796 0,316 3,50 3,64
0,50 0,405 0,792 0,321 3,50 3,50
0,51 0,413 0,788 0,325 3,50 3,36
2 0,52 0,421 0,784 0,330 3,50 3,23
0,53 0,429 0,779 0,334 3,50 3,10
0,54 0,437 0,775 0,339 3,50 2,98
0,55 0,445 0,771 0,343 3,50 2,86
0,56 0,453 0,767 0,348 3,50 2,75
0,57 0,461 0,763 0,352 3,50 2,64
0,58 0,469 0,759 0,356 3,50 2,53
0,59 0,478 0,755 0,360 3,50 2,43
0,60 0,486 0,750 0,364 3,50 2,33
0,61 0,494 0,746 0,368 3,50 2,24
0,62 0,502 0,742 0,372 3,50 2,15
0,79 0,640 0,671 0,429 3,50 0,93
0,80 0,648 0,667 0,432 3,50 0,87
3 0,81 0,656 0,663 0,435 3,50 0,82
0,82 0,664 0,659 0,437 3,50 0,77
0,83 0,672 0,655 0,440 3,50 0,72
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Design parameters

Range Coeflicients Strains, %o
of strain .
distribution E=x/d © ¢ “ €, in conc1.'ete in rein fosi'cement
(compression) (tension)
0,84 0,680 0,651 0,442 3,50 0,67
0,85 0,688 0,646 0,445 3,50 0,62
0,86 0,696 0,642 0,447 3,50 0,57
3 0,87 0,704 0,638 0,449 3,50 0,52
0,88 0,712 0,634 0,452 3,50 0,48
0,89 0,720 0,630 0,454 3,50 0,43
0,90 0,729 0,626 0,456 3,50 0,39
0,91 0,737 0,621 0,458 3,50 0,35
0,92 0,745 0,617 0,460 3,50 0,30
0,93 0,753 0,613 0,462 3,50 0,26
0,94 0,761 0,609 0,463 3,50 0,22
0,95 0,769 0,605 0,465 3,50 0,18
0,96 0,777 0,601 0,467 3,50 0,15
0,97 0,785 0,597 0,468 3,50 0,11
0,98 0,793 0,592 0,470 3,50 0,07
0,99 0,801 0,588 0,471 3,50 0,04
1,00 0,810 0,584 0,473 3,50 0,00
1,01 0,818 0,580 0,474 3,50 -0,04
1,02 0,826 0,576 0,476 3,50 -0,07
4 1,03 0,834 0,572 0,477 3,50 -0,10
1,04 0,842 0,568 0,478 3,50 -0,13
1,05 0,850 0,564 0,479 3,50 -0,17
1,06 0,858 0,560 0,480 3,50 -0,20
1,07 0,866 0,555 0,481 3,50 -0,23
1,08 0,874 0,550 0,481 3,50 -0,26
1,09 0,882 0,546 0,482 3,50 -0,29
1,10 0,890 0,543 0,483 3,50 -0,32
1,11 0,899 0,538 0,484 3,50 -0,35
1,12 0,907 0,534 0,484 3,50 -0,38
1,13 0,915 0,530 0,485 3,50 -0,40
1,14 0,923 0,525 0,485 3,50 -0,43
1,15 0,931 0,522 0,486 3,50 -0,46
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Table 4.1-3 gives values of & = d —, 11 and w for singly reinforced beams sections

as a function « . In this case following procedure can be utilized:

Ed .
f,b-d’
2. Choose coefficients &, 7 and w from Table 4.1-3 as a function of & .

1. Calculate o =

3. Check on steel yielding:

31Ifa <a . oré<{, - steelyields before concrete crushes and singly rein-

forced section will suffice.

Mgy
Hence, A, =——.

fyd .]1 'd
32.1fa >a . or&>E, -~ design doubly reinforced section in accordance
with 4.1.1.3.1 (2) (compression reinforcement must be supplied), or increase

effective depth of the section, d, or increase strength class of the concrete.

Checking of the bending capacn‘y (for a g/ven input data).
and é=—

St

cfcdbd

2. Table 4.1.3 gives valuesof & ,nasa function of &

1. Calculate x =

3. Check the steel yielding:
3NIfé<E, ora <a

MRdzcxm-fcd-b-dzorMRdzAstfyd-q-d.

- steel yields before concrete crushes, and:

3.2)If &>, ora >« . - concrete crushes before steel yields, a =a

m,lim*

m,lim
M,,= MRd tim = Ko lim fcd b-d
4. Check ULS/STR conditions: M, , < M,

Ed —

(2) Doubly reinforced rectangular cross-section. Basic equations

If the moment applied to the cross-section is such that the limiting value

X,
§im =™ — is exceeded when it is attempted to design the section as singly rein-
d am lim

forced, then compression reinforcement must be supplied in order to resist the excess

moment.
Doubly reinforced cross-section is given in Figure 4.1-10. The applied moment
on the section M_, is resisted in part by the limiting moment M, , . ~determined from
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the maximum allowed value of £ and the remainder by the couple introduced by
the forces in the compression reinforcement (and the additional equal force in the ten-
sion reinforcement).

F
[ ‘t . F_
1
= A---—-————79——4—-—F—-—-—4-——- ————===- - 2
= N.A. U R N
o ol
I I
-A“._____ &yt L____:____I _____ O-S_t“_ ________ :Fst

\
&m
—
®
i
N3
SN

- r
———————————— T-"—"—"~"F~—""F~-—~"—T~T—= T~ ===
b 1 1 1
£,>0 0 €,y €, €<0

FIGURE 4.1-10. Doubly reinforced cross-section: a) cross-section; b) strain diagram; c)
stress block; d) internal forces

Equilibrium of axial forces and moments gives (see Figure 4.1-10):
M, =F _-z+F_-z; (4.1-49)

F,=F_+F, (4.1-50)

where: F_is the resultant compressive force resisted by concrete; F_is the resultant
force in the compression reinforcement; F, is the resultant tensile force in steel rein-
forcement; z is the lever arm of internal forces; z is the lever arm as a distance between
the centroid of the tension and compression reinforcement.

Ultimate moment of resistance with respect to tension steel reinforcement is given by:

My, =w.-f,-b-x-z+EF_-z. (4.1-51)

[

Taking into account, that; and z_= d - ¢, Equation (4.1-51) can be rewritten

as follows: 1
My =, fyb(d=2) 2o, A, (d=c), (@1-52)

2
Defining n = 3 and, Equation (4.1-52) can be rewritten as follows:

MRd _Usc .Asc : d_Cl

2
N —nt > , (4.1-53)
Cy S bed
where: o_is the stress in compression reinforcement in the general case o =k, - f ,
€ Y
S

(k_=1ife >e_and k, ===, ife_<e).
s2 sc sy s sc sy
4
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Equation (4.1-53) can be rewritten as follows (with M, , replaced by M, ):
MEd_kSZ.fyd.AsE.(d_dl) ’

where: =

f,-b-d
Solving Equation (4.1-54) for ) to gives:

—£_0,5+ [0,25- 2 (4.1-55)
n=5=0 ) c .

0
Limit value of the moment following of resistance (if x = x,, )can be calculated

from the following equation:
Mg jim =@, foa b Xy '(d_kz 'xlim)+ksz 'fyd A, '(d_c1)' (4.1-56)

€
Defining xl,.m:[#J -d , Equation (4.1-56) can be rewritten as follows:
g, +e

sy c2,u
MRd,lim = fcd b-d’ O tim T ksZ 'fyd A, '(d_ Cl)’ (4.1-57)
or:
M, -k, -f A -(d-
amlim = & 2 f)/d ;C ( Cl)- (4.1'58)
’ f.bd

(a) Determination of the required bending reinforcement

Equation (4.1-57) can be rewritten (with M, replaced by M, ):

MEd - k52 : f}’d : Asc . (d - Cl ) = —fcd : b ' d2 ' ‘Xm,lim . (41_59)
From Equation (4.1-59) compression steel area can be calculated as:
M, -a . -f, bd
ASC — Ed m,lim fcd (41-60)
k52 'fyd '(d_cl)
The resultant compression force F._is given by:
1
F,=w,f,-b-—-(d-2) =2 f -b-d-(l—ij =C,-f,-b-d-(1-7).(4.1-61)
k, k, d
Tensile steel area can be calculated from equilibrium of axial forces:
Co furb-d-(1-n)+ky,- f,,- A
Astz 0 fcd ( 11)+ 52 fyd sc’ (41-62)
Joa
or defining C - (1—11) =w, % = w, - &, Equation (4.1-62) can be rewritten as follows:

f b-dE+k -f A
Ast — wc cd f 52 fyd sc ) (41-63)
fyd
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(b) Checking of ULS for bending. Ultimate moment of resistance

Checking of ULS for bending is performed based on Inequality (4.1-1). In this case
ultimate moment of resistance M, , can be calculated using Table 4.1-3 and Table 4.1-4.

TABLE 4.1-4. Coeflicients for calculation reinforcement area A,

Coefficient k ,
Steel grade 400 Steel grade 500
Range Neutral

of strain axis gl 8 a < ét 3 S =
distribution | depth,§ | < @ T e < < < <
I I I S IS I I I

= = = = = = = =

0,04 0 -40,23 | -0,47 | -0,72 0 -0,19 -0,39 -0,60

0,05 0,06 | -0,18 -0,42 | -0,66 0,05 -0,15 -0,35 -0,55
0,06 0,12 | -0,12 | -0,36 -0,61 0,10 -0,10 -0,30 -0,51
0,07 0,19 | -0,06 -0,31 -0,55 0,16 -0,05 -0,26 -0,46

0,08 0,25 0 -0,25 [ -0,50 0,21 0 -0,21 -0,42
0,09 0,31 0,06 | -0,19 -0,44 0,26 0,05 -0,16 -0,37
Ia 0,10 0,38 0,12 -0,12 -0,38 0,32 0,10 -0,14 -0,32
0,11 0,45 0,19 -0,06 | -0,32 0,37 0,16 -0,05 -0,27
0,12 0,51 0,26 0 -0,26 0,42 0,22 0 -0,22

0,13 0,59 0,32 0,06 | -0,20 0,49 0,27 0,05 -0,17
0,14 0,66 0,40 0,13 -0,13 0,55 0,33 0,11 -0,11
0,15 0,74 0,47 0,20 | -0,07 0,62 0,39 0,17 -0,06
0,16 0,81 0,54 0,27 0 0,67 0,45 0,22 0

0,167 0,86 0,59 0,32 0,04 0,72 0,49 0,27 0,03
0,90 0,62 0,34 0,34 0,07 0,75 0,52 0,28 0,06
0,98 0,70 0,42 0,42 0,14 0,82 0,58 0,35 0,12

1 0,77 0,50 0,50 0,21 0,88 0,64 0,42 0,17
1 0,86 0,58 0,58 0,28 0,95 0,72 0,48 0,23
Ib 1 0,94 0,64 0,64 0,36 1 0,78 0,53 0,30
1 1 0,74 0,74 0,44 1 0,85 0,62 0,37
1 1 0,82 0,82 0,52 1 0,93 0,68 0,43
1 1 0,90 0,90 0,60 1 1 0,75 0,50
1 1 0,99 0,99 0,68 1 1 0,82 0,57
1 1 1 1 0,76 1 1 0,89 0,63
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Coefficient k ,
Steel grade 400 Steel grade 500
Range Neutral

of strain axis = = g 2 gl 3 9 2

distribution | depth, & i'; i z fls E j: zl i

= | = S = | 8 = S =
1 1 1 1 0,77 1 1 0,90 0,64
1 1 1 1 0,81 1 1 0,93 0,67
1 1 1 1 0,86 1 1 0,95 0,71
1 1 1 1 0,90 1 1 0,98 0,75
1 1 1 1 0,93 1 1 1 0,78

1 1 1 1 0,97 1 1 1 0,81
1 1 1 1 1 1 1 1 0,83
II 1 1 1 1 1 1 1 1 0,86
1 1 1 1 1 1 1 1 0,88
1 1 1 1 1 1 1 1 0,90
1 1 1 1 1 1 1 1 0,93
1 1 1 1 1 1 1 1 0,95
1 1 1 1 1 1 1 1 0,97
1 1 1 1 1 1 1 1 0,98

1 1 1 1 1 1 1 1 1
Note: In table signs with «+» — compression.

For given section and areas of steel reinforcement A,A, relative depth of neu-
tral axis can be calculated from equilibrium of axial forces:

€:£:Ast.fyd_Asc'k52'fyd
d w-f,bd

(4.1-64)

Table 4.1-3 gives values of  and a_ as a function & and Table 4.1-4 gives value
of k, as a function of & also.
Ultimate moment of resistance M, , is given by:

M, =« -a f, b-d +k, oA -(d—cl). (4.1-65)

4.1.1.3.2. Flanged cross-section

Flanged cross-section beams occur where it is necessary to deepen a cross-section
in order to carry the reaction from one or two spanning slabs and any additional loads
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from cladding or permanent partitions. Such beams are cast as a part of the slab system,
and the flexural resistance is calculated with an allowance of part of the slab acting
integrally with the beam. For one way spanning slabs half of total loading from the slab
is taken by each beam and slab system. For two spanning slabs the load is determined
on the basis of a 45° dispersion or according to the Hillerborg strip method.

For a singly reinforced flanged cross-section it is necessary to consider two con-
ditions (two cases must be considered, see Figure 4.1-11):

h
a) If,or &= g <B= gf, then the neutral axis is in the flange, and

b) If, then the neutral axis is in the web.

a)

i

FIGURE 4.1-11. Flanged cross-section: a) neutral axis is in the flange x < hf; b) neutral
axis is in the web x > hf

For case (a) the design follows the calculations for rectangular cross-sections
with the width of the section taken as the effective width of the flange b = b, (deter-
mination of effective width beﬁ, see Chapter 2). This is because the non-rectangular
cross-section below the neutral axis is in tension and is, therefore, considered to be
cracked and inactive (accordingly in the assumption, the tensile strength of con-
crete is ignored). If x is less than the flange thickness (hf), the stress block does lie
within the flange as assumed and the area of reinforcement is given by the follow-
ing expression:

8P A, = M (4.1-66)
f ya H* d

For case (b) a general solution can be obtained by assuming two superimposed sec-
tions (1) and (2), as shown in Figure 4.1-12. In accordance with the stress block given
for section (1) a compressive zone is situated in the flange (beﬁ— b,) only, and for sec-
tion (2) it is in the web (see Figure 4.1-13).
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FIGURE 4.1-12. Flanged cross-section. Dividing on the two superimposed sections (1)

and 2

(byp-b,)/2

N

—~_ ~

FIGURE 4.1-13. Flanged cross-section. Stress blocks in concrete

Fcl,B
Nc%

For section 1 from the proportions of the strain distribution diagram follows:

If, (strain ranges 1la, 1b), then

x—h, d—x x—h
! = e, =€, f,[%o].
g € x d—x
If, (strain range 2 or 3), then
x—h x x—h
f=——>sf=£du f,[%o].
€ € ’ X

Defining & = g and, following design conditions can be written:

If, (strain ranges 1la, 1b), then: 1 5

If, (strain range 2 or 3), then:
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In the general case for section 1 equilibrium conditions of axial forces and moments
about the neutral axis (stress block A and B, see Figure 4.1-13) can be written as:
F,=F, , —F (4.1-71)

c, A~ Te,B?

M, =E

cl,A '

-F

z cl,B '

z 4.1-72)

Rd,1 cl,A cl,B*®

For rectangular-parabolic stress block the resultant compressive force in concrete
(see Figure 4.1-13) is expressed as follows:

Ey=(by~b,) £, 1—@—@} o[ 1‘(*#} b @17

0 c,2 0 .2

For strength classes of the concrete from C16/20 to C50/60, (n=2, & ,=2%o), Equa-
tion (4.1-73) can be rewritten as follows:

F, = (beﬁ‘ _bw).de ) ji € (}’)_ (e—c ()’)) o _(sf (;V_))

dy — J. sc(y)— dy |, (4.1-74)
0 4 0

and, after integration can be written:
E,=w,-B-d-(by b, ) f. (4.1-75)

where: w, is the dimensionless coefficient in accordance with Table 4.1-5. Table 4.1-5
gives value of w_ for singly reinforced section as a function ff and &

TABLE 41-5. Values of the w, coefficient

Range Neutral Coefficient w,
of strain axis
distribution | depth, & p=0,08 | f=0,10 | B=0,12 | B=0,14 | $=0,16 | B=0,18 | =0,20
0,08 - - - - - - -
0,09 0,037 |- - - - - -
0,10 0,043 |- - - - - -
0,11 0,049 0,054 |- - - - -
0,12 0,055 0,061 |- - - - -
a 0,13 0,060 0,068 0,073 |- - - -
0,14 0,065 0,074 0,081 |- - - -
0,15 0,068 0,080 0,088 0,093 |- - -
0,16 0,072 0,085 0,095 0,102 |- - -
0,167 0,073 0,088 0,099 0,107 0,111 - -
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Range Neutral Coefficient w,
of strain axis
distribution | depth, £ | B=0:08 | p=0,10 | p=0,12 | p=0,14 | p=0,16 | p=0,18 | p=0,20

0,17 0,075 0,090 0,101 0,110 0,115 - -
0,18 0,076 0,093 0,106 0,116 0,123 - -
0,19 0,078 0,095 0,110 0,122 0,131 0,136 -
0,20 0,079 0,098 0,114 0,127 0,138 0,145 -

Ib 0,21 0,079 0,098 0,116 0,131 0,143 0,152 0,157
0,22 0,080 0,099 0,118 0,134 0,148 0,159 0,166
0,23 0,080 0,100 0,119 0,137 0,152 0,165 0,174
0,24 0,080 0,100 0,119 0,138 0,154 0,168 0,179
0,25 0,100 0,120 0,139 0,157 0,172 0,185
0,26 0,120 0,139 0,158 0,175 0,189
0,27 0,120 0,140 0,159 0,177 0,192
0,28 0,120 0,140 0,160 0,178 0,194
0,29 0,140 0,160 0,178 0,195
0,30 0,140 0,160 0,179 0,196
0,31 0,140 0,160 0,179 0,197
0,32 0,140 0,160 0,179 0,197

II 0,33 0,140 0,160 0,179 0,198
0,34 0,160 0,179 0,198
0,35 0,160 0,180 0,199
0,36 0,160 0,180 0,199
0,37 0,160 0,180 0,200
0,38 0,160 0,180 0,200
0,39 0,180 0,200
0,40 0,180 0,200
0,41 0,180 0,200
0,42 0,180 0,200
0,43 0,200

II 0,44 0,200
0,45 0,200
0,46 0,200
0,47 0,200

The lever arm, is given by:
aa =2, +(d=x) (4.1-76)
205 =25, +(d—x) (4.1-77)
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Moment of resistance M

Rd,1

My, =a-d (b -b,)a f,,

(for section 1) is given by:

(4.1-78)

where: o is the dimension less coefficient according to Table 4.1-6. Table 4.1-6 gives

value of . as a function S and &

TABLE 41-6. Values of the . coefficient

Range Neutral Coeflicient a,
of strain axis
distribution | depth, & p=0,08 | p=0,10 [ f=0,12 | B=0,14 | B=0,16 | f=0,18 | =0,20

0,08 - - - - - - -
0,09 0,036 |- - - - - -
0,10 0,042 |- - - - - -
0,11 0,048 0,052 |- - - - -
0,12 0,053 0,059 |- - - - -

fa 0,13 0,058 0,066 0,070 |- - - -
0,14 0,062 0,071 0,077 |- - - -
0,15 0,066 0,076 0,084 0,088 |- - -
0,16 0,069 0,081 0,090 0,096 |- - -
0,167 0,071 0,084 0,094 0,101 |- - -
0,17 0,072 0,085 0,095 0,103 0,107 |- -
0,18 0,074 0,089 0,100 0,109 0,115 |- -
0,19 0,075 0,091 0,104 0,114 0,122 0,126 |-
0,20 0,076 0,092 0,107 0,118 0,127 0,133 |-

Ib 0,21 0,076 0,093 0,109 0,122 0,132 0,140 0,144
0,22 0,077 0,094 0,111 0,125 0,137 0,145 0,151
0,23 0,077 0,095 0,112 0,127 0,140 0,150 0,158
0,24 0,077 0,095 0,113 0,129 0,143 0,155 0,163
0,25 0,095 0,113 0,129 0,144 0,157 0,167
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Range Neutral Coefficient «,
of strain axis
distribution | depth, & p=0,08 | p=0,10 | f=0,12 | p=0,14 | f=0,16 | f=0,18 | p=0,20
0,26 0,113 0,130 0,146 0,159 0,171
0,27 0,113 0,130 0,146 0,161 0,173
0,28 0,113 0,130 0,147 0,162 0,174
0,29 0,130 0,147 0,162 0,175
0,30 0,130 0,147 0,163 0,176
0,31 0,130 0,147 0,163 0,177
0,32 0,130 0,147 0,163 0,178
0,33 0,130 0,147 0,163 0,178
0,34 0,147 0,163 0,178
0,35 0,147 0,163 0,179
0,36 0,147 0,163 0,179
" 0,37 0,147 0,163 0,179
0,38 0,147 0,163 0,180
0,39 0,163 0,180
0,40 0,163 0,180
0,41 0,163 0,180
0,42 0,163 0,180
0,43 0,180
0,44 0,180
0,45 0,180
0,46 0,180
0,47 0,180

Under consideration of section (2) (see Figure 4.1-13) it was assumed that moment
M, is calculated for rectangular section with b:bw. Finally, moment of resistance,
M, , for flanged section, can be calculated:

My, =[ @ (by =, )+, b, |-& £, (4.1-79)

or:

My, = f (b, =, )+, b, |-d*. (4.1-80)
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4.1.1.4. Rectangular compressive stress block in concrete

In accordance with EN 1992 [N3], the rectangular stress block, as shown in Figure
3.1-11, may be used in preference to the more rigorous rectangular-parabolic stress
block. This simplified stress distribution will facilitate the analysis and provide a more
manageable design equation in particular when dealing with non-rectangular cross-
sections or when undertaking hand calculations [6].

It can be seen from Figure 3.1-11 that in this case the stress block does not extend
to the neutral axis of the section but has a depth. This will result in the centroid
of the stress block being x, /2=A-x/2 from the top (compressive) edge of the section,
which is very nearly the same location as for the more precise rectangular-parabolic
stress block (as it was shown in previous Section 4.1.1.3.1, k,=0,416 for rectangular-
parabolic block). Also the areas of the two types of the stress block are approximately

equal. This the moment of resistance of the cross-section, M

R will be similar using

calculation based on either of the two stress blocks.

4.1.1.4.1. Rectangular cross-section

(1) Singly reinforced rectangular cross-section. Determination of the required
bending reinforcement

Bending of the section will induce a resultant force F_ in the reinforcement steel,
and a resultant compressive force F_in the concrete, which act through the centroid
of the effective area of concrete in compression, As is shown in Figure 4.1-14.

a)

// x NE
~| K 7 =
= Ast / } ﬁ
N.A. N
/N 2
Ar g
b I I 1

£,>0 ¢, 0 £ £<0

FIGURE 4.1-14. Singly reinforced cross-section with rectangular stress block: a) cross-
-section; b) strain diagram; c) stress block; d) internal forces
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For equilibrium, the ultimate design moment, M
the moment of the resistance of the section M, ,, so that:

MEd = MRd = Fcc Z= Fst "2, (4.1-81)

must be balanced by

Ed’

where: z is the lever arm between the resultant forces F_and F,;
F_is the resultant compressive force, that is given by the following expression:

P;C:.fcd'b'/\'x=0>8'f;d'b'x> (41-82)

and:
z=d—0,5-A-x=d—0,4-x. (4.1-83)

Substituting Equation (4.1-82) and Equation (4.1-83) into Equation (4.1-81):

M, =My =f,b-A-x-(d=0,5-1-x), (4.1-84)
and, replacing A-x from Equation (4.1-83) gives:
My, =M, =f, b-d -(1—2)-32. (4.1-85)

Defining 7 = % and «, =M, / f.,-b-d*, Equation (4.1-85) can be rewritten as follows:
a =2:(1-n)n. (4.1-86)

From Equation (4.1-86) it follows that:

17=§=O,5+«/0,25—0,5-0cm, (4.1-87)
or rewritten in another way:

;1=§=0,5(1+4/1—2~(xm). (4.1-88)

This Equation (4.1-88) is valid under the assumption that reinforcing steel yields
before the concrete crushes. As was shown in Section 4.1.1.1, at ultimate state (ULS/
STR) it is important that member sections in flexure should be ductile and that fail-
ure should occur with the gradual yielding of the tension steel and not by a sudden
catastrophic failure of the concrete.

Hence, to ensure yielding of the tension steel at the ultimate limit state (ULS):

X Xiim
=—<¢& =, _
3 J <&m J (4.1-89)

or:

o, <a (4.1-90)

m,lim ?
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where:

Xy ecu : cu
Eg == = (4.1-91)
d scu,S + ssy f}’d
8cu 3 T
and: © E,
X = 0,8+, -(1-0,4-8, ). (4.1-92)

For steel with f, =500 N/mm” the yield strain is €,=2,17%o. Inserting these val-
ues for €, ,=3,5%0 and £, into Equation (4.1-91):

X, 3,5
£ = = ——=——=0,617. (4.1-93)
d 35+217
Xy = 0,8-0,617-(1-0,4-0,617) = 0,372. (4.1-94)

On the other hand, EN1992 [N3] (clause 5.6.3) limits the depth of the neutral axis
to 0,45-d for concrete strength classes less than or equal to C50/60 (and 0,35-d for con-
crete classes C55/67 and greater) in order to provide a ductility (possibility to moment

redistribution) i. e. under reinforced section, Thus: §,, = % =0,45 anda . =0,295.

Area of tensile reinforcement steel (A ) can be calculated from Equation (4.1-81):
My, =My =F, z=A, f, z (4.1-95)

Defining z=#-d, Equation (4.1-95) can be rewritten as follows:
My, =4, fnd. (4.1-96)

And area of tensile reinforcement is expressed from Equation (4.1-96) as follows:

A =M (4.1-97)
fyd ﬂd

Equation (4.1-97) can be used to calculate the area of tension reinforcement pro-

vided that the design ultimate moment, M, <M .

(2) Doubly reinforced rectangular cross-section

For equilibrium of the section in Figure 4.1-15:

P;t = P;C + P‘cc’ (41_98)
and taking moment about the centroid of the tension steel reinforcement:
MEd:MRd=fcd-b-/1-x-z+Asc-fyd-zS, (4.1-99)
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My =My =f,b-Ax-(d=0,51-x)+A_-f,,-(d-d,).  (4.1-100)

——————m———————————p

e,>0 €, 0 E_ € £<0

sc “cu3

£,.<0

FIGURE 4.1-15. Doubly reinforced cross-section with rectangular stress block: a) cross-
-section; b) strain diagram; c) stress block; d) internal forces

If the design ultimate moment M, is greater than the ultimate limit moment
i.e M, >M

of resistance M RA.lim?

Rdline (or ¢ >a ) then compression reinforcement
L lim m m,lim
is required.

d
Provided that: —<0,38, i. e. compressive steel yield (where: d, - is the depth
X

of the compression steel from the must compression face), and:

L=z (4.1-101)
0,4
. . A, . .
The area of compression reinforcement “ "¢ is given by:
A = My, _MRd,lim
“ far(d-d,) (4.1-102)
And the area of tension reinforcement A | is given by:
M,,.
A, =—2m A (4.1-103)
fyd K d
z : . .
where: # = 7 =0,5 1+, /1 =2®, 4, 5 o, - is calculated in accordance with Equa-
tion (4.1-92); M, = limit moment of resistance, that is given by:
My = O~ fog -b-d* =0,372-f,-b-d. (4.1-104)
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Equation (4.1-102) and Equation (4.1-103) have been derived using the rectangu-
lar stress block shown in Figure 4.1-15. This is similar to that used to derive equations
for the design of singly reinforced cross-sections, except for the additional force due
to the steel in the compression face.

The values of the coefficients 7, {and &, which are used for calculating of the sec-
tions in bending can be obtained from Table 4.1-7 as a function of the a .

TABLE 4.1-7. Coeflicients for sections design, based on rectangular stress block

4 i «, § 1 «,
0,02 0,990 0,020 0,33 0,835 0,275
0,03 0,985 0,030 0,34 0,830 0,282
0,04 0,980 0,039 0,35 0,825 0,289
0,05 0,975 0,048 0,36 0,820 0,295
0,06 0,970 0,058 0,37 0,815 0,301
0,07 0,965 0,067 0,38 0,810 0,309
0,08 0,960 0,077 0,39 0,805 0,314
0,09 0,955 0,085 0,40 0,800 0,320
0,10 0,950 0,095 0,41 0,795 0,326
0,11 0,945 0,104 0,42 0,790 0,332
0,12 0,940 0,113 0,43 0,785 0,337
0,13 0,935 0,121 0,44 0,780 0,343
0,14 0,930 0,130 0,45 0,775 0,349
0,15 0,925 0,139 0,46 0,770 0,354
0,16 0,920 0,147 0,47 0,765 0,359
0,17 0,915 0,155 0,48 0,760 0,365
0,18 0,910 0,164 0,49 0,755 0,370
0,19 0,905 0,172 0,50 0,750 0,375
0,20 0,900 0,180 0,51 0,745 0,380
0,21 0,895 0,188 0,52 0,740 0,385
0,22 0,890 0,196 0,53 0,735 0,390
0,23 0,885 0,203 0,54 0,730 0,394
0,24 0,880 0,211 0,55 0,725 0,400
0,25 0,875 0,219 0,56 0,720 0,403
0,26 0,870 0,226 0,57 0,715 0,408
0,27 0,865 0,233 0,58 0,710 0,412
0,28 0,860 0,241 0,59 0,705 0,416
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§ U @, § U ®,
0,29 0,855 0,248 0,60 0,700 0,420
0,30 0,850 0,255 0,61 0,695 0,424
0,31 0,845 0,262 0,62 0,690 0,428
0,32 0,840 0,269 0,63 0,685 0,432

4.1.1.4.2. Flanged cross-section

For the singly reinforced cross-sections it is necessary to consider two conditions:
1. The stress block lies within the compressive flange;
2. 'The stress block extends below the flange.

(1) Flanged cross-section - the depth of stress block A-x<h_ (see Figure 4.1-16)

(a) Required area of reinforcement

For this depth of stress block, the beam flanged cross-section can be considered as an
equivalent rectangular cross-section of width be equal to the flange width, b=b, . This
is because of the non-rectangular part of the section below the neutral axis is in ten-
sion and it is, therefore, considered to be cracked and inactive.

b, strain stress block equilibrium
Mfea
(A-x)/2
'Q“\ FCC FCC
S N Mg d( N
.F st Fy SN

FIGURE 4.1-16. Flanged cross-section — rectangular stress block within the flange
(case: )L-x<hf)

M Ed

Jabs-d

axis & is determined from Table 4.1-7. As was shown, the relation between the lever

Thus, X = can be calculated and the lever arm n, depth of the neutral

arm z=#-d and the depth x of the neutral axis (see Figure 4.1-16) is given by:
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g=d=——r, (4.1-105)
or:
Ax=2-(d-z)=2-(d-n-d)=2-d-(1-7), (4.1-106)
and: 5
X
:—:—]_— s -
=7 /\( n) (4.1-107)

Ax . . h
If £eﬁ = 7 is less than the flange relative thickness 3= gf, the stress block does
lie within the flange as it was assumed and it is necessary to check on the following
conditions: &, <&, . If this condition is satisfied, then the area of tensile reinforce-

ment A_ is given by: M
A, =—"4 (4.1-108)

! fyd 'ﬂ'd,
If ¢, >¢&,, , then doubly reinforced cross-section should be designed.

A-
If &, = 7x > f3, then the depth of the stress block extends below the flange and design

procedure according in section 4.1.1.4.1 should be utilized.

(b) Checking of ULS for bending

For the cross section equilibrium (see Figure 4.1-16):

F =F,. (4.1-109)
Therefore:
fuaAxb,=f,-A, (4.1-110)
and solving for the depth of the stress block:
A
xzu. (4.1-111)
S A by

If x<h, the stress block lies within the flange and with this depth of neutral axis,
the steel reinforcement A will have yielded as it was assumed. Lever arm is equal to:

z:d—%. (4.1-112)

Taking moments about the centroid of the reinforcement A, the moment of resist-
ance is calculated as follows:

My =E, z=n-f -Ax-b -z (4.1-113)
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The ultimate limit state (ULS) criterion should be satisfied:
M >M

RA™""Ed’

(4.1-114)

otherwise > in the flanged cross-section the depth of the stress block extends below
the flange, 1-x>h,.

(2) Flanged cross-section - the depth of stress block A-x>h, (see Figure 4.1-17)

(a) Required area of reinforcement

As was shown, for design of the flanged cross-section, the procedure described in pre-
vious section, will check if the depth of the stress block extends below the flange.
An alternative procedure, proposed in [6], is to calculate the moment of resistance M,
of the cross section with A-x=h, the depth of the flange. Hence, if the design moment

M . is such that:
Ed M >M

=M, (4.1-115)
then, the stress block must be extended below the flange, and A-x>h,.
In this case the design can be carried out either:
1) using an exact method to determine the depth of the neutral axis, as was
shown in Section 4.1.1.4.2.
2) designing for the conservative condition of x=0,45-d, which is the maximum
value for x for singly reinforced section and concrete classes less than C50/60

in accordance with EN 1992 [N3].

b, (bb,)12 (b-b,)/2
| | | -
< % e R e < =t +
-1 F-- RPNy it oy e P e it ) I oy S
~ A | | — ] S N
st N.A. — H '
N ,/ wlle =Tl 1 Al |
b, T e ! b,

FIGURE 4.1-17. Flanged cross-section - the depth of the stress block extends below the
flange (case: A-x>hf)

In the case of the rectangular stress block, a solution can be most easily achieved
by considering the base stress block to be made up of two parts (subblock 1 and sub-
block 2) as is shown in Figure 4.1-17.

It will be assumed that the neutral axis is large enough for the whole flange to be
atastress f .
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Hence, by equilibrium (see Figure 4.1-17):
Ay =(b=b,)hy £yl fps (4.1-116)

and:

h
My, = Ay, 'fyd '(d_é)' (4.1-117)

The steel area required for the rectangular web A can now be obtained by
using Table 4.1-3 to assess the reinforcement area needed for the rectangular section
of the width b to support a moment M,,, = M, — M,,,. Although very unlikely
to be exceeded, the limiting (balanced) moment for flange section, where {, =(x/d),

exceed B=h,/d is given by:

My iim = Mrqima +bf ‘N fua 'hf '(d—gj- (4.1-118)
The procedure for the design of flanged section is summarized as follows:
1. Calculate «, :#-
bf d 1 f

2. Follow Table 4.1-7 to obtain values of the w, 7, &.
3. If £<pB=h,/d,calculate A  as for the rectangular cross section with the width
b=b.
If &> f3, then:
e calculate A, and M, , in accordance with Equation (4.1-116) and Equa-
tion (4.1-117).
e calculate My, =AM =M, —M,,,.
4. Use the provisions from Section 4.1.1.3.1 to calculate steel reinforcement area
A, for the moment AM = M, (rectangular cross-section of width b to resist
the moment M, -
5. Calculate area of the tensile steel reinforcement A = A +A_ .

(b) Checking of ULS for bending
h
In the case, when A - x > h, (f 5 > B= j) the following design procedure should

be used to obtain the moment of resistance of the flanged cross-section. As is shown
in Figure 4.1-17, the resultant of compressive force F_, developed in concrete and act-
ing through the centroid of the stress subblock 2 is equal:

E.,= (bf _bw)‘ﬂ'd'ﬂ'fcd = (bf _bw)'hf N S (4.1-119)
and resultant of compressive force F,  acting throughout the centroid of the stress
subblock (subblock 1, Figure 4.1-17):

P;c,l = fe)_‘f dbw nf;d (41-120)
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Applying the principle of superposition to stress subblock 1 and subblock 2 (see
Figure 4.1-17), the equilibrium of longitudinal forces can be written as:

F +F_,—F, =0, (4.1-121)
and taking into account moments about the centroid of reinforcement A, the moment
of resistance M, , can be written as follows:

My, =F, -z, +EF., 2, (4.1-122)

or:
M,, :[ﬁ.(l—o,s.ﬁ).(bf —bw)+feff '(1‘0’5'5eff)'bw]'f1-ﬁd & (41-123)

Further, Criterion (4.1-1) of the Ultimate Limit States (ULS/STR) should be checked.

In the case, when ¢, <&, . section should be designed in accordance
with the provisions, that were formulated for the tension failure mode, otherwise
— cross-section should be designed as a flanged cross-section with double reinforce-
ment (doubly reinforced flanged section).

4.1.2 Bending with Axial Load

As is shown in [13], reinforced concrete elements (for example, short columns) under
the axial load with uniaxial bending behave in a different manner than when it is sub-
jected to the axial load, though the column subjected to axial load can also carry some

moment that may appear during construction or otherwise.

4.1.2.1 Behaviour of short column under the axial load
and uniaxial moment

As is shown in [13], depending on the position of the neutral axial, the column
(compressed element) may or may not have tensile stress to be taken by longitudinal
reinforcement. In the compression region, however, longitudinal steel reinforcement
will carry the compression force along with the concrete as in the case of an axially
loaded column (member).

The position of the neutral axis and eccentricities of the axial force N, are widely
varying as follows (see Figure 4.1-18):

1. for the strain profile EF, the depth of neutral axis x is infinity and the eccentricity

of the load is zero (point (D);

2. for the strain profile LM (point (2)), the depth of the neutral axis is outside the sec-
tion (x > h), with an appropriate eccentricity having compressive strain in the sec-
tion;
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FIGURE 4.1-18. Cross-section and strains profile for short compressed member under
the axial load with bending moment: a) cross-section; b) strains profile
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3. for the strain profile IH (point (3), the depth of the neutral axis is just
at the left edge of the section (x = h), with an appropriate eccentricity, having
zero and ¢ ,=3,5%0 compressive strain at the left and right edges of the section
respectively;

4. for the strain profile IN (point (9)), the depth of the neutral axis is within the sec-
tion (x < h), with an appropriate eccentricity, having tensile strains of the left
of the neutral axis and ¢, ,=3,5%0 compressive strain at the right edge.

As is shown in [13], it is evident that gradual increase of the eccentricity of the load
N, from zero is changing the strain profiles (strain distributions across the section
height) from EF to LM, IH and then to IN (point (4)) (see Figure 4.1-18). Therefore,
we can accept that if we increase the eccentricity of the load to infinity, there will
be only M, , acting on the column (compressed RC-element).

Designing by N, ,  as the load causes collapse of the column when acting alone
and M, , as the moment that also causes collapse when acting alone, mark them
in Figure 4.1-19 in vertical and horizontal axis respectively.

These two points are extreme points of the diagram of «N, -M, » (see Figure 4.1-19),
any point on which of M, ,. and N, (of different magnitudes) that will cause col-
lapse of the same element having the neutral axis either outside or within the mem-
ber cross-section.

Npa
(axial force)
_ £,=3,5%o
/ €, =2%0 7
/
NRd,u //)// €101<Epal
/ 3,5%o compression failure
/e, =0%0 £ (comp )
NRd,max E RE
T
— 3.5%0 €10t™Epal
N 4 (tension failure)
Rd,min |
®
: ssu2£st>£$y
>
MRd,min MRd,u MRd,lim MRd

(bending moment)

FIGURE 4.1-19. Typical interaction diagram
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The plot of «N, ~M, » on Figure 4.1-19 is designated as an interaction diagram
since any points on the diagram give a pair of values of N, and M, causing col-
lapse of the same compressed element in an interactive manner.

4.1.2.2 Rectangular-parabolic stress block in concrete

4.1.2.2.1 Modes of failure of columns and the basic equations formulation

In accordance with [6, 13], two distinct categories of the location of the neutral axis

clearly indicate the following types of failure modes:

e compression failure, when the neutral axis is outside the cross-section, causing
compression throughout the section, and

e tension failure, when the neutral axis is within the cross-section developing ten-
sile strain on the left of the neutral axis.

Balanced failure mode. Before taking up these two failure modes, let us dis-
cuss the third model of failure, i. e. the balanced failure. Under this model of failure,
yielding of outer most row of longitudinal steel reinforcement near the tensile fiber
of the cross section occurs simultaneously with the attainment of the maximum com-
pressive strain of €, = 3,5%o in concrete at the compressive edge of the cross-section.
As a result, yielding of longitudinal steel reinforcement at the outermost row near ten-
sile edge and crushing of concrete at the opposite edge of the cross-section occurs
simultaneously. Such a strain profile (strain distribution) is known as «balanced»
strain profile which is shown by the strain profile IQ in Figure 4.1-18 and point (5)
(see Figure 4.1-19).

The depth of the neutral axis is designated as x, = 3,5%o and it is shown in Fig-
ure 4.1-18. The balanced strain profile IQ (point (D) (see Figure 4.1-18) also shows
the strain ¢ = ¢_, whose numerical value would change depending on the grade
of steel reinforcement.

It is important to observe that this balanced profile IQ does not pass through
the fulcrum point V' in Figure 4.1-18, while other points (D, (), (3, i. e. profiles EF,
LM, IH-lines pass through the fulcrum point V as none of them produce tensile strain
anywhere in the cross section of the element.

To have the balanced strain profile IQ (see Figure 4.1-18) caused balanced fail-
ure of the structural element, the required load and moment are designated as N,

d,lim
and M, . respectively are shown in Figure 4.1-19, as the coordinates of point (5.
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The corresponding eccentricity of the load (force) N, . is defined by the nota-

tion e,,,, = — " The four parameters of the balanced failure are, therefore, N, ,
Rd,lim
M, €rontim and x, (the coefficient of the neutral axis depth & ).

Compression failure mode. Compression failure of the column occurs when
the eccentricity of the axial force N, is less than that of balanced eccentricity
(R and the depth of the neutral axis is more than that of balanced failure
(the limit value of the x, , x > x, ).

It is evident from the Figure 4.1-20, that these strain profiles may develop ten-
sile strain of the left on the neutral axis depth x = h. All these strain profiles having
x,,, < x < hwill not pass through the fulcrum point V (see Figure 4.1-20).

On the other hand, all of the strain profiles having x greater than & pass through
the fulcrum point V and cause compression failure (see Figure 4.1-20).

The axial loads (forces) causing compression failure are higher than the balanced
load N, . having respective eccentricities less than that of the load of balanced failure.

The extreme strain profile is EF marked by the point with number 1 in Figure 4.1-20.
Some of these points causing compression failure are shown in Figure 4.1-20
and marked as (1), (@), 3 and (®), having x > x, (or &> Elim), either within or outside
the section. Three such strain profiles are interesting and need further elaboration.
One of them is the profile IH marked by point (3 (see Figure 4.1-20), for the which
one x = h. Denoting the depth of the neutral axis by h and eccentricity of the load for
this profile by e, ,,, we observe that the strain profiles LM and EF (see Figure 4.1-20)
marked by @) and (D, have the respective x> hand e, <e, . The second profile is EF
marked by point 1 in Figure 4.1-20, is for the maximum capacity of the column to
carry out the axial load N, , when eccentricity is zero and which one moment M,
is zero and the neutral axis theoretically is at infinity.

The third important strain profile LM, marked by point (2) in Figure 4.1-20, is also
due to another pair of collapsed internal forces N, and M, , having the capacity to
accommodate the minimum eccentricity of the load, which hardly can be avoided
in practical construction.

The load N i ma> 39 it is seen from the Figure 4.1-19, is less then N. i and column
can carry N, . and M_, in an interactive mode to cause collapse. Hence, a column
having a capacity to carry the truly concentric force N, (when M,, = 0), shall not
be allowed in the design.

Instead, its maximum load (force) shall be resisted up to N, i max (< Ny, Jalong
with M, . (due to the minimum eccentricity). As was shown in [13], accordingly
the actual interaction diagram to be used for the purpose of the design shall termi-
nate with horizontal line 2/at point 2 on the Figure 4.1-19. Point 2 on the interaction
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diagram has the capacity N, with M, , . having eccentricity ofe (= —dmin

and depth of the neutral axis x > h (see Figure 4.1-19). rd,max

It is seen that from point (D to point (5) (i. e. from compression failure to balanced
failure) of interaction diagram (see Figure 4.1-19), the forces are gradually decreasing
and the moments are correspondingly increasing. The eccentricities of the successive
loads are also increasing and the depth of the neutral axis is decreasing from infinity
to finite but outside and then within the section up to x, at balanced failure (point
(®), see Figure 4.1-19). Moreover, this region of compression failure can be subdivided
into two zones: 1) zone from point (1) to point (2), where eccentricity of the load is less
than minimum eccentricity that should be considered in design, and (2)) zone from
point (2) to point (5), where the eccentricity of the load is equal or more than the min-
imum that specified in EN 1992 [N3]. It has been mentioned also that the first zone x
from point (D) to point (2) should be avoided in the design of the column.

Figure 4.1-21 represents the stress block for a typical strain profile LM having
neutral axis depth x outside the section (x > h, &> Z ). The strain profile LM in Fig-
ure 4.1-21 shows that up to a distance (; -h from the right (the most compressed)
edge (point A)) the compressive strain is ¢ > 0,02 and, therefore, the compressive
stress shall remain constant at f . The remaining part of the column cross-section
of the length (é) h,i. e. up to the left edge, has been reducing compressive strains
(but not to zero!). The stress block is, therefore, parabolic from A to H, which becomes

zero at U (outside the section).

In this case, the applied design force N, and moment M, , must be balanced by
the resistance force N, ,and moment of the resistance M, , of the forces developed
within the cross-section. In the general case equilibrium conditions can be written
as follows (see Figure 4.1-21):

E +F +F,—N_,=0; (4.1-124)
NEd .esl = P‘ce 'Zc +F;c .(d_az)) (4.1—125)

where:
e, =¢, +0,5-h—a,. 4.1-126)

For linear strain distribution (see Figure 4.1-21) values of the strain can be
expressed as follows:

Co _ & _ & _ & _ 0,002 4.1-127)
x x—-h x-d x-a (3) '
X— ; -h
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For the design purpose, the Ratio (4.1-127) can be rewritten as a function of the rel-
ative depth of the neutral axis {= % and relative height (depth) of the cross-section
BB, (see Table 4.1-3) can be calculated as follows:

h

B, = i 1+%- (4.1-128)

With the usage of the dimensionless parameters £ and 3, values of the strains can
be calculated from the Ratios (4.1-127) as:
e concrete compressive strain at the most stressed (compressed) fiber (right edge)

E i
_ 3 . 7'5_3'/3/1
e~(2)8

e compressive strain in steel reinforcement A_, which is situated near the most
stressed (compressed) fiber (right edge) of the cross-section:

a
14- 5_2j
e =¥[%o]; (4.1-130)
Sc 7‘5_3‘ﬁh

e compressive strain in steel reinforcement A , which is situated near the less stressed
(compressed) fiber (left edge) of the cross-section:

of the cross-section:
g, =2,0-

[%o]; (4.1-129)

14-(¢&-1
e, = (-1 [%o]. (4.1-131)
7-&E-3-B,
At the state, when x = hand ¢ = [Sh, compressive strain in reinforcement A,
is equal to:
7- -1
e = 7A=Y [%o]. (4.1-132)

st 2 . ﬁh
Resultant compressive force resisted by concrete F._(see Figure 4.1-21) can be cal-
culated based on the superposition principle applying to the resultant forces F_, F_,

F_, obtained by the division of the initial (original) stress block to the three subblocks:
L, Il and III, as is shown in Figure 4.1-21:

Fcc = Fcc,l +E:c,2 +E:c,3’ (41-133)
where:
3
E.,= ;-ﬁh b-d-f,, (4.1-134)
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2 3 2 3
E., zg(x_;'h\)'b'fcd 25(5_;‘/3;,)'17‘61‘](“1, (4.1-135)
x—h 82
L., =fqb f €, ;’ dy. (4.1-136)
0
From the linear strain distribution:
M=%—> e(y)= 2'3y [%o]. (4.1-137)
Y x=Zh x——-h
7 7

Figure 4.1-22 represents the stress block for a typical strain profile IN having neu-
tral axis depth x < h within the section. The strain profile IN in Figure 4.1-22 shows
that from point E to point A, i. e. up to distance %j x from the right edge, the com-
pressive strain & _is > 2%o, and, therefore, the compressive stress remains constant
atf,. From A] to U, i. e. for a distance % -x , the strain is reducing from ¢ = 2%o

to zero and stress in this zone is parabolic as is shown in Figure 4.1-22.
Substituting Equation (4.1-137) in Equation (4.1-136), the resultant compressive
force F_,can be written:

R e

o

and after substituting Equations (4.1-134), (4.1-135), and (4.1-138) to the Equation
(4.1-133), the resultant compressive force resisted by concrete F. is expressed as follows:
3

2 1
2 5_/3;; '(5_7'/—%)
F.=3 £+ﬂ'/5h_ 3
(5_7'/3/1)

taking about the centroid of the reinforcement A

‘bed-f, (4.1-138)

ool
|
(SSHRS

b-d-f,. (4.1-139)

Moment of resistance M, ,
is calculated as:

My, =F, -z, +E ,-z,+F _,-z,. (4.1-140)
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FIGURE 4.1-22. Strain profile and stress distribution, when x < x, @) cross-section;
b) strains profile; ¢) compressive concrete stress block

The values of the internal force F, lever arm z and moment of the resistance M d
can be obtained with the usage of the coefficients « , w and # from the Tables 4.1-3.
In this case:

e resultant compressive force in concrete:

F=w@EB) b-dfy (4.1-141)
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e Jever arm between F, and F;

z=nEp) (4.1-142)
e moment of resistance M R taking about centroid of the reinforcement A
My =a EB) b-d - f. (4.1-143)

h . o . .
Ifx, <x<hor <&< — (seeFigure 4.1-22) strain in tensile reinforcement
e, is less, than g fyd

E

N

E <& =
st sy

, (4.1-144)

and stress 0, in reinforcement A , is equal:
o=k, f, 4.1-145)

where: ksl is a coefficient, which is obtained as a function of the relative neutral axis

depth:

k= Ea 00035-(1-¢) E

1 .
) 85)/ E fyd

Tension failure mode. Tension failure occurs when the eccentricity of the load
is greater than the balanced eccentricity (e, , > e, , . ). The depth of the neutral axis
is less than that of the balanced failure (x < x, and & < ¢ ). The longitudinal steel
in the outermost row in the tension zone of the cross-section yields first.

Gradually, with increase of tensile strain, longitudinal steel of the inner row, if pro-
vided, starts yielding till the compressive strain reaches €. = 3,5%o at the most com-
pressed fiber (edge) of the cross section.

(4.1-146)

The line IR in Figure 4.1-23 represents such a profile for the which some of the inner
row of steel bars have yielded and concrete compressive strain has reached ¢ = 3,5%o

at the most compressed fiber of the cross-section. The depth of the neutral axis is des-

X
ignated by the x  ore = ?" .

It is interesting to note that in this region of the interaction diagram (from point
(® to point (6), see Figure 4.1-19), both the load (force) and the moment are found to
decrease till point (6) when the column fails due to M, is acting alone.

At point 6, let us consider that the column is loaded in simple beginning to
the point (when M, = M, ) at which yielding of the steel in tension begins. Addi-
tion of some axial compressive force N, , at this stage will reduce the previous tensile
stress of steel reinforcement to the value less than its yielding strength. As a result,
it can carry additional moment. This increasing of the moment carrying capacity
with the increasing of the load shall continue till the combined stress in steel, due
to the additional axial load and increased resistance moment, reaches the yield strength.
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For the case, when x < X, (§<& ore >e ), designprocedure is the same
im lim tot tot,lim
as it is in the case of the pure uniaxial bending without axial force.
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FIGURE 4.1-23. Strain profile and stress distribution, when x > X, :a) cross-section;
b) strains profile; ¢) compressive concrete stress block

4.1.2.2.2. Calculation of the required area of the reinforcement

The required area of the steel reinforcement can be calculated based on the stream-
lined procedure using coefficients from Table 4.1-3. Table 4.1-3 give values of the depth
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. X . . .
of the neutral axis £ = 7 dimensionless parameters n and w for reinforced concrete

element as a function of & . In this case the following procedure can be utilized:
1. Calculate:

M
o, =———, (4.1-147)
" ob-d-f,

where: M, 118 the substituted moment obtained from the following equations:

M, =M, +N,,(0,5-h—c), (4.1-148)
or:

My, =Ny '(em: +0’5'h_cl), (4.1-149)
with e, =—%%.

Ed

2. Choose the parameters &, #, w from Table 4.1-3 or Table 4.1-8 a, b, c and value

of the coefficient O i from Table 4.1-3.

TABLE 4.1-8 A. Coefficients for calculation of the rectangular section under compression
for x > h,and /J’h = 1,05

Coeflicients Strains, %o
§=x/d & in concrete . . Ea
w n « (é:)mpression) in remfot:cement
(tension)
1,06 0,857 0,559 0,479 3,475 -0,179
1,08 0,869 0,554 0,481 3,429 -0,254
1,10 0,880 0,550 0,482 3,385 -0,308
1,12 0,890 0,543 0,483 3,343 -0,358
1,14 0,899 0,538 0,484 3,304 -0,406
1,16 0,907 0,534 0,484 3,268 -0,451
1,18 0,915 0,530 0,485 3,233 -0,493
1,20 0,922 0,527 0,486 3,200 -0,533
1,25 0,938 0,520 0,487 3,125 -0,625
1,30 0,950 0,515 0,489 3,059 -0,706
1,35 0,961 0,510 0,490 3,000 -0,778
1,40 0,970 0,506 0,491 2,947 -0,842
1,45 0,978 0,503 0,492 2,900 -0,900
1,50 0,985 0,499 0,492 2,857 -0,952
1,55 0,990 0,498 0,493 2,818 -1,000
1,60 0,996 0,495 0,493 2,783 -1,043
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Coeflicients Strains, %o
&=x/d & in concrete . . Ea
w n a, (cC:)mpression) in remfm:cement
(tension)

1,65 1,000 0,494 0,494 2,750 -1,083
1,70 1,004 0,492 0,494 2,720 -1,120
1,75 1,007 0,491 0,494 2,692 -1,154
1,80 1,010 0,490 0,495 2,667 -1,185
1,85 1,013 0,489 0,495 2,643 -1,214
1,90 1,016 0,488 0,495 2,621 -1,241
1,95 1,018 0,487 0,496 2,600 -1,267
2,00 1,020 0,486 0,496 2,581 -1,290
2,10 1,024 0,484 0,496 2,545 -1,330
2,20 1,026 0,483 0,496 2,514 -1,371
2,30 1,029 0,482 0,497 2,486 -1,405
2,40 1,031 0,482 0,497 2,462 -1,436
2,50 1,033 0,481 0,497 2,439 -1,463
2,60 1,034 0,481 0,497 2,419 -1,488
2,70 1,035 0,480 0,497 2,400 -1,511
2,80 1,037 0,480 0,497 2,383 -1,532
2,90 1,038 0,480 0,498 2,367 -1,551
3,00 1,039 0,479 0,498 2,353 -1,569
3,10 1,040 0,479 0,498 2,340 -1,585
3,20 1,040 0,479 0,498 2,327 -1,600
3,30 1,041 0,478 0,498 2,316 -1,614
3,40 1,042 0,478 0,498 2,305 -1,627
3,50 1,042 0,478 0,498 2,295 -1,639
3,60 1,043 0,477 0,498 2,286 -1,651
3,70 1,043 0,477 0,498 2,277 -1,662
3,80 1,044 0,477 0,498 2,269 -1,672
3,90 1,044 0,477 0,498 2,261 -1,681
4,00 1,044 0,477 0,498 2,254 -1,690
5,00 1,047 0,476 0,498 2,198 -1,758
oo 1,050 0,475 0,499 2,000 -2,000
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TABLE 4.1-8 B. Coefficients for calculation of the rectangular section under compression
for x > h,and §, = 1,10

Coeflicients Strains, %o
§=x/d £_in concrete L
) n a, (é:)mpression) in remforcement
(tension)
1,12 0,903 0,534 0,484 3,454 -0,370
1,14 0,915 0,530 0,484 3,410 -0,419
1,16 0,925 0,524 0,485 3,369 -0,465
1,18 0,935 0,520 0,486 3,331 -0,508
1,20 0,944 0,515 0,486 3,294 -0,549
1,25 0,963 0,506 0,487 3,211 -0,642
1,30 0,979 0,498 0,488 3,138 -0,724
1,35 0,993 0,492 0,489 3,073 -0,797
1,40 1,004 0,488 0,490 3,015 -0,862
1,45 1,014 0,483 0,490 2,964 -0,920
1,50 1,022 0,480 0,491 2,917 -0,972
1,55 1,029 0,477 0,491 2,874 -1,020
1,60 1,035 0,474 0,491 2,835 -1,063
1,65 1,040 0,473 0,492 2,800 -1,103
1,70 1,045 0,471 0,492 2,767 -1,140
1,75 1,049 0,496 0,492 2,737 -1,173
1,80 1,053 0,467 0,492 2,700 -1,204
1,85 1,056 0,467 0,493 2,684 -1,233
1,90 1,059 0,466 0,493 2,660 -1,260
1,95 1,062 0,464 0,493 2,638 -1,285
2,00 1,065 0,463 0,493 2,617 -1,308
2,10 1,069 0,461 0,493 2,579 -1,351
2,20 1,072 0,460 0,493 2,545 -1,388
2,30 1,075 0,460 0,494 2,516 -1,422
2,40 1,078 0,458 0,494 2,489 -1,452
2,50 1,080 0,457 0,494 2,465 -1,479
2,60 1,082 0,456 0,494 2,443 -1,503
2,70 1,083 0,456 0,494 2,423 -1,526
2,80 1,085 0,455 0,494 2,405 -1,546
2,90 1,086 0,455 0,494 2,388 -1,565
3,00 1,087 0,454 0,494 2,373 -1,582
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Coeflicients Strains, %o
§=x/d & in concrete . . Et
w n « (é:)mpression) in remforcement
(tension)

3,10 1,088 0,454 0,494 2,359 -1,598
3,20 1,089 0,454 0,494 2,346 -1,613
3,30 1,090 0,453 0,494 2,333 -1,626
3,40 1,090 0,453 0,494 2,322 -1,639
3,50 1,091 0,453 0,494 2,311 -1,651
3,60 1,092 0,453 0,495 2,301 -1,662
3,70 1,092 0,453 0,495 2,292 -1,673
3,80 1,093 0,453 0,495 2,283 -1,682
3,90 1,093 0,453 0,495 2,275 -1,692
4,00 1,093 0,453 0,495 2,267 -1,700
5,00 1,096 0,452 0,495 2,208 -1,767
6,00 1,097 0,451 0,495 2,171 -1,809
8,00 1,099 0,450 0,495 2,125 -1,860
10,00 1,099 0,450 0,495 2,099 -1,889
oo 1,100 0,450 0,495 2,000 -2,000

TABLE 4.1-8 C. Coeflicients for calculation of the rectangular section under compres-
sion for x > h, and §, = 1,15

Coeflicients Strains, %o
§=x/d & in concrete . . Ea
) n @, (cc:)mpression) in relnf0fcement
(tension)
1,16 0,937 0,519 0,486 3,478 -0,480
1,18 0,950 0,512 0,486 3,435 -0,524
1,20 0,961 0,506 0,486 3,394 -0,566
1,25 0,985 0,493 0,486 3,302 -0,660
1,30 1,005 0,485 0,487 3,221 -0,743
1,35 1,021 0,477 0,487 3,150 -0,817
1,40 1,035 0,470 0,487 3,087 -0,882
1,45 1,047 0,465 0,487 3,030 -0,940
1,50 1,057 0,462 0,488 2,979 -0,993
1,55 1,065 0,458 0,488 2,932 -1,041
1,60 1,073 0,455 0,488 2,890 -1,084
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Coefficients

Strains, %o

§=x/d & in concrete . . Eu
[0) n @, (cc:)mpression) in relnforcement
(tension)

1,65 1,079 0,452 0,488 2,852 -1,123
1,70 1,085 0,450 0,488 2,817 -1,160
1,75 1,090 0,448 0,488 2,784 -1,193
1,80 1,095 0,446 0,488 2,754 -1,224
1,85 1,099 0,444 0,488 2,726 -1,253
1,90 1,101 0,443 0,488 2,701 -1,279
1,95 1,105 0,442 0,488 2,676 -1,304
2,00 1,108 0,440 0,488 2,654 -1,327
2,10 1,113 0,438 0,488 2,613 -1,391
2,20 1,118 0,436 0,488 2,577 -1,406
2,30 1,121 0,435 0,488 2,545 -1,439
2,40 1,124 0,434 0,488 2,517 -1,468
2,50 1,127 0,433 0,488 2,491 -1,495
2,60 1,129 0,432 0,488 2,468 -1,519
2,70 1,131 0,431 0,488 2,447 -1,540
2,80 1,132 0,431 0,488 2,427 -1,560
2,90 1,134 0,431 0,489 2,409 -1,579
3,00 1,135 0,431 0,489 2,393 -1,595
3,10 1,136 0,430 0,489 2,378 -1,611
3,20 1,137 0,430 0,489 2,364 -1,625
3,30 1,138 0,430 0,489 2,351 -1,639
3,40 1,139 0,429 0,489 2,339 -1,651
3,50 1,140 0,429 0,489 2,328 -1,663
3,60 1,140 0,429 0,489 2,317 -1,674
3,70 1,141 0,429 0,489 2,307 -1,684
3,80 1,141 0,429 0,489 2,298 -1,693
3,90 1,142 0,428 0,489 2,289 -1,702
4,00 1,142 0,428 0,489 2,281 -1,711
5,00 1,145 0,427 0,489 2,219 -1,775
6,00 1,147 0,426 0,489 2,179 -1,816
8,00 1,148 0,426 0,489 2,131 -1,865
10,00 1,149 0,426 0,489 2,104 -1,893
oo 1,150 0,425 0,489 2,000 -2,000
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3. Check on design case - failure mode:
31.Ifa <a . then failure mode is tension failure mode (large eccentricity case)
and steel yields before concrete crushing. In this case reinforcement A _is not
requiredand A can be taken without any calculationas A~ >A .
Taking into account area of reinforcement A, new value of the coefficient
«, can be calculated as follows:

o = MEd,l _ASZ,prov '(d_az)'ksz 'fyd
" b-d*-f,
where: ks2 is taken from Table 4.1-4. For the calculated value of @, dimensionless
parameters &, w can be obtained from Table 4.1-3.

The required area of the reinforcement A is calculated from the following equation:
A, = (w~d-b-fwl +A, ko f —NEd)~ p ! , (4.1-151)

51 f yd

where: k= 1 for the case of tension failure mode (case of the «large» eccentricity).
3.2.1f a >a then failure mode is compression failure mode (case of the «small»

eccentricity).

m,lim>

, (4.1-150)

In this case value of Aa is calculated as follows:

Aa =a -« (4.1-152)

m,lim

where: « . limit value is obtained from Table 4.1-3 as a function of § .

i
The required area of reinforcement A _ in this case can be calculated from the fol-

lowing equation:

A, =0 gy Sa (4.1-153)
1_i ksz.fyd
d

If we assume, that relative depth of neutral axis § is equal to §, (i.e.§=¢, ), inde-
pendently from ratio % , value of the coefficient k , = 1 and required area of the rein-

forcement A

Aax 1
n | d-b-f,-N,, | ——,
l_i ’ = ksl'fyd

A, =||w, + (4.1-154)

st

or, if the area of reinforcement A orov is taken greater, then calculated value A

1
Ast:[wlim'd'b..fcd-i-Asc,pmv'fyd_NEd}'k f :
s1 Jyd

If calculated from Equation (4.1-155) area of reinforcement A, < 0, then
the strength properties of steel are not utilized completely. In this case it is necessary

(4.1-155)
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to find the corresponding value of the coefficient k , < 1 (compression failure mode
— case of the «small» eccentricity). The depth of the neutral axis can be determined
by assuming, that the whole axial force N, is resisted by concrete in cross section:

=£. (4.1-156)
b-d-f,

w

For the obtained value of dimensionless parameters w, the depth of neutral axis
§and a  should be chosen from the Table 4.1-3 in such a way, that equilibrium con-
ditions (Equation (4.1-124) and Equation (4.1-125) will be satisfied.

The area of the reinforcement A | is calculated from Equation (4.1-151) taking
into account kS2 =1, and the area of reinforcement A_is calculated from the follow-
ing equation:

_ MEd,l —Q, -d’ 'b'fcd

Aem T a)

(4.1-157)

4.1.2.3. Equivalent rectangular compressive
stress block in concrete

In the general case the applied axial force may be tensile or compressive. In the analy-
sis that follows, a compressive force is considered. For the tensile load, the same basic
principles of equilibrium, compatibility of strains, stress-strain relationships would
apply, but it could be necessary to change the sign of the applied load N, , when we
consider the equilibrium of forces on the cross-section.

Figure 4.1-24 represents the cross section of a member with typical strain and stress
distribution for the varying position of the neutral axis. The cross section is sub-
jected to a bending moment M, , and axial compressive force N, , and in the Figure
4.1-24 and Figure 4.1-25 the direction of the moment is such as to cause compression
on the right edge of section and tension on the left edge.

For cases where there is tension in the section (see Figure 4.1-23), the limiting
concrete strain is taken as e = 3,5%o — the value used in design and analysis of sec-
tion for bending.

However, for cases where there is no tension in section (see Figure 4.1-25),
3
the limiting strain is taken as a value of ¢, = 2%o at the level of (;J h of the depth

of the section.
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FIGURE 4.1-24. Strains profile and stress distribution for the case when A - x < h: a) cross-
-section; b) strains profile; c) stress block
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FIGURE 4.1-25. Strains profile and stress distribution for the case when A - x > h: a) cross-
-section; b) strains profile; c) stress block

4.1.2.3.1. Modes of failure and the basic equations formulation

The applied force N, , must be balanced by the forces developed within the cross sec-
tion, therefore:
NEd = P‘cc + Fsc +E

st?

(4.1-158)

where: F_is the resultant compressive force developed in the concrete and acting
through the centroid of the stress block; F_is the resultant compressive force developed
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in the reinforcement A and acting through its centroid; F_ is the resultant tensile
or compressive force developed in the reinforcement A  and acting through its centroid.

In the Equation (4.1-158), force F, will be negative whenever the position of the neu-
tral axis is such that reinforcement A_ is in tension, as is shown in Figure 4.1-24. Sub-
stituting into Equation (4.1-158) the term for the stress and areas:

Ny =Ny, =n-f,b-A-x+0_-A_+0,-A,, (4.1-159)

where ¢ is the compressive stress in reinforcement A ; o, is the tensile or compres-
sive stress in reinforcement A .

Thus, N, an My, -
1 fubh ™ g b

and 750 that the column design charts for a symmetrical reinforcement arrange-

st

can be calculated for the specified ratios of

ment such as one shown in Figure 4.1-26 can be plotted.
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FIGURE 4.1-26. Design charts for columns: a) for circular columns with d/h=0,6; 0,7;
0,8; 0,9
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FIGURE 4.1-26. Design charts for columns: b) - for rectangular columns with d/h=0,8;
0,85; 0,9; 0,95

The direct solution of the Equation (4.1-162) and Equation (4.1-163) for the design
of column reinforcement would be very tedinous and, therefore, a set of design charts
for the usual case of symmetrical sections is available in special publications, such
as [8]. M

As was shown earlier the magnitude of the eccentricity (e,, =—=% ) affects

tot
Ed
the position of the neutral axis and, hence, the strains and stresses in the reinforcement.

For the linear strain distribution (see Figure 4.1-24 and Figure 4.1-25):
x—d
£ =€, ( L ), (4.1-164)

X

and:

e, =¢. -(d_x ) (4.1-165)

X
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For values of x greater than /i, when neutral axis extends below the cross-section,
as is shown in Figure 4.1-25, the steel strains are given by the alternative expression:

7~(x—d1)
e =0,002-———" (4.1-166)
and: (7'X—3'h)
7~(x—d)
e =0,002. —m—MM—. (4.1-167)
st (7~x—3~h)

In the Equation (4.1-165) and Equation (4.1-166): ¢_is the compressive stress
in reinforcement A ; ¢ is the tensile or compressive strain in reinforcement A .

Let us consider the following modes of failure of the section as is shown
on the interaction diagram of Figure 4.1-19 for the case of rectangular compressive
stress block in concrete.

a) tensile failure ¢ > £,

This type of failure is associated with large eccentricity (e, ) and small depth
of the neutral axis (x).

Failure begins with yielding of the tensile reinforcement, followed by crushing
of the concrete as the tensile strains rapidly increase.

b) balanced failure £,=€, between points (5) and (6) on Figure 4.1-19.

When failure occurs with yielding of the tension steel and crushing of the con-

crete at the same instant it is described as a «balanced» failure. With e =e¢_:

d
X=X, = (4.1-168)
85
1+
ecu
Substituting the value of & = 2,17%o (for steel grade S500):
x, =0,617-d. (4.1-169)
Equation (4.1-158) and Equation (4.1-160) become:
Nlim = Ec +P;c _P;t = ﬂf;d 'b.O’S'xlim _Usc 'Asc _fyd .Ast’ (41_170)

and:

e (30 (e )
2 2 2 2

where: f_ Sfyd.

At the point () of the interaction diagram of Figure 4.1-20, N =N, M, =M, ,
and 0 _=-f . When the design load N, > N, the section will be fail in compres-
sion, while if N ' <N,
forcement A .
¢) compression failure between points (1) and (5) on Figure 4.1-19.

where will be an initial tensile failure, with yielding of rein-
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In this case x > x, and N,,> N, . The change in slope at point (4) in Figure 4.1-
19 occurs when:
£.=E, (4.1-172)

and from the Equation (4.1-172):

_0,0035-d,

Xg=——1=2,63-d, (4.1-173)
>

for steel grade S500 and €. = 3,5%o.

When x < d: 0, < f  and tensile;

When x=d: g, =0, and

When x2d: 0, =f , and compressive.

When x becomes very large and section approaches a state of uniform axial com-
pression, ¢, = ¢ = ¢ . At this stage (see Figure 4.1-25), both layers of steel will have
yielded and there will be zero moment of resistance M, , with symmetrical cross-sec-
tion, so that:

NRds”‘ = l’] '-ffd 'b'h +fyd '(Ast +Asc ) (41_174)

At the stage, where the neutral axis coincides with the bottom of the cross-sec-
tion, the strain diagram changes from that shown in Figure 4.1-23 to the alternative
strain diagram shown in Figure 4.1-25.

To calculate M, and N, ,  at this stage, corresponding to point (2) in Figure 4.1-19,
Equation (4.1-159) and Equation (4.1-160) should be used, taking the neutral axis
depth equal to the overall section depth h.

4.1.2.3.2. Calculation of the required area of the reinforcement

(1) Rectangular cross-section with an asymmetric reinforcement arrangement

For the asymmetric arrangement of the reinforcement in cross section, the area of rein-

forcement is determined from the equilibrium conditions (4.1-159)-(4.1-161), assum-

X i
(where ;ﬁ =%). Hence:

ing that: feﬁ = Eeﬁ i

2
4 Nty (12058, )-b-d” -, , (4.1-175)

- (d-d,)- £,

where: ¢ is the eccentricity of the axial load, that is equal to e, +0,5-h—a,.
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In the case when the obtained area of the compressive reinforcement
A_ > 0, required area of the reinforcement A can be calculated assuming that

= feﬁlim as follows: X

ASt:(geff‘d‘b.ﬂ.f;d+Asc.fyd_NEd)'f_d' (4.1-176)
b

If the area of the compressive reinforcement A o> Ay (when A < 0), the depth
of the neutral axis fe has to be corrected, taking a new value of the depth of the neutral
axis {  from Table 4.1-7 as a function of . calculated from the following equation:

o — NEd ' esl - Asc,prov ' (d - dl )f;/d
meff n-f.,-b-d '

(4.1-177)

Substituting into Equation (4.1-176), a new area of the reinforcement A  has to be
calculated. If the obtained area of the reinforcement is positive (A, > 0), then the result
of the calculation is considered as satisfactory. When obtained area of the reinforce-
ment A, is negative (A, < 0), this means that there is a case of small eccentricity:
= feﬁlim and k_< 1 (see Figure 4.1-25). In the case of small eccentricity, the reinforce-
ment area A, will not be used in its entirety, and, therefore, it can be assumed that
A, . Actual depth of the neutral axis feﬁ >¢& fiim is calculated from the fol-

>
st,prov st,

IOWing moment equation:
NEd ’ 652 = Scc,eff - f;:d - Ast,prov ’ (d - dl ) ’ ks ’ fyd > (4'1_178)

where: Sme 7 is the moment of the resultant of the compressive stress in concrete
about the centroid of the reinforcement A ; e_ is the eccentricity of the axial load N,
anditisequal: 0,5-h-e,_-a,

The value of the depth of the neutral axis feﬁ can be obtained by means of Table

d

4.1-9, depending on the ratio d, f and coefficient X, i

N., -
Gy =22, (41-179)
ffub-d

TABLE 4.1-9. Coeflicients a  values for the rectangular section under compression
(case of the small eccentricities)

Coefficient -
feﬁ Ratio d /d
0,04 0,08 0,12 0,16 0,20
0,41 0,068 0,051 0,035 0,018 0,002
0,42 0,071 0,054 0,038 0,021 0,004
0,43 0,074 0,059 0,040 0,024 0,007
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Coefficient |

eff

Eeﬁ, Ratio d,/d

0,04 0,08 0,12 0,16 0,20
0,44 0,077 0,062 0,042 0,025 0,009
0,45 0,083 0,065 0,047 0,029 0,011
0,46 0,088 0,069 0,051 0,032 0,014
0,47 0,092 0,073 0,055 0,036 0,017
0,48 0,096 0,076 0,057 0,038 0,019
0,49 0,100 0,081 0,061 0,042 0,022
0,50 0,105 0,085 0,065 0,045 0,025
0,51 0,110 0,089 0,069 0,048 0,028
0,52 0,114 0,093 0,073 0,052 0,031
0,53 0,119 0,098 0,076 0,055 0,034
0,54 0,124 0,103 0,081 0,060 0,038
0,55 0,128 0,106 0,084 0,062 0,040
0,56 0,135 0,112 0,090 0,067 0,045
0,57 0,139 0,116 0,094 0,071 0,048
0,58 0,145 0,122 0,098 0,075 0,052
0,59 0,150 0,127 0,103 0,080 0,056
0,60 0,156 0,132 0,108 0,084 0,060
0,61 0,162 0,137 0,113 0,088 0,064
0,62 0,167 0,142 0,118 0,093 0,068
0,63 0,173 0,148 0,122 0,097 0,072
0,64 0,179 0,154 0,128 0,103 0,077
0,65 0,185 0,159 0,133 0,107 0,081
0,66 0,192 0,165 0,139 0,112 0,086
0,67 0,198 0,171 0,144 0,117 0,090
0,68 0,204 0,178 0,149 0,122 0,095
0,69 0,210 0,183 0,155 0,128 0,100
0,70 0,217 0,189 0,161 0,133 0,105
0,71 0,224 0,195 0,167 0,138 0,110
0,72 0,230 0,201 0,173 0,144 0,115
0,73 0,237 0,208 0,178 0,149 0,120
0,74 0,244 0,215 0,185 0,156 0,126
0,75 0,251 0,221 0,191 0,161 0,131
0,76 0,259 0,228 0,198 0,167 0,137
0,77 0,265 0,234 0,204 0,173 0,142
0,78 0,273 0,242 0,210 0,179 0,148
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Coefficient &

eff

Eeﬂr Ratio d /d

0,04 0,08 0,12 0,16 0,20
0,79 0,280 0,249 0,217 0,186 0,154
0,80 0,288 0,256 0,224 0,192 0,160
0,81 0,296 0,263 0,231 0,198 0,166
0,82 0,303 0,270 0,238 0,205 0,172
0,83 0,311 0,278 0,244 0,211 0,178
0,84 0,319 0,286 0,252 0,219 0,185
0,85 0,327 0,293 0,259 0,225 0,191
0,86 0,336 0,301 0,267 0,232 0,198
0,87 0,343 0,308 0,273 0,239 0,204
0,88 0,352 0,317 0,281 0,246 0,211
0089 0,360 0,325 0,289 0,254 0,218
0,90 0,369 0,333 0,297 0,261 0,225
0,91 0,378 0,341 0,305 0,268 0,232
0,92 0,386 0,349 0,313 0,276 0,239
0,93 0,395 0,358 0,320 0,283 0,246
0,94 0,404 0,367 0,329 0,292 0,254
0,95 0,413 0,375 0,337 0,299 0,261
0,96 0,423 0,384 0,346 0,307 0,269
0,97 0,431 0,392 0,354 0,315 0,276
0,98 0,441 0,402 0,362 0,323 0,284
0,99 0,450 0,411 0,371 0,332 0,292
1,00 0,460 0,420 0,380 0,340 0,300
1,01 0,470 0,429 0,389 0,348 0,308
1,02 0,479 0,438 0,398 0,357 0,316
1,03 0,489 0,448 0,406 0,365 0,324
1,04 0,500 0,458 0,416 0,375 0,333
1,05 0,467 0,425 0,383 0,341
1,06 0,477 0,435 0,392 0,350
1,07 0,486 0,444 0,401 0,358
1,08 0,497 0,453 0,410 0,367
1,09 0,463 0,420 0,376
1,10 0,473 0,429 0,385
1,11 0,483 0,438 0,394
1,12 0,493 0,448 0,403
1,13 0,457 0,412
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Coefficient -

Eeﬁ, Ratio d,/d

0,04 0,08 0,12 0,16 0,20
1,14 0,468 0,422
1,15 0,477 0,431
1,16 0,487 0,441
1,17 0,450
1,18 0,460
1,19 0,470
1,20 0,480

The required area of the reinforcement A_ is calculated from the general Equa-
tion (4.1-175).

a is the maximum values from Table

m,eff,max

In the case coefficient & >« (
m,eff m,eff,max

4.1-9 for an assumed ratio of ‘%), then the obtained area of the reinforcement
A=A

st stymin’

In the case coeflicient Ao ™ o rmar the required area of the reinforcement A,

is calculated from the Equation (4.1-175) and A , from the following equation:
A = Ny, e, _0’5"7'fcd b-d’

T () fald-a)
If the obtained area of the reinforcement from Equation (4.1-171) A _is negative,

this means that the cross-sectional area is an excessive (applied forces balanced by
the concrete compressive stresses resultant only) and A_= A

(4.1-180)

sc,min’

(2) Rectangular cross-section with symmetrical reinforcement arrangement

For this case (A, = A _and a,=d, ) depth of the neutral axis Eeff can be calculated

as follows:
Ny,

e fabed

is satisfied, the required area of the reinforcement

Ey (4.1-181)

If the condition & 57 < ¢, i

is obtained from the following equation:

N, -|le,~d-1-0,5¢
A=A, =— [ 1 d } (4.1-182)
d=d, -f,
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For a very small value of the neutral axis depth  <2.-d /d, the required area

eff —
of reinforcement is calculated:

N .
A=A = (4.1-183)

st sc (d_dl).fyd.
If & ff>fe o the case of small eccentricity takes place, and actual depth of the neu-
tral axis is calculated from the following equation:

) € | = 1 )4 € -
~ ALy —B(1-E ) =0, (4.1-184)

where: A= 2Ny e, :NEd'(d_az)

N fabd’ o fybed
If the obtained value éfeff>1,0, then for the further calculation it should be taken
feﬂzl,o and the required area of the reinforcement is calculated as follows:

—A :M. (4.1-185)

t
§ sC 2. fyd
If the obtained value {e ff<1,0, then the required area of the reinforcement is equal:

A=A =(N‘”_Eeﬁ'"'ﬁ"'b'd)'(l_{eﬁ’”m). (4.1-186)

st s¢ 2 (Eejf - Eeﬁf,lim ) ) f)’d

A

4.1.2.3.3. Cross-section resistance checking based
on the rectangular compressive stress block

For a given dimension of the rectangular cross-section of the compressed element
and for the accepted reinforcement area A =A_, cross section resistance M, , and N i
can be calculated from the following equations:
2
£eﬁ( '(1_0’5'€eﬂ).11'f‘cd .b'd +Asc 'fyd '(d_dl)

M,, = - , (4.1-187)

sl
NRd = eff I/Ifcd ‘b.d+Asc ‘fyd _Asr .ks 'fyd' (41_188)

The value of the neutral axis depth §  can be calculated from the following
equation:

and:

£y =By B +2-(u, 7). (4.1-189)
e At'el'f A 'ez'fd
here: B=1- 1, 4 =t o Pl
where d lusl bdzﬂfcd AMSZ bdzl’]][cd

186



The coefficient 4, in the Equation (4.1-189) should be taken with a «minus»-sign,
ife, > (d-d).

If the obtained from the Equation (4.1-185) value & 5> feﬁll_m, k. # 1 and:
&y =B—C+\/(B—C)2+2-(C—Mﬂ$y52), (4.1-190)
2.
where: C = A.
_fej_‘]‘,lim

In the obtained value &’eﬁ> 1,0 from Equation (4.1-189), then in Equation (4.1-187)
and Equation (4.1-188) Eeﬂ = 1,0 and k = -1 should be taken.

4.1.2.4. Interaction diagram

As was shown, a reinforced concrete column with specified amount of longitudinal
steel reinforcement has different carrying capacities of a pair of N,, and M, before
its collapse depending on the eccentricity of the load. In the general case, the inter-
action diagram has three distinct zones of failure (see Figure 4.1-19):

1. from point (D to just before point (5) is the zone of compression failure;

2. point (8 is the balanced failure;

3. from point (5) to point (6) is the zone of tension failure.

In the compression failure zone, small eccentricities produce failure of concrete
in compression, while large eccentricities cause failure triggered by yielding of ten-
sion steel reinforcement.

In between, point (5) is the critical point at which both the failures of concrete
in compression and steel in yielding occur simultaneously.

The interaction diagram further reveals that as the force N, becomes larger,
the section can carry smaller M, , before failing in the compression zone. The reverse
is the case in the tension zone, where the moment carrying capacity (moment of resist-
ance) M,  increases with the axial load increasing N, . In the compression failure
zone, the failure occurs due to the over straining of concrete. The large axial force
produces high compressive strain of concrete keeping smaller margin available for an
additional compressive strain line to bending. On the other hand, in the tension failure
zone, yielding of steel initiates failure. This tensile yield stress reduces with the addi-
tional compressive stress due to additional axial load. As a result, further moment
can be applied till the combined stress of steel due to the axial force and increased
moment M, , reaches the yield strength.

Therefore, the design of a column with given N, and M, should be done follow-
ing the three steps, as given below:

1. selection of a trial section with an assumed longitudinal steel;
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2. construction of the interaction diagram of the selected trial column section by
successive choices of the neutral axis depth from infinity (pure axial load) to a very
small value (to be found by trial to get N, , = 0 for the pure bending).

3. checking of the given N, and M, , if they are within the diagram.

Such an «M, -N, » interaction diagram can be constructed for any shape
of the cross-section, which has an axis of symmetry by applying the basic equilibrium
and strain compatibility equations with the «o-¢» relations (stress-strain relations).

This diagrams can be very useful for the design purpose.

4.1.3. Analysis of second order effects with axial load

4.1.3.1. General requirements and definitions
in accordance with EN 1992 [N3]

Column design is largely covered within the Section 5.8 and Section 6.1 of EN 1992
[N3]. Global second order effects are likely to occur in the structures with a flexible
bracing system.

As was shown in EN 1992 [N3], where second order effects are taken into account,
equilibrium and resistance shall be verified in the deformed state. Deformations shall
be calculated taking into account the relevant effects of cracking, non-linear mate-
rial properties and creep.

The structural behavior shall be considered in the direction in which deformations
can occur, and biaxial bending shall be taken into account when necessary.

Uncertainties in geometry and position of axial loads shall be taken into account
as additional first order effects based on the geometric imperfections. Second order
effects may be ignored if they are less than 10% of the corresponding first order effects.

Column design generally involves determining the slenderness ratio, A, of the mem-
ber. If it lies below a critical value, )‘zim’ the column can be simply designed to resist
axial actions and moment, obtained from an elastic analysis, but including the effect
of geometrical imperfections. These are termed first order effects.

In accordance with Section 5.8.1 of EN 1992 [N3]:

o first order effects: action effects calculated without consideration of the effect
of structural deformations, but including geometrical imperfections. However,
when the column slenderness exceeds the critical value, an additional (second
order) moments caused by structural deformations can occur and must also
be taken into account.
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e second order effects: an additional action effects caused by structural deforma-
tions. In EN 1992 [N3], the slenderness ratio above which one columns are sub-
jected to the second order effects has to be evaluated (see Section 4.1.3.2).

In this chapter (section) only the design of the most common types of columns
found in building structures, namely braced columns, will be described.

e braced members or systems: structural members or subsystems, which in analysis
and design are assumed not to contribute to overall horizontal stability of a struc-
ture;

e bracing members or systems: structural members or subsystems, which in analysis
and design are assumed to contribute to the overall horizontal stability of a structure.

A column may be considered to be braced in a given plane if the bracing ele-
ment or system (e. g. core or shear walls) is sufficiently stiff to resist all the lateral
forces in that plan. Thus, braced columns are assumed to not contribute to the over-
all horizontal stability of a structure and as such are only designed to resist axial
load and bending due to the vertical loading. The design of braced columns involves
consideration of the following aspects, which are discussed individually below: slen-
derness ratio (A); threshold slenderness (1, ); first order effects; second order effects
(moments); reinforcement details.

4.1.3.2. Simplified criteria for second order effects

4.1.3.2.1. Slenderness criterion for isolated members

As was noted above, the threshold slenderness value, /llim, is a key element of the design
procedure as it provides a simple and convenient way of determining when to take
into account the first order effects only and when to include second order effects.
The value of A, is given by the following expression:

A, =20-A-B-C//n, (4.1-191)

li

where: A=1/(1+0,2-q)ef), and in case q)efis not known, A=0,7 may be used; B=+1+2-w,
and in case w is not known, B=1,1 may be used; C=1,7- T and in case r isnot known,
C=0,7 may be used; ¢, is an effective creep ratio; w is a mechanical reinforcement
ratio, that it is equal to (A - fy DA f ); A is the total area of the longitudinal rein-
forcement; n=N wl A fc ,isa relative normal force; rszO]I/ MO’2 is the end moment
ratio, taking positive when moments produce tension on the same face (i. e. C<1,7);
M, and M,,are the first order end moments, |M0)2| > |M0’1| .
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The value of the creep coefficient, ¢, can be calculated using the guidance
in EN 1992 [N3] (clause 5.8.4). However, in many cases the extra design effort required
may not be justified and the recommended value of 0,7 for the factor A should be used.

Factor B depends upon the area of longitudinal steel, which will be unknown
in the design stage. It would seem reasonable, therefore, to use the recommended
value of 1,1, at least for the first iteration.

Factor C arguably has the largest influence on A, and it is worthwhile calculat-
ing its value accurately rather than simply assuming it is equal to 0,7. Factor C gives
an indication of the column’s susceptibility to buckling under the action of applied
moments. In the following cases, T should be taken as 1,0 (i. e. C=0,7): for the braced
members, in which the first order moments arise only from or predominantly due
to imperfections or transverse loading; for the unbraced members in general.

Thus, buckling is more likely where the end moments act in opposite senses as they
will produce tension on the same face. Conversely, buckling is less likely when the end
moments act in the same sense as the member will be in double curvature (see Fig-
ure 4.1-27).

/ \
/ \
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FIGURE 4.1-27. Columns buckling modes

4.1.3.2.2. Slenderness and effective length of isolated members

Slenderness ratio, A, is defined as follows:
I
A==, (4.1-192)
i
where: [ is the effective length of the column; 7 is the radius of gyration

of the uncracked concrete section.
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o effective length: a length used to take into account the shape of the deflection
curve; it can also be defined as a buckling length, i. e. the length of the pin-ended
column with the constant normal force, having the same cross section and buck-
ling load as the actual member, and:

e buckling load: the load at which buckling occurs; for an isolated elastic members
it is synonymous with the Euler load;

® buckling: failure due to instability of a member or structure under the perfect
axial compression and without transverse load.

«Pure buckling», as it is defined above, is not a relevant limit state in the real
structures, due to an imperfections and transverse loads, but a nominal buckling
load can be used as a parameter in some of the methods for the second order analysis.

Examples of the effective length for isolated members with a constant cross-sec-
tion are given in Figure 4.1-28.
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FIGURE 4.1-28. Examples of the different buckling modes and corresponding effective
length for isolated members (Figure 5.7 f, EN 1992 [N3])

Figure 5.7 f from EN 1992 [N3], reproduced here as a Figure 4.1-28, suggests that
the effective length of a braced member (/) can vary between half and full height
of the member depending on the degree of the rotational restraint at column ends, i. e.:

I72<lI, <l (4.1-193)

For the members in compression of a regular frames, the slenderness criterion

should be checked with an effective length /| determined in the following way:
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Braced members (see Figure 4.1-28 f):

kl k2
I, =051 [ 1+—— [ | 1+—=—— |
0,45+k, 0,45+k, (4.1-194)

where: k and k, are the relative flexibilities of the rotational restraints at the ends
1 and 2 respectively, in which:

k = (6/M)/(EL/T) (4.1-195)
where: 0 is the rotation of the restraining members for bending moment M (see Fig-
ure 4.1-28 f); EI is the bending stiffness of the members in compression; [ is the clear
height of the member in compression between end restraints.

Note, that in theory, k=0 for the fully rigid rotational restraint and k=eo for the no
restraint at all, i. e. pinned support. Since fully rigid restraint is rare in practice,
EN 1992 [N3] recommends a minimum value of 0,1 for k and k..

It is not an easy matter to determine the values of k, and k, in practice because:
a) the guidance in EN 1992 [N3] is somewhat ambiguous with regard to the effect

of stiffness of columns attached to the column under the consideration, and:
b) the effect of cracking on the stiffness of the restraining member.

Unbraced members (see Figure 4.1-27 g):

k k

I, =-max 1+10-k1'k2;1+ L e — |}, (4.1-196)
k, +k, 1+k, 1+k,

In accordance with EN 1992 [N3], if an adjacent compression member (column)
in a node is likely to contribute to the rotation at buckling, then (EI/I) in the defini-
tion of k should be replaced by [(EI /1 )a + (EI /1 )b ], a and b representing the compres-
sion member (column) above and below the node. In the general case, in the defini-
tion of effective length, the stiffness of restraining members should include the effect
of cracking, unless they can be shown to be uncracked in ULS.

For other cases than were presented above, e. g. members with varying normal
force and/or cross-section, the criterion A<A,should be checked with an effective
length based on the buckling load (calculated, for example, by a numerical method):

I,=nJEI/N,, (4.1-197)

where: EI is a representative bending stiffness; N, is a buckling load expressed in terms
of this EI (in Expression (4.1-192), i should also corresponds to this EI).
The radius of gyration (i) is defined by:

i=m(I/A), (4.1-198)

where: I is a moment of inertia of the uncracked concrete section; A is an area
of the uncracked concrete section.
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4.1.3.3. Design of braced columns

Having determined the value of /\lim, it is possible to design the column. The follow-
ing sub-sections discuss the procedures recommended in EN 1992 [N3] for the design
of the braced columns, when A<\, and A>A, .

4.1.3.3.1. Design of braced columns, when A<A
According to the EN 1992 [N3] (clause 5.8.3.1), in the case, when slenderness, A, is less
than A, , the column should be designed for the applied axial load (action), M, , being
numerically equal to the sum of the larger elastic end moment, M ,, plus any moment
due to the geometric imperfection, N €5 S follows:

M, =M, +N,, ¢, (4.1-199)
where: e, is the geometric imperfection, that is equal to 01.-%0 , in the which one e,
is the angle of inclination and can be taken as 1/200 for the isolated braced columns
and [ is the effective length (see Section 4.1.3.2.2). The minimum design eccentricity,
e,» is h/30 but not less than 20 mm, where h is the depth of the cross-section.

OnceN,, and M i have been determined, the area of the longitudinal steel can be
calculated by the strain compatibility using an iterative procedure [8]. However, this
approach may not be practical for everyday design and, therefore, a series of design
charts (see Section 4.1.2.4) were produced, which can be used to determine the area
of the longitudinal steel.

4.1.3.3.2. Design of braced columns, when A>A, . Methods of analysis

When /1>/1h.m, critical conditions may occur at the top, middle or bottom of the column.
According to EN 1992 [N3], the methods of analysis include a general method

based on non-linear second order analysis and the following two simplified methods:

a) method based on the nominal stiffness;

b) method based on the nominal curvature.

As was pointed out in EN 1992 [N3], the nominal second order moments provided
by the simplified methods a) and b) are sometimes greater than those corresponding
to the instability. This is to ensure that the total moment is compatible with the cross-
section resistance.
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Method a) may be used for both the isolated members and the whole structures,
if nominal stiffness values are estimated appropriately;

Method b) is mainly suitable for the isolated members.

However, with the realistic assumptions concerning the distribution of curvature,
the method in this section can also be used for structures.

(1) General method

The general method is based on the non-linear analysis, including geometric non-lin-
earity, i. e. second order effects. The general rules for the non-linear analysis is given
in [8] should be applied. In the non-linear analysis, the stress-strain curves for con-
crete and steel are suitable for the overall analysis shall be used. The effect of the creep
shall be taken into account.

Stress-strain relationships for concrete and steel are given in Chapter 3 may be
used. With the stress-strain diagrams based on the design values, a design value
of the ultimate load is obtained directly from the analysis. In Expression (4.1-195)
and in the k-value, f is then substituted by the design compressive strength f and E_
is substituted by:

E,=E_[Ve (4.1-200)
where: y_, is the partial factor, that is equal to 1,2 (the recommended value).

In the absence of more refined models, creep may be taken into account by multi-
plying all the strain values in the concrete «stress-strain» diagram (see Figure 4.1-29)
with a factor (1+<pef), where P is the effective creep ratio according to EN 1992 [N3]
(clause 5.8.4).
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FIGURE4.1-29. Stress-strain diagrams for concrete: 1) mean diagram; 2) design diagram;
3) transformed long-term diagram

194



Normally, conditions of the equilibrium and strain compatibility are satisfied
in a number of the cross-sections. A simplified alternative is to consider only the crit-
ical cross-section, and to assume the relevant variation of the curvature in between,
e. g. similar to the first order moment or simplified in another appropriate way
in accordance with [3].

(2) Methods based on nominal stiffness

General.
In a second order analysis based on the stiffness, nominal values of the flexural stiff-
ness should be used, taking into account the effects of cracking, material non-linear-
ity and creep on the overall behaviour. This also applies to adjacent members involved
in the analysis, e. g. beams, slabs or foundations. Where the relevant, soil-structure
interaction should be taken into account.

The resulting design moment is used for the design of the cross sections
with respect to bending moment and axial force.

Nominal stiffness.
The following model may be used to estimate the nominal stiffness of slender com-
pression members with arbitrary cross section:

EI=K.-E,- I +K, E,.-I, (4.1-201)

where: E_, is the design value of the modulus of elasticity of concrete
(E,=E,, / Yep)s I is the moment of inertia of the concrete cross-section; E_is the design
value of the modulus of elasticity of reinforcement; I is the second moment of area
of reinforcement, about the centre of area of the concrete; K_is a factor for effects
of cracking, creep, etc.; K_ is a factor for contribution of reinforcement.

The following factors may be used in Expression (4.1-201), provided p=0,002:

K =1;
‘ (4.1-202)
Kc = kl ‘kz /(1+¢ef)’

where: p is the geometric reinforcement ratio, that is equal to A /A ; A_is the total
area of reinforcement; A is the area of concrete cross-section; ®, fis the effective creep
ratio; k1 is a factor which depends on concrete strength class, Expression (4.1-203); k2
is a factor which depends on axial force and slenderness, Expression (4.1-204).

k, =/ f. 120, (4.1-203)

A
k, = oy <020, (4.1-204)
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where: 7 is the relative axial force, that is equal to N (A, fc d); \ is the slenderness ratio.
If the slenderness ratio A is not defined, k, may be taken as follows:

k, =n-0,30<0,20. (4.1-205)

As a simplified alternative, provided p, > 0,001, the following factors may be used
in Expression (4.1-202): K =0; KC=0,3/(1+0,5-g0ef).

In statically indeterminate structures, unfavourable effects of cracking in the adja-
cent members should be taken into account. Expressions (4.1-201)-(4.1.205) are not
generally applicable to such a members. Partial cracking and tension stiffening may
be taken into account, e. g. according to EN 1992 [N3] (cl. 7.4.3). However, as a simpli-
fication, fully cracked sections may be assumed. The stiffness should be based on an
effective concrete modulus:

Ecd’eﬁzEcd/(H(pef), (4.1-206)
where: E_ is the design value of the modulus of elasticity; ¢, is the effective creep
ratio; the same value as for columns may be used.

Moment magnification factor.
The total design moment, including second order moment, may be expressed
as a magnification of the bending moments resulting from a first order analysis,

namely: 8
M., =M, . | 1+———|, (4.1-207)
Ed 0,Ed I: (NB /NEd)_1j|
where: M . is the first order moment; § is a factor, which depends on distribu-

tion of the first and second order moments; N g 18 the design value of axial load;
N, is the buckling load based on the nominal stiffness.

For isolated members with constant cross section and axial load, the second order

moment may normally be assumed to have a sine-shaped distribution. Then:

B=rle, (4.1-208)
where: ¢ is a coefficient which depends on the distribution of the first order moment
(for instance, c,=8 for a constant first order moment; c,=96 for a parabolic and c,=12
for a symmetric triangular distribution, etc.).

For members without transverse load, differing first order end moments M, and
M,, may be replaced by an equivalent constant first order moments M, (see Expression
(4.1-211)). Consistent with the assumption of a constant first order moment, ¢ = 8,0
should be used. The value c = 8,0 also applies to members bent in double curvature.
It should be noted that in some cases, depending on slenderness and axial force,
the end moment(s) can be greater than the magnified.
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Where cases of isolated members or members without transverse load are not
applicable, f=1 is normally a reasonable simplification. Expression (4.1-207) can then

be reduced to:
_ M, g4

M, = 1-(N/N,) (4.1-209)

(3) Method based on the nominal curvature

General.
In accordance with EN 1992 [N3] (cl. 5.8.8), this method is primarily suitable for iso-
lated members with constant normal force and a defined effective length [ (see Sec-
tion 4.1.3.2.2). The method gives a nominal second order moment based on deflection,
which in its turn is based on the effective length and an estimated maximum curvature.
The resulting design moment is used for the design of the cross sections
with respect to bending moment and axial force according to Section 4.1.2.

Bending moments.
The design moment is following:

M,,=M, ,, +M,, (4.1-210)

0,Ed

where: MO)Ed is the first order moment, including the effect of imperfections;
M, is the nominal second order moment.

The maximum value of M, is given by the distributions of M, ,, and M,, the lat-
ter may be taken as a parabolic or sinusoidal over the effective length.

For statically indeterminate members moment M, ., is determined for the actual
boundary conditions, whereas M, will depend on the boundary conditions via
the effective length.

For members without loads applied between their ends, differing first order end
moments M, and M, may be replaced by an equivalent first order end moment M,

(moment including the effect of imperfections at the about mid-height of the column):
M,, =0,6- M, +0,4-M,, >0,4- M, (4.1-211)

where: M and M, are the first order end moments including the effect of the imper-
fections acting on the column. Moments M, and M, should have the same sign
if they give a tension of the same side, otherwise they take the opposite sign. Fur-
thermore, |M02| > |M01| (M,, is numerically the larger of the elastic end moment act-
ing on the column).
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The nominal second order moment M, acting on the column is given by the fol-
lowing expression:

M,=N,,-e,, (4.1-212)
where: N, is the design value of the axial force; e, is the deflection equal to (1 / r) . lé /¢
1/r is the curvature; [  is the effective length; c is a factor depending on the curvature
distribution.

For the constant cross section, c=10 (=7°) is normally used. If the first order
moment is constant, a lower value should be considered (c=8 is a lower limit, corre-
sponding to the constant total moment).

It should be noted, that the value 7 corresponds to a sinusoidal curvature distri-
bution. The value for the constant curvature is c=8. Note, that ¢ depends on the dis-
tribution of the total curvature, whereas ¢, depends on the curvature corresponding
to the first order moment only.

Curvature.
For members with constant symmetrical cross sections (including reinforcement),
the following may be used:

(1/r) =k, -k

= (4.1-213)

1

%o
where: k is a correction factor depending on the axial force (load); k  is a factor for
the concrete creep taking into account.

(fyd /ES)
(1/r0)_m, (4.1-214)

where: d is the effective depth.
If all the reinforcement is not concentrated on the opposite sides, but the part
of it is distributed parallel to the plane of bending, d, is defined as follows:

d=h,+i, 4.1-215)

where: i _is the radius of gyration of the total reinforcement area.
Correction factor k_from the Expression (4.1-213) should be taken as follows:

k. =(n,—n)/(n,—n,,)<1, (4.1-216)

NEd

where: n= , is a relative axial force; N oq 18 the design value of axial force;

Ac 'fcd As .

Jya
n,=l+w where w= z

; n,, is the value of n at maximum moment resistance
¢ " Jed
and the value 0,4 may be used; A is the total area of reinforcement; A is the area

of concrete cross section.
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The effect of creep should be taken into account by the following factor:
k,=1+B, =1, 4.1-217)

where: ¢ is the effective creep ratio.

B=0,35+f, /200—A/250, (4.1-218)

where: A is the slenderness ratio.
Once, N, and M, , are known, the area of longitudinal steel can be evaluated using
an appropriate procedures in accordance with Section 4.1.2 or column design charts.

4.1.3.4. Biaxial bending

The general method, described in Section 4.1.3.2 may also be used for biaxial bend-
ing. The following provisions apply when simplified methods are used. Special care
should be taken to identify the section along the member with the critical combina-
tion of moments.

Separate design in the each principal direction, disregarding biaxial bending, may
be made as a first step. Imperfections need to be taken into account only in the direc-
tion where they will have the most unfavourable effect.

No further check is necessary if the slenderness ratios satisfy the following two
conditions:

A 1A £2, and A, IA, <2, (4.1-219)

and the relative eccentricities ey/heq and ez/beq (see Figure 4.1-30) satisfy one of the fol-
lowing conditions:

wing condit e, /h, e /b,
Y __*.<0,2,or 1<0,2, (4.1-220)

e / b e,/ h

where: b, h are the width and the depth of the cross-section; b, =i, 12,
and h =i, \/> for an equivalent rectangular section; . )Ly )L are the slenderness
ratios lo/l w1th respect to y — and z-axis respectlvely, i are the radii of gyration
with respect to y — and z-axis respectively; e, =
Z-axis; e, =

Mg,/ N &4 15 the eccentricity along
M,,, N, isthe eccentricity along y-axis; My, is the design moment
about y-axis, including second order moment; M £, 18 the design moment about z-axis,
including second order moment; N, is the design value of the axial load in the respec-

tive load combination.
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FIGURE 4.1-30. Definition of the eccentricities e, and e_ (Figure 5.8 from EN 1992 [N3])

If the condition of Expression (4.1-219) and Expression (4.1-220) is not fulfilled,
biaxial bending should be taken into account including the second order effects
in the each direction. In the absence of an accurate cross section design for biaxial
bending, the following simplified criterion may be used:

M., Y (M, \
Bhe | | B | <10, (4.1-221)
MRd,z M

Rdy

where: M,, " is the design moment around the respective axis, including a sec-

ond order moment; MRd’Z/y is the moment resistance in the respective direction;
a is the exponent: for circular and elliptical sections a = 2; for rectangular cross sec-
tions: N, /N, =0,1—-a=10; N, /N,,=0,7—>a=15N,, /Ny, =1,0—>a=2,0
with linear interpolation for intermediate values; N g 18 the design value of axial force;
Ny =4, fqa+A - f, isthe design axial resistance of section (A, is the gross area

of the concrete cross-section; A_is the area of longitudinal reinforcement).
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4.2. Shear
4.2.1. Shear capacity of RC-beams

4.2.1.1. Formation of diagonal cracks due to shear

The so-called shear failure is one of the failure modes of RC structural element of which
the mechanism is much different from flexural failure. In actual RC-structures, there
is a combination of forces as shear forces and flexural moment, axial force, torsional
moment and their failure modes are very complicated.

The shear failure follows a formation of diagonal cracks. It is a brittle failure com-
pared with flexure tension failure. Therefore, in the case of design involving the duc-
tility of structures such as seismic design, this type of failure has to be avoided.

4.2.1.1.1. Principle tensile stress in an elastic beam

To illustrate the different types of shear failure, let us consider a beam that is loaded
by a four point bending test (see Figure 4.2-1). Between the support and the point
load, a shear force and a moment is presented. The moment decreases linearly over
the distance from the point load to the support.

In the case of a simply supported beam subjected to two-point concentrated load-
ing (see Figure 4.2-1), the moment and shear distribution is such that the moment
is constant in the mid-span and in two side spans, shear force is constant. These two
side spans are called «shear span». For the elastic beam, the flexural stress o, shear
stress v and the principal strains and stresses are determined according to the beam
theory.

Since concrete material is weak in tension, the magnitude and direction of prin-
cipal tensile stresses are important.

Figure 4.2-1 c represents the distribution of principal stresses across the span of an
homogeneous concrete beam. The direction of the principal compressive stresses takes
the form of an arch, while the tensile stresses have a curve of a catenary and suspended
chain. Towards mid-span, where shear is low and the bending stresses are dominant,
the direction of the stresses tends to be parallel to the beam axis. Near the supports,
where the shearing forces are greater, the principal stresses become inclined.
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The tensile stresses due to shear are liable to cause diagonal cracking of the con-
crete near to the support so that shear reinforcement must be provided.

As was shown in Figure 4.2-1 ¢, at the location of zero shear stress, i. e. the extreme
tension fiber, the principal tensile stress takes the near horizontal direction.
At the point of zero normal stress g, i. e., the neutral axis, the principal tensile stress
is equal to shear stress, and its direction is 45° with respect to the member axis (see
Figure 4.2-1 b and ).

4.2.1.1.2. Types of cracks, modes of shear failure and crack patterns

As was shown earlier, before cracking, RC-beams can be considered as an elastic
body. Hence, the maximum principal tensile stress occurs at the extreme tension
fiber within the mid-span, and its direction is parallel to the member axis. On this
principal, tensile stress (strain) increases and exceeding the tensile strength of con-
crete, cracks occur in the direction perpendicular to the direction of principal ten-
sion stress. These cracks are called «flexural cracks» (see Section 4.1).

After the flexural crack is formed, an RC-beam is no longer considered to be
an elastic body. However, since the tensile force is carried by longitudinal reinforce-
ment, the state of stress even after flexural cracking is still similar to that of the prin-
cipal stress of an elastic beam.

When an applied load is increased, the flexural crack propagates to the compres-
sion zone of the cracked section. Also in both of the side spans, the formation of cracks
occurs with an inclination with respect to the member axis. These cracks, in the gen-
eral case, are called «diagonal cracks» or «shear cracks».

The types and formation of cracks depends on the span-to-depth ratio of the beam
and loading. These variables influence the moment and shear along the length
of the beam.

As shown in the general case, for a simply supported beam under uniformly dis-
tributed load (in the case without prestressing), three types of cracks are identified
(see Figure 4.2-2):

1. flexural cracks: these cracks form at the bottom near the midspan and propagate
upwards;

2. web-shear cracks: these cracks form in the web of the beam near the neutral axis
(where proved to be the highest shear stress region) close to the support and propa-
gate inclined to the beam axis;

3. flexural-shear cracks: these cracks form at the bottom due to flexure and propa-
gate due to both flexure and shear.

203



6,0 @

N
Y VY Y VY Y VYYY Y Y Y Y Y Y Y VY Y VY Y Y Y VY Y \ q
i \ | i i . Y :
i 1 I I 5
B [} 1 1 1
: i i
! /l/ . \ \ : \ i
1 ] ] I I I
II I 1 1 1 . I
: 1\ U : L X | : 1 I : g
o] | | | | 2
1 1 I ] |
I I 1 1 .
1 1 I I 1
] ] N
| | I I !
1 1 I I I
[} 1 1 1 1 |
,i 74 74 74 74
web cracks | flexure | flexural cracks : flexure I web cracks !
shear cracks shear cracks '
FIGURE 4.2-2. Types of the cracks in reinforced beam
cross-section
S/
—= F =256 kN
19\2026 @)
fc ~30 N/mm’
14— 1,15
l |F.=60 kN
Test A
® 30 f< 1,95 -1
©® 40 l |F,=60kN

JF,=48 kN

\ LA )L Y ABEARN NSNS

~—

4 4,70 -

FIGURE 4.2-3. Types of cracks failure (crack patterns) depending on the span-to-depth
ratio of the beam and loading [1]

204



As shown in [14], for a beam with low span-to-depth ratio or inadequate shear
reinforcement, the failure can be due to shear.

A failure due to shear is sudden when compared to a failure due to flexure.

The occurrence of a mode of failure depends on the span-to-depth ratio, load-
ing, cross-section of the beam, amount and anchorage of reinforcement. The modes
of failure are explained next:

1) Flexural shear failure

Flexural shear failure is a mechanism in which flexure induced cracks grow at an angle
into the web (see Figure 4.2-4 a).

Therefore instead of cracks perpendicular to the longitudinal reinforcement,
a crack rotation will occur. Increasing the load leads to larger crack and eventually
causes the beam to fail due to this mechanism.

In general flexural shear is caused by a standard load situation, with a normal
ratio between the flexural and shear stresses. The use of transverse reinforcement such
as stirrups will present the propagation of crack into the web.

1.1) Diagonal tension failure

In this mode, an inclined crack propagates rapidly due to inadequate shear reinforce-
ment (see Figure 4.2-4 a).

When diagonal cracks occur, the tensile force carried by concrete is released,
and if reinforcement effective in the direction of principal tensile stress is not pro-
vided, the RC-beam fails suddenly under so-called «diagonal tension failure» mode.

Diagonal tension failure usually occurs in concrete members with a low amount
of stirrups and longitudinal reinforcement. For concrete members with a low amount
of web reinforcement but adequate longitudinal reinforcement ratio to form a com-
pression zone, shear cracks may easily initiate from former flexural cracks but do not
pass through the compression zone.

Yielding of shear reinforcement is a mechanism that is to be expected if the struc-
tural design of the beam is correct. In this case the stirrups will yield before failure
occurs. The failure will be accompanied by considerable deformations, implying that
the failure mechanism provides a warning before reaching the moment of failure.

This type of failure has a smeared crack pattern, with a small number of dom-
inating cracks. There are no typical load situations in which only this type of fail-
ure occurs. This type of mechanism is dependent on the type of structure and how
it has been designed.
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1.2) Shear compression failure

There is crushing of the concrete near the compression flange above the tip
of the inclined crack (see Figure 4.2-4 a).

An RC-beam can resist increasing loads after the diagonal crack formation.
The stress state becomes like a compression arch formed by diagonal cracks. In this
case, the beam fails when this arch crushes under diagonal compression. This type
of failure mode depends largely on the shear-effective depth ratio (a/d).

2) Shear tension failure

Shear tension failure is a mechanism in which a diagonal crack occurs due to ten-
sion component of the principal stress. When we consider the strut and tie analogy;,
this failure can be considered as failure of the compression diagonal due to a biaxial
tension-compression state.

The main crack occurs at a varying angle of approximately 30° to 45° to the lon-
gitudinal axis, and is characterized by a sudden (brittle) development into the web
of the beam (Figure 4.2-4 b). This means that this type of shear fracture can be con-
sidered to be a failure type without warning. In general this type of failure occurs
for beam structures that have a high level of shear stress and a relatively low level
of flexural stress. For example, beam regions near supports are sensitive to this type
of fracture.

In some publications the term «shear tension failure» is defined as a failure due
to inadequate anchorage of the longitudinal bars, the diagonal cracks propagate hor-
izontally along the bars (see Figure 4.2-4 b).

3) Web crushing failure

The concrete in the web crushes due to inadequate web thickness (see Figure 4.2-4 c).

Web crushing occurs when a structure has a high shear reinforcement ratio
and a small amount of web surface. This implies that if a beam is reinforced with a large
amount of stirrups, the compression diagonal may fail due to the crushing of the con-
crete, before the stirrups have the possibility of reaching their yield strength. In prin-
ciple this mechanism is the equivalent of failure of the compression zone in a heavily
reinforced structure loaded in flexure. There are no typical loading situations where
only this type of failure occurs. However, this failure does tend to occur in T-beam
with large flanges and small web dimensions.
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4) Arch rib failure

Arch rib failure: for deep beams, the web may buckle and subsequently crush (see
Figure 4.2-4 d).

For the case of so-called deep beams, i. e., where the shear span-effective depth
ratio is very small a/d <1,0, the tied-arch shear resisting mechanism is formed
as a compression strut joining the loading and support points, and this failure mode,
is sometimes called «deep-beam failure».

It can be summarized, that the concrete itself can resist shear by a combination
of the un-cracked concrete in the compression zone, the dowelling action of the bend-
ing reinforcement and aggregate interlock across tension crack but, because concrete
is weak in tension, the shear reinforcement is designed to resist all tensile stresses
caused by the shear forces.

Even where the shear forces are small near the centre of span of a beam a mini-
mum amount of shear reinforcement in the form of links must be provided in order
to form a cage supporting the longitudinal reinforcement and to resist any tensile
stresses due to factors such as thermal movement and shrinkage of the concrete.

The actual behaviour of reinforced concrete in shear is complex, and difficult
to analyze theoretically, but by applying the results from many experimental investi-
gations, reasonable, simplified procedures for analyses and design have been developed.

The objective of design for shear is to avoid shear failure. The beam should fail
in flexure at its ultimate flexural strength. Hence, each mode of failure is addressed
in the design for shear. The design involves not only the design of the stirrups, but also
limiting the average shear stress in concrete, providing adequate thickness of the web
and adequate development length of the longitudinal bars.

4.2.1.2. Shear transfer in cracked concrete

The transfer of shear force in cracked reinforced concrete is characterized by a num-
ber of complex phenomena, consisting of: 1) aggregate interlock; 2) axial steel stress;
3) residual tensile stresses across the crack. These mechanisms are strongly depend-
ent on the state of stress, the opening of the crack, and the restraint conditions.

The shear transfer capacity is also strongly dependent on the interaction between
the mentioned transfer mechanisms. When shear stresses arise across a cracked sur-
face, a displacement (slip) tangential to the crack face occurs and the crack surfaces
tend to separate. The reinforcing bars provide resistance against the separation of this
crack face via the dowel mechanism and the axial steel stress. These mechanisms cause
a strain in the steel and a decreased bond action, this then permits a crack to increase
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in width. The amount of reinforcement is therefore a large influence in the contain-
ment of the crack face. The shear transfer mechanisms described are depicted in Fig-
ure 4.2-5 and are elaborated on in the following section.

b)

FIGURE 4.2-5. Shear transfer mechanisms in cracked concrete: a) aggregate interlock;
b) dowel action; ¢) axial steel stress

Aggregate interlock. In normal strength concrete, the strength of the aggregate
material will exceed the strength of the cement matrix material. Therefore cracking
in concrete will commonly occur through the matrix and the bond zone between
the matrix and the aggregate, as is depicted in Figure 4.2-5 a. Because the protruding
aggregate particles on the crack face are larger than the crack width, the crack plane
is considered to be rough. Therefore the crack plane provides resistance against slip,
and is capable of transmitting shear force.

This principle is called aggregate interlock. The magnitude of the aggregate inter-
lock mechanism is dependent on the width of the crack. A larger crack width means
a reduction of aggregate interlock because of the decrease of contact area between
the aggregate particles. Another parameter that influences the aggregate interlock
mechanism is the aggregate size itself; smaller particles will provide a smoother
crack plane and therefore less friction. When considering high strength concrete,
the aggregate interlock contribution becomes even less, due to smoother crack faces.
This is caused by the fact that the crack will not only propagate through the cement
matrix, but also through the aggregate particles.

Dowel action. A dowel is a reinforcement bar that is loaded by transverse force.
The mechanism of dowel action is based upon the behavior of the bar and surround-
ing concrete. The dowel action consists of two components, namely: bending action
and shear action of the reinforcing bar. The contribution of dowel action to the shear
resistance is a function of the amount of concrete cover of the longitudinal bars
and the degree to which the vertical displacements of those bars at the inclined crack
are restrained by transverse reinforcement (see Figure 4.2-5 b).
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Axial steel stress. Reinforcing bars generally cross cracks at different angles, this
is particularly the case for transverse shear reinforcement. The component of the steel
stress normal to the crack plane provides a contribution to the transfer of stresses
across a crack. The magnitude of this force is strongly dependent on the amount
of reinforcement and the bond properties. In members with shear reinforcement
a large portion of the shear is carried by the shear reinforcement after diagonal crack-
ing has occurs. Next to the contribution to the shear capacity, shear reinforcement
also provides a level of restraint against the growth of inclined cracks and thus helps
to ensure a more ductile behaviour (see Figure 4.2-5 c).

Residual stresses. When cracks are formed in concrete, the concrete still has
the ability to transfer tensile stresses across the crack face.

These so-called residual stresses are present until the crack width becomes too
large. This behaviour is described by the strain softening diagram as was discussed
in Chapter 3.

Shear stress in the compression zone. Shear stresses that are present in the com-
pression zone of the concrete, contribute to the shear resistance in a concrete mem-
ber. The magnitude of that shear resistance is limited by the depth of the compression
zone. Therefore, in relative slender beams without axial compression, the shear contri-
bution becomes relatively small, due to the minimal height of the compression zone.

4.2.1.3. Internal forces in a beam without stirrups

The forces transferring shear across an inclined crack in a beam without stirrups are
shown in Figure 4.2-6.

FIGURE 4.2-6. Internal forces in a cracked beam without stirrups (see Figure 6-13
from [15])
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As was shown in [15] shear is transferred across line A-B-C by V, dey? the shear
in the compression zone, by V, .. ,» the vertical component of the shear transferred
across the crack by interlock of the aggregate particles on the two faces of the crack,
and by V,, the dowel action of the longitudinal reinforcement. Immediately after
inclined cracking, as much 40 to 60% of the total shear carried by V,and V,
together.

As the crack widens, Vagg decreases, increasing the fraction of shear resisted by

Vi and V. The dowel shear, V, leads to a splitting crack in the concrete along
the reinforcement.
When this crack occurs, V, drops, approaching zero. When V, and V, disappear,
0 Vi and Vc/l, with the result that all the shear and compression are transmitted
in the depth AB above the crack [15]. At this point in the loading, the section A-B is too
shallow to resist the compression forces needed to achieve equilibrium. As a result,
this region crushes or buckles upward.

The shear failure of a slender beam without stirrups is sudden and dramatic.

d,cy

4.2.1.4. Behaviour of beams with web reinforcement by [15]

The forces in the beam with stirrups and an inclined crack are shown in Figure 4.2-7.
The loading history of such a beam is shown qualitatively in Figure 4.2-8.

Inclined cracking causes the shear strength of the beams to drop below the flex-
ural capacity, as shown in Figure 4.2-8. The purpose of web reinforcement is to ensure
that the full flexural capacity can be developed.

FIGURE4.2-7. Internal forces in a cracked beam with stirrups (see Figure 6-17 from [15])
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FIGURE 4.2-8. Distribution of internal shears in a beam with web reinforcement
(see Figure 6-18 [15])

Prior to inclined cracking, the strain in the stirrups is equal to the correspond-
ing strain of the concrete. Because concrete cracks at very small strain, the stress
in the stirrups prior to inclined cracking will not exceed 20 to 30 MPa. Thus, stirrups
do not prevent an inclined crack from forming; they come into play after the cracks
have formed. The shear transferred by tension in the stirrups, V,,  , does not disap-
pear when the crack opens wider, so there will always be a compression force F,
and V, 4y acting on the part of the beam below the crack. As aresult, F,, will be
less than F,, the difference depending on the amount of the reinforcement. The force
F,, will, however, be larger than flexural tension F, = M, / z based on the moment
at C. Components of the internal shear resistance must be equal to the applied shear,
indicated by the upper 45° line. Prior to flexural cracking, all the shear is carried by
the uncracked concrete. Between flexural and inclined cracking, the external shear
is resisted by Vy, ., V..., and V, . Eventually, the stirrups crossing the crack yield,
and V,, stay constant for higher applied shears. Once the stirrups yield, the inclined
crack opens more rapidly. As the inclined crack widens, V, = decreases further, forc-
ing V, and V,,_ to increase at an accelerated rate, until either a splitting (dowel)

d,cy
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failure occurs, compression zone crushes due to combined shear and compression,
or web crushes. Each component of this process except V,, = has a brittle load-deflec-

tion response. As a result, it is difficult to quantify the contributions of V;, ., V,
and V, . In design, they are lumped together as V;, , referred to somewhat incor-

rectly as shear carried by the concrete. Thus, shear resistance V,, is assumed to be:

Ve = VRd,c + VRd,s (4.2-1)

4.2.2. Truss Analogy by Ritter and Madrsh
and its modification

Science the early days of reinforced concrete the so-called classical truss analogy
developed by Ritter and Morsh was proposed for shear design of reinforced concrete
members [11, 12].

In 1899 and 1902, respectively, the Swiss engineer Ritter and German engineer
Morsh independently published papers proposing the truss analogy (see Figure 4.2-9)
for the design of reinforced beams for shear.

Morsh analyzed the angle of inclination on two simply supported T-beams sub-
jected to increasing uniformly distributed load. He concluded that the shear cracking
angle, 0, was variable and not mathematically defined. Consequently, Morsh derived
an equation for the required amount of shear reinforcement assuming 6 = 45°.

This model consists of tension ties (longitudinal reinforcement bars), a top com-
pressive chord, vertical or inclined tension ties between 45° and 90° (stirrups), and 45°
inclined concrete compression struts.

The truss is referred to as the plastic truss model depending on plasticity
in the nodes leading to a system, which is statically determinate. In this model the shear
resisting force is given only by the shear reinforcement. The classical truss analogy
is based on a truss model with parallel chords and web members connected by means
of pin joints, where the concrete compressive struts are inclined at 45° with respect to
the longitudinal axis of the beam while the shear reinforcement represents the ten-
sile web members (see Figure 4.2-9).

As was pointed out in [14], according to Zilch and Zehetmaier [1], when the shear
reinforcement (stirrups) is placed closely to each other the simple truss becomes a stat-
ically indeterminate truss (see Figure 4.2-9). Generally, the truss model may be con-
sidered as a statically determined simple truss composed of resultant forces from
parallel tension and compression stress fields with pinned joints (see Figure 4.2-9).
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FIGURE4.2-9. Morsh’s truss analogy model [11]: a) double frame; b) single frame; c) stress
field mode; d) chord forces
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In the 1960’s Leonhardt and Walter [10] did numerous beam tests called the «Stutt-
garter Schubversuche» at the University of Stuttgart, Germany. Based on these tests
series, they came to the conclusion that Morsh’s truss analogy was too conservative
and had to be modified. It was stated, the stresses in shear reinforcement were consid-
erably lower than those predicted by the truss analogy model. This is due to the contri-
bution of other components to the shear carrying mechanism, among which the most
significant are: contribution of concrete in the compression zone, aggregate interlock
along inclined cracks and dowel action of the longitudinal reinforcement crossing
the crack. Authors concluded that the actual top compressive chord should be inclined
and that the angle 6 between the compression strut and the x-axis of the member
is often less than 45° and greatly depends on the shape of the member cross-section.

Consequently, the forces in the tension ties (shear reinforcement) are reduced but
the forces in the tension chord (longitudinal reinforcement) are increased (see Fig-
ure 4.2-10).

a) b A
USW
¢ Morsh
Symmetry » Leonhardt
. ,'
! 14
' .
. <450 ! Ay
J 4
1 1 4
I I ’
I I 1 1 ’
l' 1
y >

FIGURE 4.2-10. Modified truss action simply supported reinforced beam (a) and more
realistic curve on the shear stress versus stress in the stirrups by Leonhardt (b) [10]:
a) modified truss action; b) relation «g_ -v»

Reinforced concrete beams subjected to shear have been traditionally designed
using one of the two following methods:

1. truss model with 45° compressive strut inclination angle and directly included
the so-called concrete contribution (correct term) AV (see Figure 4.2-10 b). This
method is the so-called standard method according to [11] and also referred
to as the extended Morsh analogy.

2. truss model with variable compressive strut inclination angle lower than 45°.
This method, based on plasticity theory, is accepted in the current European
Codes [N3]. The truss model with variable compressive strut inclination angle
is a logical extension of the application of the strut and tie models, which have
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already been included in various Codes [N3, N5], on standard structural members.
This method fits in with the consistent approach of structural analysis, design
and detailing of reinforced concrete structures and members, such as beams, col-
umns, plates, deep beams, corbels, beam-column joints etc., subjected to bending,
shear and axial forces, torsion and punching shear.

4.2.2.1. The variable strut inclination method

4.2.2.1.1. Basic equations

Consider a reinforced concrete beam with stirrups uniformly spaced at distance s, sub-

jected to a design shear force V,,. The resulting strut angle is 6. Assuming the height
of the analogous truss is z (lever arm), the number of links per strut is equal L()te.

The truss model of the reinforced concrete beam is shown in Figure 4.2-11.

The notations in Figure 4.2-11 are as follows:
e V., N, M,, are the design values of the cross-sectional forces: shear force,
axial force and bending moment with respect to the centroid of the tensile rein-
forcement, respectively;
e F ,and F , are the tensile and compressive web member forces respectively;
e F_ and E, are the tensile and compressive chord member forces respectively;
e 0is the angle of inclination of the concrete compressive strut with respect
to the longitudinal beam axis;
e «isthe angle of inclination of the tensile web member (shear reinforcement)
with respect to the longitudinal beam axis.
Compressive stress in concrete o, as well as the force F_ ,in the compressive strut
in Figure 4.2-11 should be taken with a negative sign (5, <0 and F_ <0). Actually,
stress in shear reinforcement A_, is defined as the web member forces F , and F,,

distributed per area with width b, and length ¢’ and c, respectively:
¢ = z(cotf + cota), (4.2-2)

¢ =c-sinf = z - sinf (cotf+ cota). (4.2-3)
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FIGURE 4.2-11. Forces of the truss model [1]

Assuming that compressive struts represent the resultant of the inclined stress
field, we get:

el o Vu o Vulier®)
@b, ¢ b, -z-sin’0(cotO+cota) b, -z(cotO+cota)’ '
and:
Ot = Bt _ Ve (4.2-5)

. >
a. - C asw 'Z'SlIlOC(COt6+COtOC)

N

where: b, is the minimum beam web width; z is the lever arm (distance between

s
of the shear reinforcement with longitudinal spacing s.

is the cross-sectional area

the centroid of compressive and tensile chord); a_, =

From Figure 4.2-11 it can be seen that concrete struts are b, width
and z-sinf-(cotf+cota) deep. Hence, the compressive capacity of each strut, F_,,
is given by:

F

cwd| =

afwd| -z-sinf (cot9+cotoc). (4.2-6)

Shear failure of the strut will not occur provided E, , equal or exceeds the design

. V., .
shear force acting on the strut equal to —£4,i. e.:
sinf
VEd _ :
== < chd| = acwd|-z-sm0~(cot0+cotoc). (4.2-7)
sinf

Replacing ¢ ,in Equation (4.2-7) with effective compressive strength of con-
crete cracked in shear fc = vl-fC » along with V.=V, imaw WE obtain the maximum
design shear resistance of the member controlled (limited) by crushing of compres-
sion struts, V,

Rd,max :
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(cot@ + cotoc)

Vs = |Fog|-sin=b, -z f -~ (4.2-8)
ke d| Jewd (1+cot29)
For case a« = 90°, cota = 0:
v _b,-z-f,, cotd r
Rd, max (1+C0t29) * ( ol )
Using the identity cos’0+sin’6=1 gives:
b -z- .cosO-sinf
Vigmas =2 f;w"’ = - o (4.2-10)
’ (cos 0+ sin 0)
Dividing top and bottom by cos-sinf and simplifying gives:
cosB-sinf
V — b .z f . COSG Sln9 (4 2_11)
Rd,max — “w cwd 2 ) 4 :
(cos 0+ sin 6)
cosB-sinf
and: 1
VRd,mux = vl “Jed 'bw T\ (42_12)

(cot9+cot<x) ’
where (in accordance with clause 6.2.3 (2) from EN 1992 [N3]): z = 0,9-d;

. -f, 08-f, N
= & — d fOI‘ SSO—;
fcd y. 1,5 fck 2

Ju

N
Note: «_=1,0 may be used here; v, =0,6| 1-==- | for f, <50 — 0 is the angle
“ 250 mm

between concrete strut and axis beam (see Figure 4.2-11).

Using the identity: =cosf-sinf =0,5-sin28 Expression (4.2-12) can
(cot@ + cotoc)

be transposed to make the concrete strut angle the subject of the formula as follows:

VRd,max

b,-d
6=0,5-sin"" = Il (4.2-13)

0,153 f -| 1—=%
Ja ( 250)

Expression (4.2-13) can be used to calculate the minimum strut angle for the given
value of applied shear by equating V,,, =V, , subjected to the condition that cotf
lies between 1,0 and 2,5.

Replacing o, ,in Equation (4.2-5) with design yield strength of shear reinforce-
ment f, , and V,, =V,, , we obtain the design shear resistance on the member, lim-
ited by yielding of tensile reinforcement V,, :

d,max
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SW

Vigs = Eq-sina=—"-2-f -(cot9+cot(x)-sin(x, (4.2-14)

It will be noted from Equation (4.2-14) that the smaller angle 0 is, the greater
is the shear capacity based on shear reinforcement. However, the shear capacity
based on the crushing strength of the struts, given by Equation (4.2-12), decreases
with decreasing values of 0 below 45°. Hence, the maximum capacity corresponds
to the situation where the capacity based on the shear reinforcement just equals
the capacity based on the strength of the strut. This implies that the actual condi-
tions at failure may be established by using Equation (4.2-13) to estimate the value of 0
for which V, =V,, ..., and then using this value of 8 to obtain the required amount
of shear reinforcement. It should be noted that V,, ..
cotf) = 1,0, and hence values of 0 greater than 45° will not only occur if other factors
constrain the failure to occur at such an angle.

The result of combining the strength defined by the crushing strength of the strut
and the limitations applied to the strut angle is illustrated in Figure 4.2-12.

reaches a maximum value when

A Maximum capacity with cotf=1,0 \

\ Shear capacity governed by V,
_____________ (cot@ varies from 2,5 to 1,0)

d,max

Via
Shear capacity governed by cotf=2,5
4 P . .
M h fi t (EN 1992-1-1, 4
"’x _— Minimum shear reinforcemen ( 99 equation (9.4))
rd ® >
° (A (by5)

FIGURE 4.2-12. Relationship between the design shear and amount of shear reinforce-
ment (see Figure 6.4 from [8])

Term Vi, .. also denotes the maximum shear capacity which a member can sus-
tain for a chosen angle 0, provided that the shear force is carried by an appropriate
shear reinforcement, i.e. Vi, . =V,
reinforcement to resist AF is provided.

and that an additional longitudinal tensile
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Vb'd
tanf
acts on the section. Assuming that half of this force acts in the bottom chord, and addi-

also

From Figure 4.2-11 it can be seen that for equilibrium, a tensile force

tional tensile force present in the longitudinal reinforcement, AF , is given by (see

Figure 4.2.11) the following expressions:

H,,, =|E,|-cosd =V, -cotb; (4.2-15)
H,, =F, 6 -cosa=V_,-cota; (4.2-16)
H,=H,,—H,,=Vg ~(cot9— cotoc); (4.2-17)
AF, = % = % (coth—cotar). (4.2-18)

The presence of this additional longitudinal force is responsible for the shift rule,
necessitating that longitudinal tension steel extends further in the span than required
for bending alone. Also since the tensile force in the longitudinal steel due to bending

is — _the total force in the tensile reinforcement, F 4> in general case is given by:

S
z

M V
F,= ( B v Ny, }Lfd ~(c0t9 —cotoc), (4.2-19)
z
and force F, in compressed concrete:
MEcis VEd
F,=—+ - -(cot@ - cotcx). (4.2-20)
z

From the analysis of the truss model in Figure 4.2-11 it can be noticed that there
are three equilibrium equations (1, 2, 3), but four unknowns: concrete stress o.,p
additional tensile force in reinforcement AF_, stress in the shear reinforcement o,
and inclination angle of the compressive strut 6.

d

4.2.2.1.2. General design requirements in accordance with EN 1992 [N3]

In accordance with EN 1992 [N3] (clause 6.2.1 (1)P) for verification of the shear resist-
ance the following symbols are defined:

® V. is the design shear resistance of the member without shear reinforcement;
e V,,.is the design value of the shear force which can be sustained by the yielding

shear reinforcement;
® Vi 1S the design value of the maximum shear force which can be sustained
by the member, limited by the crushing of the compressive struts.

Based on the code EN 1992 [N3] the following requirement can be formulated:
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1. Inregion of the member where V,, <V, no calculated shear reinforcement
is necessary (where: V, is the design shear force in section considered);

2. When, on the basis of the design shear calculation, no shear reinforcement
is required, minimum shear reinforcement should nevertheless be provided accord-
ing to EN 1992 [N3]. The minimum shear reinforcement ratio, p_, is obtained
from the following expression:

Paw = A— Z P, min? (4.2-21)
b, -s-sina

where: A_ is the area of shear reinforcement within length; s is the spacing of the shear

reinforcement. EN 1992 [N3] recommends that the maximum longitudinal spacing

of the shear reinforcement (s, ) should not exceed 0,75-d-(1+cota). For vertical stir-
rups sina=1,0 («¢=90°).

0,08/ [
psw,min =
fyd

The minimum shear reinforcement may be omitted in members such as slabs (sol-
ids, ribbed or hollow core slabs) where transverse redistribution of loads is possible.
Minimum shear reinforcement may also be omitted in members of minor impor-

is the minimum area of shear reinforcement.

tance (e. g. lintels with span <2 m) which do not contribute significantly to the over-

all resistance and stability of the structure.

3. Intheregion where V,, >V,, , sufficient shear reinforcement should be provided
in order that V,, <V, ;

4. The longitudinal tension reinforcement should be able to resist the additional
tensile force AF , caused by shear;

5. For members subjected to predominantly uniformly distributed loading the design
shear force need not to be checked at distance less than d from face of the sup-
port. Any shear reinforcement required should continue to the support. In addi-
tion, it should be verified that the shear at the support does not exceed V,
in accordance with Equation (4.2-12).

d,max

(1) Members not required to have design shear reinforcement

The concrete sections that do not require shear reinforcement are mainly lightly loaded
floor slabs and pad foundations. Beams are generally more heavily loaded and have
a smaller cross-section so that they nearly always require shear reinforcement. Even
lightly loaded beams are required to have a minimum amount of shear links. The only
exceptions to this are very minor beams such as short span, lightly loaded lintels over
windows and doors.
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Where shear forces are small the concrete section on its own may have sufficient
shear capacity (V,, ) to resist the ultimate shear force (V) resulting from the worth
combination of actions on the structure, although in most cases a nominal or mini-
mum amount of shear reinforcement will usually be provided.

In those sections where V,, <V,, then no calculated shear reinforcement
is required.

Members without shear reinforcement are represented by two mechanical
models which are arch and/or «sprengwerk» with a tension tie (see Figure 4.2-13).
The shear mechanism is the shear strength of the arch or strut provided by the con-
crete and dowel reaction of the longitudinal bars.

F F
HINNNNNNNNNNNNNen 1 1

2> 2 A 7>

FIGURE 4.2-13. Arch models for the beam without shear reinforcement

The design value for the shear resistance V,, _is given by the following expression:

Rd,c
Vi, = [cm k(100 £,)" +k, -acp}bw d, (4.2-22)
with a minimum of:
Vieae = [Vm,-n +k -0, }bw -d, (4.2-23)

where: f, is in MPa; k= 1+\/2(ng2,0 with d in mm; p, = bASld <0,02;
A, is the area of tensile reinforcement, which extends > (I, , +d) beyondwthe section
considered (see Figure 4.2-14); b, is the smallest width of the cross-section in the ten-
sile area [mm]; 0,= N,, /A <0.2-f [MPa]; N, is the axial force in the cross-sec-
tion due to loading or prestressing [in N] (N, >0 for compression). The influence
of imposed deformations on N, may be ignored; A_is the area of concrete cross-sec-
tion [mm®]; Va8 in [N].

Note: The values of C,, , v, . and k| for use in a Country may be found in its National
Annex to EN 1992 [N3]. The recommended value for C,, is 0,18 / y, k = 0,15 that
for v . is given by following expression: v . =0,035 - k**- f."”.

Rd,c
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section considered

FIGURE 4.2-14. Definition of A in Expression (4.2-22) (see Figure 6.3 from EN 1992
[N3])

Expression (4.2-22) is empirical. If V,; <V, no shear reinforcement is required,
except, possibly, in beams where it is normal to provide a minimum amount of shear
links.

However, if V,, >V,, ., shear failure may occur as a result of either compressive
failure of the diagonal concrete strut or diagonal tension failure of the member.

(2) Members required design shear reinforcement

The design of members with shear reinforcement is based on a truss model (see Figure

4.2-15). The angle 6 should be limited. Limiting values for the angle of the inclined

struts in the web are given in EN 1992 [N3] (clause 6.2.3(2)). According to EN 1992 [N3],

the strut angle (and hence the strut capacity) is not unique but can vary between
cotd = 2,5 (i. e. 0 = 21,8°) and cotf = 1,0 (i. e. 8 = 45°), depending on the value
of the applied shear.

In Figure 4.2-15 the following notations are shown:

e «is the angle between shear reinforcement and the beam axis perpendicular
to the shear force (measured positive as shown in Figure 4.2-15);

e (is the angle between the concrete compression strut and the beam axis perpen-
dicular to the shear force;

e [ ,is the design value of the tensile force in the longitudinal reinforcement;

e F_isthe design value of the concrete compression force in the direction of the lon-
gitudinal member axis;

e b isthe minimum width between tension and compression chords;

e zisthe inner lever arm, for a member with constant depth, corresponding
to the bending moment in the element under consideration. In the shear analy-
sis of reinforced concrete without axial force, the approximate value z=0,9-d
may normally be used.
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FIGURE 4.2-15. Truss model and notation for shear reinforced members (see Figure 6.5
from EN 1992 [N3])

In accordance with EN 1992 [N3] (clause 6.2.3), the design procedure for
non-prestressed members is based on the following equation, which was derived
in clause 4.2.2.1.

1. For members with vertical shear reinforcement, the shear resistance, V,,
is the smaller value of:

A
Vigs =2 f 4 - cott), (4.2-25)
s
and
Vidmax =%,y 0, -2V, f, ] (cot9+tan6), (4.2-26)

where: A, is the cross-sectional area of the shear reinforcement; s is the spac-
ing of the stirrups; f,, is the design yield strength of the shear reinforcement;
v, is a strength reduction factor for concrete cracked in shear. If the design stress
of the shear reinforcement is below f, , value v, may be taken as:

for f, <60 MPa, v = 0,6, (4.2-27)

for f, >60 MPa, v, =0,9— fa
200

>0,5; (4.2-28)

« isa coeflicient taking account of the state of the stress in the compression chord,
in case the non-prestressed structures «_ = 1,0.
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It should be noted, that if Expression (4.2-27) is used, the value of fyW , should be
reduced to 0,8- f , in Expression (4.2-28).

The maximum effective cross-sectional area of the shear reinforcement, A
for cotf = 1,0 is given by:

sw,max

SW, Iax : f ywd 1

<—-a_ v - -
b5 gt (4.2-29)
2. For members with inclined shear reinforcement, the shear resistance is the smaller
value of:
A .

Vs =2 f a -(cot6 + tan) - sina. (4.2-30)

and: s
v o, b,z f, -(cot@ + cotcx) (4.2-31)

Rdmax —

1+ cot20)
(

The maximum effective shear reinforcement, A for cotf=1,0 follows from:

sw,max

Asw,mux .fywd < l acw ) Vl “Jed

< : (4.2-32)
b s 2 sina

w

In regions where there is no discontinuity of V,, (e. g. for uniformly loading
applied at the top) the shear reinforcement in any length increment [ = z - cotf may
be calculated using the smallest value of V,; in the increment.

The additional tensile force, AF, , in the longitudinal reinforcement due to shear
V., may be calculated from:

AF, =0,5-V,, -(cotd - cotar), (4.2-33)

and (M ! z)+ AE, should be taken not greater than M [z , where M
is the maximum moment along the beam.

For members with loads applied on the upper side within a distance
0,5-d <a, <£2,0-d the contribution of this load to the shear force V,, may be reduced
by B=a,/2-d.

The shear force V,, calculated in this way, should satisfy the following condition:

Ed,max Ed,max

Vg S A, frua sina, (4.2-34)

where: A - f , isthe resistance of the shear reinforcement crossing the inclined
shear crack between the loaded areas (see Figure 4.2-16). Only the shear reinforcement
within the central 0,75-a, should be taken into account. The reduction by f3 should
only be applied for calculating the shear reinforcement. It is only valid provided that
the longitudinal reinforcement is fully anchored at the support.
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FIGURE 4.2-16. Shear reinforcement in short shear spans with direct strut action (see
Figure 6.6 from EN 1992 [N3])

A

For a, £0,5-d the value a, =0,5-d should be used.
The value V,, calculated without reduction by f3, should, however, always be less
than V,, ., see Expression (4.2-26).

(3) Shear between web and flanges
The shear strength of the flange may be calculated by considering the flange as a sys-
tem of compressive struts combined with ties in the form of tensile reinforcement.

The longitudinal shear stress, V,,, at the junction between one side of a flange
and the web is determined by the change of the normal (longitudinal) force in the part
of the flange considered, according to:

AF,
Ve =7—7">
h,-Ax
where: h; is the thickness of flange at the junctions; Ax is the length under consid-
eration, see Figure (4.2-17); AF is the change of the normal force in the flange over
the length Ax.

The maximum value that may be assumed for Ax is half the distance between
the section where the moment is 0 and the section where the moment is maximum.
Where point loads are applied, the length Ax should not exceed the distance between
point loads.

The transverse reinforcement per unit length A /s, may be determined as follows:

Asf .fyd > VEd .hf
s, cot,

(4.2-35)

(4.2-36)
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compressive struts; |B|longitudinal bar anchored beyond this projected point

FIGURE 4.2-17. Notations for the connection between flange and web (see Figure 6.7 from
EN 1992 [N3])

To prevent crushing of the compression struts in the flange, the following condi-
tion should be satisfied:

Vi SV fog-sind; - cosO,. (4.2-37)

The recommended values in the absence of more rigorous calculations are:
1,0 < cotb, < 2,0 for compression flanges (45° 2 0, > 26,5%); 1,0 < cotf, < 1,25 for ten-
sion flanges (45° > sz 38,6°).

In the case of combined shear between the flange and the web, and transverse
bending, the area of steel should be the greater than that given by Expression (4.2-36)
or half that given by Expression (4.2-37) plus that required for transverse bending.

If V,, isless than or equal to 0,4- f,,, no extra reinforcement above that for flex-
ure is required.

Longitudinal tension reinforcement in the flange should be anchored beyond
the strut required to transmit the force back to the web at the section where this rein-
forcement is required (see section (A-A) in Figure 4.2-17).

Design procedure can be summarized as follows:

1. Calculate the design shear force, V,,;
2. Determinate the shear resistance of the member without shear reinfor-

cement, Vy, ;
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3. Check, if V, <V,, , shear reinforcement can be omitted except in beams where
a minimum area of shear reinforcement must be provided;

4. If Vi, >V, all the shear force must be resisted by the shear reinforcement. Pro-

vided V,, <V,, ., the area of shear reinforcement can be determined using

Expression (4.2-25). V,, ... is estimated from the Equation (4.2-26) assuming ini-

tially cotf = 2,5. However, if the resultis V,, >V, A
used. The maximum allowable angle 0 value is 45° (i. e. cotf = 1,0). The minimum
value of the strut angle for a given design shear force V,,, can be determined from
Equation (4.2-26) and used, in turn, to calculate the area of shear reinforcement
from Equation (4.2-25).

5. If the strut angle exceeds 6 = 45°, however, a deeper concrete section or higher

concrete strength must be provided and steps (2) to (4) repeated.

a larger strut angle may be

4.2.3. Shear in accordance
with fib Model Code 2010 (MC 2010) [N5]

4.2.3.1. General

As it was shown in [17], the fib Model Code 2010 [N5] comprises a mechanical based set
of shear design processes that is intended to offer for the engineer flexibility in select-
ing a balance between complexity and accuracy for new structural design and for
evaluating or verification of existing structures as well.

The equations of the proposed in fib MC 2010 [N5] design methods was derived
from the Modified Compression Field Theory (MCFT) and assume that the mem-
ber contains well-detailed reinforcement in at least the longitudinal direction [14].

The Compression Field Theory (CFT) was firstly developed by Collins and Mitch-
ell and co-workers, for the analyses of beams under combined torsion, shear, flex-
ure. The theory provided a conceptual model for the behaviour of cracked reinforced
concrete under two-dimensional stress states, following essentially a smeared, rotat-
ing crack idealization. Formulations satisfying conditions of equilibrium and com-
patibility in continuum were based on average values of stress and strain in compo-
nent materials. It was assumed that the direction of the principal stresses coincided
with direction of the principal strains. Concrete in compression was modelled using
the parabolic curve; concrete in tension was assumed to carry no stress after cracking.

To develop more accurate constitutive relations for cracked concrete, a new test-
ing facility was developed and utilized in extensive experimental investigations.
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Based on the results of these initial tests, the Modified Compression Field The-
ory (MCFT) was developed [18]. The refinements introduced by the MCFT related to:
1. strain softening concrete in compression, due to the action of transverse tensile

strain;

2. tension stiffening effects in cracked concrete in tension, due to continued presence
of tensile stresses in concrete between cracks;

3. the transfer of stresses across cracks (i. e. the need to consider local stress condi-
tions at crack surfaces). These effects were embodied in the analytical model by

a new set of constitutive relations.

The new code provisions contains four «Levels of Approximations» (LOA).
As shown in fib MC 2010 [N5], Level I provides the simplest calculation whereas this
is the most conventional method among others. Level II is a balanced model in com-
plexity and accuracy, while Level III is most accurate and general approximation
but needs more complex computation than that of the other Levels. Level IV is a fur-
ther option, which can be used in nonlinear finite element analysis or generalized
stress-field approaches.

4.2.3.2. Design shear force and shear resistance

The design model for resistance to beam in shear is shown in Figure 4.2-18.

! )
0,5-z VRd,c
4—‘- aggregate interlock N
Ngg \

! V
Strain €, Rds
x JA z- cotf _

Vial ! !
FIGURE 4.2-18. Forces in the web of a beam

The shear resistance of web or slab will be determined according to:

Vi = Vire +Vaas 2 Vi (4.2-38)

Rd,c
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where: V,, is the design shear resistance, which included both the design shear resist-

ance attributed to the concrete (V,, ), and the design shear resistance provided by

d,c
the shear reinforcement (V,,  ); V,,is design value of shear force.

In general, for determining the design shear force, a location at z from the face
of support (see Figure 4.2-19), where z=0,9-d , discontinuities of geometry or trans-
verse applied force are used. Other control sections may be required, for example, near
points of curtailment of reinforcement.

Sections located closer to support or the applied force than the control section
may be designed for the same shear force as that computed at the control section pro-
vided that the respective forces introduce compression into the member.

In the design for shear in webs and slabs, the effects of axial tension due to creep,
shrinkage and thermal effects in restrained members should be considered wher-

ever applicable.

a QEd

| ———»

AEd
[ EEEEEEREE **H/

. L} 1
\ .
- z - control section
Agy

FIGURE 4.2-19. Definition of control section for sectional design (see Figure 7.3-5 from
fib MC 2010 [N5])

4.2.3.3. Levels of approximation

In accordance with fib MC 2010 [N5] in determining the shear resistance of a mem-

ber different levels of approximation may be regarded. The levels differ in the com-

plexity of the applied methods and the accuracy of the results.

e Level I Approximation: In general, this level of approximation may be used
for the conception or the design of a new structure;
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o Level II Approximation: This level of approximation is appropriate for the design
of a new structure as well as for a general or brief assessment of an existing struc-
ture;

o Level Il Approximation (and higher): A level III (and higher) approximation may
be used for the design of a member in a complex loading state or a more elaborate
assessment of a structure.

There can be different levels of approximation for each design case and location
in a structure; they do not necessarily need to correspond to each other as different
portions of a structure will justify different levels of precision and design effort.

4.2.3.4. Design equations for region cracked in bending

4.2.3.4.1. General

The design shear resistance of web and slab should be determined as:

Viea = Vrae T Vias SV,

Rd,max >

(4.2-39)
and, value of V,, cannot exceed the crushing capacity of concrete calculated as:

v i .&.bw_z.cotenLcotoc

max c > (4 2 -40)
i ¥, 1+cot’

where: 0 denotes the selected inclination of the resultant compressive stresses;
a is the inclination of the stirrups relative to the beam axis (see Figure 4.2-20).
According to fib MC 2010 [N5], for Level I and Level III Approximation, a value
60 . <0< 45°should be inserted in Equation (4.2-40).
In a member that contains a percentage of shear reinforcement of,
Py Z P, = 0,08 (\/E / fyk) , the design shear resistance provided by the stirrups
may be calculated as follows:

A
Veas = %-z-fywd -(cot6+cot(x)-sinoc. (4.2-41)

The design shear resistance attributed to the concrete can be taken as:

v ok e,

Ve

where the value of /f, should not be taken as greater than 8 MPa.

(4.2-42)

w >
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FIGURE 4.2-20. Geometry and definition in accordance with fib MC 2010 [N5]

According to the proposed model the design shear resistance of concrete contri-
bution (V,, ) affected by the concrete compressive strength ( f,,), the width of the web
(b, ) the effective depth of the section (d), the partial factor (y) according to the design
situation, and the first parameter of the model k,, defined by the level of approxima-
tion and indicates the ability of the web to resist aggregate interlock stresses which
provide the concrete contribution to shear strength.

In Equation (4.2-42) the concrete strength reduction factor k, takes into consid-
eration the effect of cracked concrete that can be calculated according to the level
of approximation.

The design shear resistance provided by shear reinforcement (V,, ) is generally
defined by the amount of shear reinforcement (A_, /s) and the strength properties
of reinforcement used ( fy i = fy ! YD)

The longitudinal reinforcement at the section of interest must be able to resist
the additional force due to shear of:

AE,=0,5-V,, - (cot0 - cotoc) +0,5- V.- (cot@ + cotoc). (4.2-43)

Note, that the total demand on longitudinal reinforcement need not exceed
the demand at the maximum moment location due to moment alone.

It must be noted, that the proposed design model angle 6 defined by the different
level of approximation - is the second parameter of the model and indicates the angle
of principal compressive stress in web.
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4.2.3.4.2. Level | Approximation

As was shown, Level I Approximation is suitable for pre-design stage (conceptual
design) or initial sizing of structural members, where conservative calculation meth-
ods are acceptable. It may be used for the efficient design of most common members
with or without shear reinforcement.

These Level I Approximation for members with no significant axial loads, where

f £70

N
7> S 600 - » cast with an aggregate size d, of at least 10 mm,
m

mm
design shear resistance of reinforced concrete cross section — with no shear reinforce-

ment can be determined by the following equation:

Viea = Viae =0,9-k, -—‘ka-bw -d. (4.2-44)
Ve
The design shear resistance of reinforced concrete cross section with shear rein-

forcement can be calculated as — neglecting the concrete contribution:

VRd = VRd,s < VRd,mux (emin ) (42_45)

The following values of the coefficients k. and k, can be inserted in Equation
(4.2-40) and Equation (4.2-44):

1/3
30
k. =0,5- —J <0,5, f, in MPa; (4.2-46)
ck
200
- <0,15if p, =0;
k = (1000+1,3-2) (4.2-47)
0,15if p, 20,08 \/f, / f,.

As was noted in fib MC 2010 [N5], if there is no (considerable) sufficient axial
force the inclination of the fictional compressed strut () according to the proposal
is to be at least (30°). The crushing capacity of the concrete at that angle (6, . = 30°)
of the principal compressive stress can be calculated by the use of k_ = 0,55. Results
of this level of approximation can only be accepted if the longitudinal strain
& = (O{V;E.dd + Vi )/Z-Es -A_ calculated at the middle of the effective depth (~d/2)

does not exceed €, =1 %o, i. e. in the case of B500 steel quality the tensioned steel

bars are in elastic state (¢, =2-¢, =2 %o < [, /L)):

ASW
Viea = Vi =0,9- s

@ (cotf+cota)-sina <V, . (0,.). (4.2-48)
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4.2.3.4.3. Level Il Approximation

Level IT Approximation comes from the variable angle stress field approach. The model
is applicable to members with a minimum amount of stirrup (p, 2 p, ) reinforce-
ment. It is based on an inclination of the compression stresses which can be chosen
within the following limits:

20° +10000-¢, <0< 45°, (4.2-49)
where: ¢_represents the longitudinal strain at the mid-depth of the member as shown
in Figure 4.2-21 and may be chosen as 0,001 for preliminary design. If required,
¢, should be calculated with help of plane section analysis (ignoring tension stiffen-
ing), but should not be taken as less than — 0,0002.
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FIGURE 4.2-21. Geometry and definition in accordance with fib MC 2010 [N5]
In Level II Approximation the design shear resistance (V,, ), attributed to the con-
crete should be neglected, i. e.: k, =0and V,, =0.
The width of the beam or web should be checked for the selected inclination
of the compression stresses with help of Equation (4.2-40), k_should be taken as:

d,c

1/3
k o=k, -, =k, (;—0) <0,55. (4.2-50)

ck
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where: k= 1/(1,2+55-¢)) < 0,6 and ¢, = £x+(sx+2-10’3) - cot’6 can be adopted for cal-
culation of the k .

In addition of the validity of the material properties specified at the Level
of Approximation I, with a more accurate determination of the axial strain (¢ ) defined
at the middle of the effective depth, the design shear resistance of a reinforced con-
crete cross-section with no shear reinforcement can be written at the Level of Approx-

imation II:
09k Mg g 036 Ny g

v, -
K Y. " 1000+0,9-k,-d v,

=V

Rd

(4.2-51)

where: kdgzl, if dg: d _>16mm;k = 520/(1000+0,9~kdg~d), if ¢ <0, and
k, = 95/(1000+0,9+k, -d), if & >3%.

When shear reinforcement is applied, the shear resistance of reinforced concrete
can be calculated - neglecting also the concrete contribution as:

Ve =V,

Rd — VRd,s

d- (cot@ + cotoc) -sina <V (4.2-52)

ywd ' Rd,max’

A
20’9.i.
N

where the minimum angle of the principal compressive stress in the web can be calcu-
lated on a more precise way than in the case of LOA I by the use of 6, =20°+10"-¢,,
while the maximum shear capacity defined by the failure of the compressive con-
crete strut:

cotf, , +cota
174 —mm

Rd,max (emin) = O,9‘k[ .&.bw d (42-53)

Y. 1+cot’d .
where: k_— coefficient according to Equation (4.2-50).

4.2.3.4.4. Level lll Approximation

Level ITII Approximation represents a general form of sectional shear equations appli-
cable to beams as well as slabs and any amount of shear reinforcement.
The angle 6 may be assumed as follows:

6 . =20°+10" ¢, (4.2-54)
where the variable ¢_represents the average longitudinal strain at the mid-depth
of the member, and should be taken as:

B M., 1z+V,+0,5-N, —AP -fpo

2-(ES-A5+EP-AP)

&

X

(4.2-55)

At Level of Approximation III, fib Model Code 2010 [N5] provides opportunity
to take into account shear force contributed by the concrete.
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WhenV, <V (6 ), the design shear capacity of reinforced cross-section

Rd — Rd,max\"~ min
applying also shear reinforcement according to the Level III can be calculated as:
VRd = VRd,c + VRd,s S VRd,max (emin)’ (4'2_56)
where:
N 0,36 v, Jf
VRdCZO’9.kv'A.bw.d: 11= = ' fk 'bw'da (42—57)
’ yc (1+ 15008):) VRd,max (emin> c
A .
Viae =0,9-—=-f -d-(c0t0+c0toc)-s1n(x, (4.2-58)
s
t0 . +cot
Vi (6.,)=09-k - J g O+ cOl (4.2-59)
’ Y. 1+cotd
Equation (4.2-57) and Equation (4.2-59) can be u/sed with:
1/3
30
kc = ke M = ks E_j ; (4.2-60)
Jfa
0,40 1300
' if p,, =0;
(1+1500-¢,) (1000+0,7.kd -z)

k, = 0.40 ¢ (4.2-61)

— if >0,08-\/f, /f,>

(1+1500-¢,) = Ja! I
48

where: k, = n 21,15, in which d_is aggregate diameter.

+d,
In using Equation (4.2-57) to Equation (4.2-59), the following conditions apply:

e V,and M,, should be taken less than V,-z;

* Incalculating A, and A the area of bars or tendons which are terminated less
than their development length from the section under consideration should
be reduced in proportion to their lack of full development;

e Ifthe value of ¢_calculated from Equation (4.2-55) is negative it should be taken
as zero or the value should be recalculated with the denominator of the equation
replaced by 2- (ES A +E A +E 'Act) , however ¢ _should not be taken as less
than -0,0002;

e For a section closer than z to the face of the support, the value of ¢ calculated
at z from the face of the support may be used in evaluating shear resistance;

e Ifthe axial tension is large enough to crack the flexural compression face of the sec-
tion, the resulting increase in ¢_should be taken into account. In lieu of more
accurate calculations, the value calculated from the Equation (4.2-55) should

be doubled;
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e Itis permissible to determine 6 and k using a value of ¢ which is greater than
that calculated from the Equation (4.2-55), however ¢_should not be taken greater
than 0,003;

e For concrete strengths that exceed 70 MPa, the aggregate size should be taken
as zero as aggregate particles tend to fracture at cracking and are less able to con-
tribute to crack roughness. To avoid a discontinuity, as concrete strengths vary
from 64 to 70 MPa, the effective aggregate size can be linearly reduced to zero.

4.3. Punching shear

4.3.1. General consideration

Punching shear is a local shear failure around a concentrated load on a slab. The most
common situations where punching shear has to be considered is the region imme-
diately surrounding a column in a flat slab or where a column is supported on a pad
footing or foundation raft.

Punching shear failure may be considered to be shear failures rotated around
the loaded area so as to give a failure surface which has the form a truncated cone.
This is illustrated in Figure 4.3-1. The «critical section» for shear failure in a beam
is transformed into a «basic control perimeter» when punching shear is considered.
This conversion of the problem from a basically two-dimensional one to a three-
dimensional problem does not change the basic phenomenon as described in Section
4.2, through there are a number of practical points which need further consideration.

Failure cracks

FIGURE 4.3-1. Schematic illustration of a punching shear failure
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In a flat slab, punching shear failures normally develop around supported areas
(columns, capitals, walls). In other cases (e. g. foundation slabs, transfer slabs, deck
slabs of bridges) punching failures can also develop around loaded areas.

4.3.2. Punching shear failure modes in flat slabs

As was shown in [8] design of slabs with punching shear reinforcement typically con-
siders several potential failure modes, see Figure 4.3-2:

a) b)

FIGURE 4.3-2. Failure modes in flat slabs: a) crushing of concrete struts; b) punching
within the shear-reinforced zone; ¢) punching outside the shear-reinforced zone;
d) delamination; e) flexural yielding
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a)

b)

9

d)

Crushing of compression struts (see Figure 4.3-2 a). This failure mode becomes
governing for high amounts of bending and transverse reinforcement, where large
compressive stresses develop in the concrete near the column region. Crushing
of concrete struts limits and so the maximum strength that can be provided
by a shear reinforcing system. This is instrumental for design as it determines
the applicability of such systems with respect to the effective depth of the slab
and size of support region.

Punching within the shear-reinforced zone (see Figure 4.3-2 b). Such failure devel-
ops for moderate or low amounts of shear reinforcement, when a shear crack local-
izes the strains within the shear-reinforced zone. Shear strength is thus governed
by the contribution of concrete and of the transverse reinforcement. For design,
this failure mode is used to determine the amount of shear reinforcement to be
arranged.

Punching outside the shear-reinforced zone (see Figure 4.3-2 ¢). This failure
mode may be governing when the shear-reinforced zone extends over a small
region. A check of this failure mode is typically performed in design to determine
the extent of the slab to be shear reinforced.

Delamination of concrete core (see Figure 4.3-2 d). When the shear reinforcement
is not enclosing the flexural reinforcement, delamination of the concrete core
may occur. This leads to a rather ductile failure mode but with limited strength
and with loss of development on the flexural reinforcement. Typical detailing
provided in codes of practice avoids the use of shear reinforcement systems lead-
ing to such failure mode.

Flexural yielding (see Figure 4.3-2 e). Slabs with low flexural reinforcement ratios
and with sufficient transverse reinforcement can fail by development of a flexural
plastic mechanism. Bending strength and not punching shear strength is thus
governing for the strength of the slab.

4.3.3. Basic control perimeter

The starting point for design for punching shear is the definition of the critical perim-
eter. This has greater importance than the selection of the critical section in a beam
because, as perimeters closer to the loaded area are considered, the length of the perim-
eter rapidly gets shorter, and hence the shear force per unit length of the perimeter
rapidly increases.

Observation of failures shows that the outer perimeter of punching failure takes

the general form sketched in Figure 4.3-3. For this reason, EN 1992 [N3] proposed
the idealized form shown in Figure 4.3-4.
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FIGURE 4.3-3. Rationalization of failure perimeter [8]

FIGURE 4.3-4. Typical basic control perimeters around loaded areas (see Figure 6.13 from
EN 1992 [N3])

Having chosen a basic form for the perimeter, it is next necessary to consider
the distance from the loaded area at which it should be located. As was shown in [8],
in drafting EN 1992 [N3], it was decided that the shear strength should be given by
the same formula for punching shear as is used for shear in beams. Having decided
on this and on the shape of the perimeter, the distance of the perimeter from loaded
area can be established from test data. This led to a value of 2-d.

So, in accordance with EN 1992 [N3], the basic control perimeter u may nor-
mally be taken to be at distance 2-d from the loaded area and should be constructed
s0, as to minimize its length (see Figure 4.3-4).

The effective depth of the slab is assumed constant and may normally be taken as:

(d,+d,)
= — (4.3-1)
where: dy and d_ are the effective depths of the reinforcement in two orthogonal
directions.

Control perimeters at a distance less than 2-d should be considered where the con-
centrated force is opposed by a high pressure (e. g. soil pressure on a base), or by
the effects of load or reaction within a distance 2-d of the periphery of area of appli-
cation of the force.
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For loaded areas situated near openings, if the shortest distance between the perim-
eter of the loaded area and the edge of the opening does not exceed 6-d , that part
of the control perimeter contained between two tangents drawn to the outline
of the opening from the centre of the loaded area considered to be ineffective (see
Figure 4.3-5).

N / opening

FIGURE 4.3-5. Control perimeters near an opening (see Figure 6.14 from EN 1992 [N3])

For aloaded area situated near an edge or a corner, the control perimeter should
be taken as shown in Figure 4.3-6, if this gives a perimeter (excluding the unsup-
ported edges) smaller than that obtained from Figure 4.3-4 and Figure 4.3-5 above.

Nt [ N ™,
2 3 E
N A

/ U, / U,

e .
2-d 2-d

FIGURE 4.3-6. Basic control perimeters for loaded areas close to or at edge or corner (see
Figure 6.15 from EN 1992 [N3])

The control section is that which follows the control perimeter and extends over
the effective depth d . For slabs of constant depth, the control section is perpendicu-
lar to the middle plane of the slab. For slabs or footings of variable depth other than
step footings, the effective depth may be assumed to be the depth at the perimeter
of the loaded area as shown in Figure 4.3-7.
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J l [A] loaded area

0 > arctan (1/2)

FIGURE 4.3-7. Depth of control section in a footing with variable depth (see Figure 6.16
from EN 1992 [N3])

Further perimeters u,, inside and outside the basic control area should have
the same shape as the basic control perimeter.

For slabs with circular column heads for which I, <2-h,, (see Figure 4.3-8) a check
of the punching shear stresses is only required on the control section outside the col-
umn head. The distance of this section from the centroid of the column r_, may be
taken as:

ro.=2-d+l,+0,5c, (4.3-2)

where: [, is the distance from the column face to the edge of the column head;
cis the diameter of a circular column.

|
| ! .
e ® s ® ® [ " @ [ §E‘
o Qh"r : ,'\'6 : |
m¢ i A
-~ 0/ l o 9 -:‘
Y
i Bl
0 = arctan (1/2) 7 > Do
I
L<20hy, |- ¢ | n<20h,

basic control section [B] loaded area A,

FIGURE 4.3-8. Slab with enlarged column head where [, < 2,0-h,, (see Figure 6.17 from
EN 1992[N3])

For a rectangular column with a rectangular head with [, <2,0-h,, (see Figure
4.3-8) dimensions [ and I, (I =c+2-1 ,L=c+2-1 ,1 <), thevalue r_,
be taken as the lesser of:

HI’ H2 t may
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r,,=2:d+0,56-\J -1, (4.3-3)

and:
r

cont

=2-d+0,69-1. (4.3-4)

For slabs with enlarged column heads where [,; >2,0-h,, (see Figure 4.3-9) con-
trol sections both within the head and in the slab should be checked.

For circular columns the distances from the centroid of the column to the con-
trol sections in Figure 4.3-9 may be taken as:

r =1,+2-d+0,5-¢; (4.3-5)

cont,ext

r,  =2(d+h,)+0,5-c. (4.3-6)

cont,int

I
| Tcontext : Tcont,ext

r |

cont,int . rcant,int

¥
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. Lp20hy
0 =26,6°

basic control section for circular columns [B|loaded area A,

FIGURE 4.3-9. Slab with enlarged column head where [, > 2,0-h,, (see Figure 6.18 from
EN 1992 [N3])

4.3.4. Punching shear calculation

4.3.41. General

The design procedure for punching shear is based on checks at the face of the col-
umn and at the basic control perimeter u, . If shear reinforcement is required a fur-
ther perimeter u,,, . (see Figure 4.3-13) should be found where shear reinforcement
is no longer required. The following design shear stresses (MPa) along the control
sections, are defined:
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e V., is the design value of the punching shear resistance of slab without punch-

ing shear reinforcement along the control section considered.

e Vi, is the design value of the punching shear resistance of slab with punching
shear reinforcement along the control section considered.
®  Viame - is the design value of the maximum punching shear resistance along

the control section considered.

The following checks should be carried out:

a) At the column perimeter, or the perimeter of the loaded area, the maximum
punching shear stress should not be exceeded: V,, <V,, . ;

b) Punching shear reinforcement is not necessary if: V,, <V, .

c) Where V,, exceeds the value V,, = for the control section considered, punching
shear reinforcement should be provided according to EN 1992 [N3].

It is usual to assume in design that the distribution of shear force around the crit-
ical perimeter is uniform. In fact, this is untrue, particularly in the case slab-column
connection, where there is a moment transfer between the slab and the column. In
such cases, a rigorous analysis would show that the distribution of shear varied mark-
edly around the perimeter and was accompanied by torsional moments. Extensive
experimental work shows that punching shear strength can be significantly reduced
where substantial moment transfer occurs. This implies that punching shear is not an
entirely plastic phenomenon, and the shear at the ultimate limit state cannot be fully
redistributed around the perimeter. A way of dealing with this in design is to increase
the design shear force by a factor which is a function of the geometry of the critical
perimeter and the moment transferred. The provisions in EN 1992 [N3] introduce:
a multiplier, 3, to increase the average shear stress around the perimeter such that:

v,
Vi =B (4.37)

where: d is the mean effective depth of the slab, which may be taken as d,+d,)/2,
where d , d_ are the effective depths in the y and z directions respectively of the con-
trol section; u, is the length of the control perimeter being considered; f is the shear
multiplier, taking account of moment transfer.

The principle behind the definition of 8 is that the effect of transferring a moment
between the slab and a column can be modelled by considering a distribution
of shear around the control perimeter considered such it provides a moment equal
to the moment transferred.

The distribution of shear assumed is sketched in Figure 4.3-10, which is redrawn
after Figure 6.19 in EN 1992 [N3].
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It will be seen that the magnitude of distributed shear force is a function
of the moment transferred, the distance of the perimeter from the loaded area
and the shape of the loaded area. It will be seen that:

BV Ve, g, @3-9)
hence: i “
B=1 Av Av-u,

+ =1+ -, (4.3-9)
(VEd /l/li) VEd

In principle, Av can be calculated from a simple static, since the moment trans-
ferred between the slab and the column, AM L Must be equal to the moment pro-
duced by the shear Av distributed around the perimeter, u,.

This may be written as follows (see Figure 4.3-10):

AM,, = 4-Av.[c—l~i+c2 -(i+z.d)+z.d.5.(i+z-d.3ﬂ -
2 4 2 22 T

2
=Av~(c—1+cl ¢, +4-c,-d+16-d’ +2'7T'd'C1)=W1 Av.
2

Hence, Av=AM_, / w,.
Substituting for Av into equation for f3 gives:
AM,, -u,

B=1+—=L -+

(4.3-10)
wy - VEd

It is found that a further correction factor is required to adjust the value of 3 for

the aspect ratio of the column section. The equation in the code is thus:
B=1+k-(AM,, 1 V,,)-(u /w,). (4.3-11)
It should be noticed that AM,,/ V,, is actually the eccentricity of the concentrated
load relative to the centroid of the loaded area. In some equations, EN 1992 [N3] uses
«e» for this rather than AM,,/ V.1t should also be noted that EN 1992 [N3] uses
the term AM,, for the moment transferred between the slab and the column. This
seems a possible cause of confusion, since the moment transferred is not the moment
in the slab but rather the difference in moment between one side of the column
and the other. For this reason, AM, , has been used here for the moment transferred.

TABLE 4.3-1. Values of k for rectangular loaded areas

¢lc, <0,5 1,0 2,0 >3,0
k 0,45 0,60 0,70 0,80
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FIGURE 4.3-10. Shear distribution due to an unbalanced moment at a slab-internal
column connection (see Figure 6.19 from EN 1992 [N3])

The derivation of the equation for 8 for a rectangular internal column has been
derived in order to show the basic logic of the system. There are many other possible
configurations of column and appropriate values are given in Table 4.3-2.

TABLE 4.3-2. Values of the punching shear enhancement factor for various types of col-
umn (see Table 6.6 from EN 1992 [N3])

Case Value for

B=1+k-(AM, | Vi,)-(u, /W)

Wi=c/12+¢ ¢, +4-c,-d+16:d +2-7-d ¢,

Values of k from Table 4.3-1.

1418 \{IAM,., / (c, +4-d)T +[AM,, /(c, +4-d)T},
AM,, and AM, are respectively the moments transferred

in the y and z directions while ¢ and c_are respectively
the section dimensions in the y and z directions.

Internal rectangular column,
uniaxial bending.

Internal rectangular column,
biaxial bending.
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Case

Value for

Rectangular edge column; axis
of bending parallel to the slab
edge, eccentricity is towards
the interior.

B=u,/uf (i e. shear is assumed uniformly distributed
over perimeter u* as defined in Figure 6.20 a of EN 1992
[N3], see Figure 4.3-11 a).

Rectangular edge column;
bending about both axes.
Eccentricity perpendicular
to the slab edge is towards
the exterior.

B=1+k-(AM,, [V, )-(u, [ W).
W, calculated by taking moments about the centroid
of the control perimeter, u,.
Values of k from Table 4.3-1.

Rectangular edge column;
bending about both axes.
Eccentricity perpendicular
to the slab edge is towards
the interior.

B=ulu, +k-AM,,,,, 1 V) - [W,);

W =c,/4+c,-c,+4-¢,-d+8-d" +m-d-c,..

AM,, . is the moment transfer about an axis
perpendicular to the slab edge.

Value of k is determined from Table 4.3-1 with ¢, / ¢, put
equal to 0,5+(c, / c,).

¢, is the section dimension perpendicular to the slab edge.
¢, is the dimension parallel to the slab edge.

Rectangular corner column,

eccentricity is towards the interior.

B=u,/u, (i. e. punching force is considered uniformly
distributed along perimeter u} in Figure 6.20 b of EN 1992
[N3], see Figure 4.3-11 b).

Rectangular corner column,
eccentricity is towards the exte

rior.

B=1+k-(AM,,/V,)-(u,/ W)
Wo=c [24c c,+4-c,-d+16-d° +2-m-d-c,.
Values of k from Table 4.3-1.

Interior circular column.

B=1+0,6-7r-(AM,,/V,,)/ (D+4-d).

D is the diameter of the column.

Circular edge or corner columns.

No information given.

a)

G

b)
~
A
\ : 4 |
[ © T TsL5d
! / . <0,5¢,
S | o Uqx | ”'3‘
[~ B
l\\ \/ y
Uy < -
/‘ ‘| 2-d
> <0,5-¢,

FIGURE4.3-11. Reduced basic control perimeter u* (see Figure 6.20 from EN 1992 [N3])
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For structures where the lateral stability does not depend on frame action between
the slabs and the columns, and where the adjacent spans do not differ in length by
more than 25%, approximation values for  may be used.

Recommended values are given in Figure 4.3-12.

internal column
edge column

corner column

FIGURE 4.3-12. Recommended values for f3 (see Figure 4.21 from EN 1992 [N3])

4.3.4.2. Punching shear resistance of slabs
and column bases without shear reinforcement

The punching shear resistance of a slab should be assessed for the basic control perim-
eter according to Section 4.3.3. The design punching shear resistance [MPa] may be
calculated as follows:

Viae = Cra, -k-(100-p; - f, )" +k, 0,2 ¢

min

- 200 .
where: f, isin MPa;k =1+, /7 <2,0,(dinmm); p, =, fply ‘P £0,02 p,, - p, relate

to the bonded tension steel in y - and z - directions respectively.

+k,-0,,), 4.3-12)

The values p, and p,_should be calculated as mean values taking into account

a slab width equal to the column width plus 3-d each side.
0,= (acy +0_)/2, where: g,, 0, are the normal concrete stresses in the critical section

N
. . . . . . . _ Edy _ "VEdz
iny - and z - directions (MPa, positive if compression): 0, = and o, =—".N,, ,

(5% cz
N, are the longitudinal forces across the full bay for internal columns and the longitu-
dinal forces across the control section for edge columns. The force may be from a load

or prestressing action, and A_is the area of concrete according to the definition of N .
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Note: The values of C,, , v, . and k, for use in a Country may befound in its National
Annex to EN 1992 [N3]. The recommended value for C, . is 0,18/y, k, =0,1 forv
is given by Expression 4.2-27N from EN 1992 [N3].

The punching resistance of column bases should be verified at control perimeters
within 2-d from the periphery of the column.

For concentric loading the net applied force is equal to:

VEd red V A Vi

Ed>

min

(4.3-13)

where: V, is the applied shear force; AV, is the net upward force within the con-
trol perimeter considered, i. e. upward pressure from soil minus self weight of base.

VEd = VEd,red / U'd; (43-14)
Vg = Cpy k-(100-p, - £,)" -2-d/azv,,, -2-d/a, (4.3-15)

where: ais the distance from the periphery of the column to the control perimeter
considered.
For eccentric loading:

\% .
vy =2 1+ k- Myyou , (4.3-16)
u-d VEd,zed'W

where: k is defined in Section 4.3.4.1 (see Table 4.3-1) as appropriate, and W is sim-
ilar to W, but for perimeter u.

4.3.4.3. Punching shear resistance of slabs
and column bases with shear reinforcement

Where shear reinforcement is required it should be calculated in accordance
with the following expression:

Vedes =075 Vg +1,5:(d 1/ 5,)- A, f 0 - (U (w4 - d))-sine, (4.3-17)

where: A_ is the area of one perimeter of shear reinforcement around the col-
umn [mm?’]; s, is the radial spacing of perimeters of shear reinforcement [mm];
J pwa 18 the effective design strength of the punching shear reinforcement, accord-
ingto f,, ., =250+0,25-d<f , [MPa]; dis the mean of the effective depths
in the orthogonal directions [mm]; « is the angle between the shear reinforcement
and the plane of slab.

If a single line of bent-down bars is provided, then the ratio d/s, in Expression
(4.3-17) may be given the value 0,67.

Detailing requirements for punching shear reinforcement are given
in EN 1992 [N3].
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Adjacent to the column the punching shear resistance is limited to a maximum of:

Vv
= B-Veu <v (4.3-18)

v =
Ed Rd,
uo . d max

where: u, for an interior column is equal to the enclosing minimum periphery [mm]:
for an edge column u, =c, +3-d <¢, +2-¢,; for a corner column u, =3-d <c +c,,
where ¢, +c¢, are the column dimensions as it is shown in Figure 4.3-11.
Note: The value of v, . _for use in a Country may be found in its National Annex to EN
1992 [N3]. The recommended value is 0,4 - v - f. , where v is given in Expression (4.2-30).
The control perimeter at which shear reinforcement is not required, u_,, (or u
see Figure 4.3-13) should be calculated from the following expression:
Upo =B Vg | (V- ). (4.3-19)
The outermost perimeter of shear reinforcement should be placed at a distance
not greater than k-d within u,, (or u,, . , see Figure 4.3-13). The reccommended
value is equal to 1,5.

out > out ,ef?

out

Perimeter u Perimeter u
out outeff

FIGURE 4.3-13. Control perimeters at internal columns (see Figure 6.22 from
EN 1992 [N3])

It will be noted that the approach to the design of shear reinforcement is in prin-
ciple different to that used in beams where the concrete is assumed not to contrib-
ute to the shear strength of a section reinforced in shear. Here, a contribution from
the concrete is assumed but, unlike the general international consensus, the concrete
contribution is reduced from the full while cot0 is effectively assumed to be 1,5 rather
than the more common 1,0 [8]. The formula has to be seen to be basically empiri-
cal, and one cannot avoid an impression that all the parameters have been changed
slightly from previous formulae just for the sake of being different.
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It should be noted, that the concepts of a perimeter of shear reinforcement
and the spacing of the perimeters are awkward, and will have to be interpreted
for each particular case. A perimeter of reinforcement is presumably reinforcement
provided on a perimeter parallel to the control perimeter u, but lying inside it.

Having found that the shear reinforcement is required on the control perimeter
at a distance of z-d from the face of the loaded area (first control perimeter), the con-
trol perimeter beyond which shear reinforcement is no longer required is found from:

_ /3 ) VEd

U = . 4.3-20
out.eff VRd)C . d ( )

Having calculated u,,, ., the distance of this perimeter from the loaded area may
easily be calculated. While failure will not take place on this perimeter, it can occur
on any perimeter within this (even, in theory, 1 mm inside it!).

The failure is predicted to occur over a distance, measured radially inwards from
the perimeter, equal to 2-d . Shear reinforcement for this failure must, therefore, be
within this zone between the perimeter and a parallel perimeter 2-d inside it. Rein-
forcement close to either boundary of this zone is unlikely to be effective, and there-
fore a margin is needed on either edge. On the inner edge, reinforcement should not be
closer than 0,3-d to the loaded area, which constitutes the inner boundary of the fail-
ure zone for the first control perimeter. The maximum radial spacing of shear rein-
forcement is 0,75-d, and at least two sets of reinforcement are required. This would
suggest, for the first control perimeter, that reinforcement could reasonably be pro-
vided at a distance of 0,5-d and 1,25-d from the loaded area (column face), leaving
agap of 0,75-d between the outermost reinforcement and the first control perimeter.

It is suggested that this procedure is generalized into the following rules pre-
sented in [8].

Considering any possible perimeter, u,, lying between u,,, . and the first con-
trol perimeter, shear reinforcement should be arranged so that a total area of shear
reinforcement equal to A ,, lies within a zone between a perimeter situated 0,3-d
and a perimeter situated 1,7-d inside u, .

The radial spacing of the reinforcement should not exceed 0,75-d, and the cir-
cumferential spacing should not exceed 1,5-d for the reinforcement for the first con-

trol perimeter or 2-d for subsequent perimeters. A, is given by the following

sw,tot

expression:

Asw,tot 2 un .d'(VEd _0’75'de,c)/ fywd,eﬂ' (43'21)

This procedure is illustrated in Figure 4.3-14.
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First control Outermost control

perimeter, ”1\: perimeter, u,,, eﬂ\
i
E |
i »

| S0,7\5'd
\ T . I

A |

| 1,7-d

1] /;

This zone should contain at least A Perimeter under consideration, u,,

sw,tot

FIGURE 4.3-14. Arrangement of punching reinforcement (see Figure 6.15 from [8])

4.3.5. Punching shear calculation
in accordance with fib MC 2010 [N5]

4.3.5.1. General

As was stated and shown in fib MC 2010 [N5], punching shear is a failure mode that

may potentially develop with limited deformation capacity. In such cases (brittle

failure) the effects of imposed deformations (temperature, creep, shrinkage, settle-

ments, etc.) should be taken into account in the design. The influence of imposed

deformations can, however, be neglected if sufficient deformation capacity is pro-

vided in accordance with fib MC 2010 [N5]. Some suggested strategies for increasing

the deformation capacity are:

e choice of a sufficient large support region and depth of slab in combination
with fair ratios of bending reinforcement;

e use of punching shear reinforcement.

[ ]

In flat slabs, safety against punching shear is particularly significant as punching
of a slab around one column can propagate to adjacent columns leading to complete
collapse of the structure. In order to avoid progressive collapses, one of the following
strategies should be adopted:

e increase of the deformation capacity at failure (see above) to allow internal forces
redistribution, or

e arrangement of appropriate integrity reinforcement for slabs with limited defor-
mation capacity.
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4.3.5.2. Design shear force,
shear-resisting effective depth and control perimeter

Range of application.

Punching shear can result from a concentrated load or reaction applied over a rela-
tively small area. The rules for design presented hereafter apply to punching of flat
slabs or foundation slabs.

As described in fib MC 2010 [N5], different levels of approximation may be regarded.
fib MC 2010 has four level of design of which Level 1 to Level 3 are intended for design
and Level 4 for assessment of the existing structures.

Design shear force.

The design shear force with respect to punching (V) is calculated as the sum of design
shear forces acting on a basic control perimeter (b, ).

Basic control perimeter (b,).

It may normally be taken to be at a distance 0,5-d,, from support region or loaded area
(see Figure 4.3-15) and should be constructed so as to minimize its length. The length
of the control perimeter is limited by slab edges (see Figure 4.3-15 d).

i

FIGURE 4.3-15. Basic control perimeter around column (see Figure 7.3-19 from fib
MC 2010 [N5])

The effective depth of the slab (d,, ) shall account for the effective level of the sup-
port region, see Figure 4.3-16.
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d

FIGURE 4.3-16. Effective depth of the slab accounting for support area penetration
(d,) and effective depth for bending calculation (d) (see Figure 7.3-20 from fib
MC 2010 [N5])

In the case of slabs of non-uniform thickness control section at a greater dis-
tance from the support area may be governed for punching shear resistance (see Fig-
ure 4.3-17).
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FIGURE 4.3-17. Choice of potentially governing control section (see Figure 7.3-21 from
fib MC 2010 [N5])
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For flat slabs and footing, the design shear force is equal to the value of the col-
umn reaction minus the sum of the actions applied inside the basic control perime-
ter (such as gravity loads, earth pressure of footings and deviation force of prestress-
ing cables), as was shown in the case of application of the EN 1992 [N3] provisions.

For walls and long columns, the design shear force may be calculated using the wall
reaction at a distance 1,5-d,, from the edges (see Figure 4.3-18).

A
1,5-d,

FIGURE 4.3-18. Basic control perimeter for walls and long columns

Shear-resisting control perimeter (b,).

The shear-resisting control perimeter accounts for the non-uniform distribution
of the shear along the basic control perimeter.

The general procedure for calculation of b, is suggested when significant concen-
trated loads (=0,2-V,, ) are applied near support regions (closer then 3-d of the bor-
der of the support region) or for highly asymmetrical slabs.

For the calculation of the punching shear resistance, a shear-resisting control
perimeter b, is used. For a general case, perimeter b, can be obtained on the basis
of shear fields as:

v
b, =—"5—, (4.3-22)

Vperp,d,max
where: V., is the maximum value of the projection of the shear force perpen-

dicular to the basic control perimeter.
In accordance with fib MC 2010 [N5], a non-uniform distribution of the shear
forces may result due to:
1.  Concentrations of the shear forces at the corner of large supported areas. This effect
can approximately taken into account by reducing the basic control perimeter
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(b, ;) assuming that the length of its straight segments does not exceed 3-d,,
for each edge (Figure 4.3-19 a);

2. Geometrical and statical discontinuities of the slab. In the presence of open-
ing and insert, the basic control perimeter (b, ,, ) is to be reduced according to
the rules of Figures 4.3-19 b and Figure 4.3-20;

3. Concentration of the shear force due to moment transfer between the slab and sup-
ported area. This effect can approximately be taken into account by multiplying
the length of the reduced basic control perimeter (b, ,,, ) by the coefficient of eccen-
tricity (k, ): b, =k, b, ., -

In the presence of column to slab moments, concentrations on the shear field shall
be accounted for by reducing the control perimeter by factor:

k =———, 4.3-23
¢ 1+(e/b) ( )

41 is the load eccentricity; b is the diameter of the circle with the same
Ed
surface as the support region.

For structures where the lateral stability does not depend on frame action between
the slabs and the columns and where the adjacent spans do not differ in length by
more than 25%, the following values may be adopted for coefficient k, : 0,90 for inner
columns; 0,70 for edge columns; 0,65 for corner columns.

4. Presence of significant loads near the supported area. In cases where significant
concentrated loads (=0,2-V,, ) are applied near the supported area (closer than
3-d, from edge of the supported area) the general procedure for calculating b,
should be used, refer to Equation (4.3-22).

where: ¢ =

~
pe
1,5-d
N

|

|
P

05d| | | =4,

y

\\
| 1,5.d

p

|

|

.

FIGURE 4.3-19. Reduction of control perimeter (see Figure 7.3-24 from fib MC 2010
[N5]): a) long columns; b) presence of openings
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FIGURE 4.320. Reduction of control perimeter in presence of pipes or inserts (see Figure
7.3-23 from fib MC 2010 [N5])

Cast-in pipes, pipe bundles or slab inserts, where the distance from the supported
area is less than 5-d,, shall be placed perpendicular to the control perimeter (see Fig-
ure 4.3-19) and the length of the shear-resisting control perimeter shall be reduced
accordingly.

4.3.5.3. Punching shear resistance calculation

4.3.5.3.1. Design equations

The punching shear resistance is calculated as:
Viea = Viae T Vias 2 Vi (4.3-24)

Rd,s —

The design shear resistance attributed to the concrete may be taken as follows:

VRd,c = ku/ \/E 'bo 'dV’ Withfck in [MPa]. (4.3-25)

[

The parameter k , depends on the rotation of the slab around the support region
and it is calculated as:

1
k, = <0,6, (4.3-26)
1,5+0,9-y-d-k,,

where: d is the mean value (in [mm]) of the (flexural) effective depth in x and y
directions.

Provided that the size of the maximum aggregate particles, d, , is not less than
16 mm, k 4 €an be taken as k = 1,0 . This is evidence that the punching shear resist-
ance is influenced by the maximum size of the aggregate (d, ). If concrete with a max-
imum aggregate smaller than d, =16 mm is used, the value of k,, is assessed as:
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kdg _ 32 ’
16+d,

where: d is the maximum aggregate size.

For aggregate sizes larger than 16 mm, Equation (4.3-27) may also be used.

For high strength and light-weight concrete, the aggregate particles may be bro-
ken, and value dg should be the assumed to be 0.

The parameter y refers to the rotation of the slab around the support region out-
side the critical shear crack (see Figure 4.3-21).

(4.3-27)

FIGURE 4.321. Rotation () of slab around the support region (see Figure 7.3-25 from
fib MC 2010 [N5])

The design shear resistance provided by the stirrups (or other type of the trans-
verse reinforcement) may be calculated as:

VRd,S = ZASW : ke Oy sing, (43—28)

where: ZASW is the sum of the cross-sectional area of all shear reinforcement suit-
ably anchored, or developed, and intersected by the potential failure surface (conical
surface with angle 45°) within the zone bounded by 0,35-d, , and d,, from the bor-
der of the support region (Figure 4.3-22).

The angle a is taken with respect to the reference surface of the slab and o
is the stress that can be mobilized in the shear reinforcement and is taken as:

E .
SWZS_W.(I_FE.E)S][W’ (4.3-29)
6 fywd (Dw g

where: @ _is the shear reinforcement diameter; f,, is the bond strength which is taken
as 3,0 MPa in accordance with fib MC 2010 [N5].

In order to ensure sufficient deformation capacity at failure, the design of slabs
with punching shear reinforcement requires a minimum amount of transverse rein-
forcement such that:
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DALk f 20,5V, (4.3-30)

The maximum punching shear resistance (for the case where transverse reinforce-
ment is provided) is limited by crushing of concrete struts near the support region

such that:

V, =k, -k ~\/f—d‘~b -d <\/f—‘k~b -d (4.3-31)

Rd,max — "vsys Ty 0o “v = 0o “v» T
7 7

where the coeflicient k , accounts for the performance of punching shear reinforc-
ing system. In the absence of other data, for a reinforcement a value k , =2,0 can be
adopted. Other values may be used for coeflicient k , provided that they are exper-
imentally verified. In accordance with fib MC 2010 [N5] the coefficient k_, is taken
as 2,4 for stirrups and 2,8 for studs provided that radial spacing to the first perimeter
of shear reinforcement from the column face is less or equal to 0,5-d,, and spacing

of successive perimeters of shear reinforcement is less than 0,6-d,, .
The spacing of vertical legs of shear reinforcement around perimeter should not
exceed 3-d,, where the part of perimeter is assumed to contribute to the shear capacity.

PR M PN

FIGURE 4.3-22. Shear reinforcement activated at failure (see Figure 7.3-26 from fib
MC 2010 [N5])

4.3.5.3.2. Calculation of rotation around the support region

Level I of approximation. For regular flat slabs designed according to an elastic analy-
sis and without significant redistribution of internal forces, a safe estimate of the rota-

tion of a slab at failure is:
AR

d E~
where: r, indicates the position where the radial bending moment is zero with respect
to the column axis.

v=15- (4.3-32)
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Level II of approximation. In cases where significant bending moment redis-
tribution is considered in the design of the bending reinforcement, the slab rotation

can be calculated as: f 15
w:1,5.r_s.ﬁ.(@) , (4.3-33)

Mg
where: m,, is the average bending moment per unit length in the support strip
of the column, which is assumed to be of width 1,5-r,, where r, =0,226-L_
or 0,226-L, (for the considered direction); m,, is the design average flexural strength
per unit length in the support strip (for the considered direction).

It can be seen, that the same value for 7, as that for Level I of approximation can
be adopted (r, =0,226-L, or 0,226-L ).

The width of the support strip for calculation of the design average flexural
strength is:

b=15.r_ r <L

s XS,y ‘min

(4.3-34)

Where, close to the slab edge, the width of the strip is limited to b, according
to Figure 4.3-23.

<b,/2

FIGURE 4.3-23. Support strip dimensions (see Figure 7.3-27 from fib MC 2010 [N5])
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The average bending moment acting in the support strip (m,, ) in general case
can be approximated for each reinforcement direction and support type as:
e for inner columns (top reinforcement in each direction):

]- eu,i
mg, ZVEd.[g—i_ﬁ]' (4.3-35)

e for edge columns: m,, is equal to:
a) when calculations are made considering m,, calculated for the smallest
of the upper and lower reinforcement perpendicular to the edge:

1 u,i

Mgy = Vg {g+b_J (4.3-36)

b) when calculations are made considering m,, calculated with the upper reinforce-
ment parallel to the edge:

1 |es] |V,
my, =V, §+j zfd. (4.3-37)

N

e for corner columns (tension reinforcement in each direction):

1 e |V,
My, =V, 3t b’ zTEd. (4.3-38)

N

The rotation has to be calculated along the two main directions of the reinforcement.

Level II1 of approximation. Level I1I of approximation is recommended for irreg-
ular slabs or for flat slabs where the ratio of the span length (L, /L, ) is not between
0,5 and 2,0. The width of the support strip can be calculated as in Level II of approxi-
mation taken 7, - and 7,  asthe maximum value in the direction being investigated.
For edge or corner columns the following minimum value of r, has to be considered:
r.20,67-b, .

The coefficient 1,5 in Equation (4.3-31) and Equation (4.3-32) can be replaced by
1,2 if:

e r.is calculated for the flat slab using linear elastic (uncracked) model;
e my,is calculated from a linear elastic (uncracked) model as the average value
of bending moment in the support strip.

Level 1V of approximation. The rotation angle y can be calculated on the basis
of a non-linear analysis of the structure and with full account of cracking, tension-
stiffening effects, yielding of the reinforcement and any other non-linear actions rel-
evant to providing an accurate assessment of structure.
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Analytical or numerical techniques (for example, finite elements, finite differences,
etc.) may be used for Level IV approximation. This level of approximation is in prin-
ciple only suggested for the case of assessment of complex existing structures.

Parameter m,, has to be calculated consistently with the method used for deter-
mining the flexural reinforcement and is to be determined at the edge of the sup-
ported area maximizing m,, (see Figure 4.3-24).

/Section for integration of my, .
_______ |

N

Section for integration of mp, ;

(S I —
b

—
S
Y

FIGURE 4.324. Example of sections for integration of support strip moments (see Figure
7.3-31 from fib MC 2010 [N5])

4.3.5.4. Integrity reinforcement

The design shear for calculation of the integrity reinforcement can be calculated
on the basis of an accidental design situation where progressive collapse has to be
avoided. Slabs without shear reinforcement, or with insufficient deformation capac-
ity, must be provided with integrity reinforcement (see Figure 4.3-25).
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FIGURE 4.3-25. Integrity reinforcement (see Figure 7.3-34 from fib MC 2010 [N5]):
a) straight bars; b) bent-up; c) - slab plan

The resistance provided after punching by integrity reinforcement can be calcu-

lated as follows: 0,57
VRd,int = ZAS .fyd (i] .Sinault < . dres : bint >
5 Y.

where: A_ refers to the sum of the cross-sections of all reinforcement suitably devel-
oped beyond the supported area on the compression side of the slab or to well-
anchored bent-up bars; f, is the design yield strength of the integrity bars; the ratio
(f,1f D and parameter ¢ , are defined in accordance with EN 1992 [N3] and depends
on the ductility class of the reinforcement (see Chapter 3); « , is the angle of the integ-
rity bar with respect to the slab plan at failure (after development of plastic defor-
mations in the post — punching regime), as is shown in Table 4.3-3; « is the angle

(4.3-39)
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of the integrity bars with respect to the slab plan (before punching occurs); d,,
is the distance between centroid of the flexural reinforcement ratio and the centroid
of the integrity reinforcement (see Figure 4.3-25 a and Figure 4.3-25b); b
trol perimeter activated by the integrity reinforcement after punching. It can be cal-

culated as:

is the con-

int
7T
bint = 2 (Sz‘nt + E . dres )a (43-40)

where the summation refers to the groups of bars activated at the edge of the sup-
ported area and s, is equal to the width of the group of bars (refer to Figure 4.3-25).

TABLE 43-3. Values of the angle of the integrity bar « ,

a, Type of integrity reinforcement

0° Straight bars, class of ductility A

20° Straight bars, class of ductility B

25° Straight bars, class of ductility C or D

a<40° Inclined or bent-up bars, class of ductility B, C or D
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CHAPTER 5
Serviceability Limit States (SLS)

5.1 General provisions

In the general case, EN 1992 [N3] deals in some detail with three common service-
ability limit states. There are: limitation of stresses; control of cracking; control
of deflections.
It was pointed out in [3, 8], that other limit states (such as vibration) may be
of importance in particular structures, but are not considered in EN 1992 [N3].
As was shown in [3, 8] design for any limit state requires the definition of four
quantities. There are:
1. definition of appropriate loading and methods of analysis so that the design load
effects can be established;
2. definition of the material properties to be assumed in the verification;
definition of criteria defining the limit of satisfactory performance;
4. definition of suitable methods by which performance may be predicted.

©

It should be noted that in most cases it will not be necessary to carry out explicit
calculations for the serviceability limit states, as simple, «deemed to satisfy» proce-
dures are given in the code for dealing with all three of the limit states covered. This
approach is acceptable because serviceability is intrinsically less critical than the ulti-
mate limit states, and major calculation effort is not justified.

For example, if the structure is wrongly designed and the strength is always 1%
below the imposed loads, the structure collapses (theoretically!). By comparison,
if the crack width turns out to be 0,33 mm instead of 0,3 mm, nothing more seri-
ous than some grumbling from the owner and a cosmetic repair is likely to result [8].
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5.1.1. Assessment of design action effects

For serviceability limit states verification, EN 1990 [N1] defines three combinations
of actions (action effects) which may need to be considered. These are:
e characteristic combination:

sz,j”-i-”Qk,l"-i-"Ev/o,i 'Qk,,-x (51-1)

i1 i>1

e frequent combination:

EGk,;‘“'i'“le 'Qk,1"+”2v/2,i 'ng; (5.1-2)

j=1 i>1
e quasi-permanent combination:
G, +" D v, Q. (5.1-3)
i1 i>1
It will be understood from these formulae that the partial factor on the loads
is always 1,0 for serviceability limit states. For buildings, the following simplifications
which may be used for the characteristic or frequent combinations:
e where there is only one variable action:

G, +" Qs (5.1-4)
e where there are two or more variable actions:
G,,'+"0,9Q,. (5.1-5)

Analysis may be elastic (without any redistribution). This analysis may be nor-
mally based on the stiffness of the uncracked section. However, if it is suspected that
the cracking may have a significant unfavourable effect on the performance, then
a more realistic analysis taking cracking into account should be used. This possibil-
ity may be ignored for normal building structures.

5.1.2. Material properties

In accordance with EN 1990 [N1] the partial factors applied to material properties
should generally be 1,0. The properties of materials which are normally significant
in serviceability calculations are reinforcement modulus of elasticity, modulus of elas-
ticity, creep coefficient, shrinkage strain and tensile strength of concrete.
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5.1.3. Modulus of elasticity

For ordinary reinforcement modulus of elasticity may be taken as 200 kN/mm?.

The elastic modulus of concrete varies with other factors than just the strength
(e. g. aggregate type), and, if an accurate prediction of serviceability conditions
is required, it will be necessary to establish the value of E_ by test on the type of con-
crete actually being used (in accordance with specification requirements EN 206 [N4]).
In the general case, values of the modulus of elasticity are given in Table 3.1-3.

5.1.4. Creep coefficient and free shrinkage strain

As was shown in Chapter 3, the creep coefficient, which is defined as the ratio
of the creep deformation to the instantaneous elastic deformation, depends upon
many factors, the most significant of which are the age of loading, the time under
load, the relative humidity, the section geometry, the concrete strength and the type
of cement. As with the modulus of elasticity, the only way of determining the creep
performance of concrete with any real reliability is to obtain data from creep tests
on the concrete actually being used. Full equations for the prediction of the creep
coeflicient are given in EN 1992 [N3] (Annex A).

Free shrinkage strain depends upon the same basic variables as creep, and equa-
tions for its prediction are given in EN 1992 [N3] (Annex A). Simplified approaches
to assess time-dependent parameters for concrete are given in Chapter 3.

5.1.5. Tensile strength of concrete

Table 3.1-3 gives the mean tensile strength and the upper and lower characteristic
tensile strengths as a function of the characteristic compressive strength of the con-
crete.

In the calculation of stresses and deflections, the cross-section should be assumed
to be uncracked provided that the flexural tensile stress does not exceed f, . The value
off, ,maybetakenasf, orf, .provided thatthe calculation for minimum tension
reinforcement is also based on the same value. For the purposes of calculating crack
widths and tension stiffening f, should be used.
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5.2. Control of cracking

5.2.1. General considerations

As was shown in [8], members subjected to loading generally exhibit a series of dis-
tributed cracks.

Cracks are normal in reinforced concrete structures subject to bending, shear,

torsion or tension resulting from either direct loading or restraint or imposed
deformations.

Cracks can usually be observed on concrete structures in service. Cracks have

significant influence on serviceability, durability, aesthetics and force transfer. Crack-
ing of concrete (related to its limited tensile deformation capacity) is usually expected
under tensile stresses.

The actual width of cracks in reinforced concrete structures will vary between

wide limits and cannot be precisely estimated, thus the limiting requirements to be
satisfied is that probability of the maximum width exceeding a satisfactory value

is small.

5.2.2. Causes of cracking

There are many possible causes of cracking and only a few of these lead to cracks that
can be controlled by measures taken during the design. The following are the more
common causes [8]:
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Plastic shrinkage or plastic settlement. These are phenomena which occur
within the first few hours after casting while the concrete is still in a plastic state.
The likelihood of cracks being caused by these phenomena depends upon the bleed-
ing rate of the mix and the evaporation rate. The resulting cracks may be large:
up to 2mm is not common.

Corrosion. Rust occupies a greater volume than the metal from which it is formed.
Its formation therefore causes internal pressures to build up around the bar sur-
face, which will lead to the formation of cracks running along the line of the cor-
roding bars and eventually, spalling of the concrete.

Expansive chemical reactions within the concrete. Expansive reactions occurring
at the concrete surface tend to lead to scaling of the concrete rather than cracking;
however, some reactions, such as the alkali-silica reaction, occur within the body
of the concrete and can lead to large surface cracks.



e Restrained deformations, such as shrinkage or temperature movements.
e Loading

Of this list, only the last two causes can be treated by the designer. They are prob-
ably the two least serious causes of cracking.

5.2.3. Crack width limits

There are many reasons for wishing to limit the width of cracks to a relatively low

value. Among the most commonly cited reasons are to avoid or limit:

e possible corrosion damage to the reinforcement due to deleterious substances
penetrating to the reinforcement down the cracks;

e leakage through cracks, this is commonly a critical design consideration in water
retaining structure;

e an unsightly appearance.

All of the above reasons have been researched to some degree, but no clear defi-
nition of permissible crack width has emerged from any of these studies.

The following provides a very brief summary of the results from these studies
as was presented in [3, 8].

Cracking and corrosion. This is the most extensively researched area. Summaries
of the findings have been published by a number of authors. The development of cor-
rosion is a two-phase process. In fresh concrete the reinforcement is protected from
corrosion by the alkaline nature of concrete. This protection can be destroyed by two
mechanisms: carbonation of the concrete to the surface of the reinforcement or ingress
of chlorides. Cracks will lead to a local acceleration of both processes by permitting
more rapid ingress of either carbon dioxide or chlorides to the surface of the rein-
forcement. Once the protection provided by the concrete has been destroyed, corro-
sion can start if the environmental conditions are right. The period from construc-
tion up till the initiation of corrosion is usually referred to as the «initiation phase»,
while the period after the initiation of corrosion is usually referred to as ‘active phase’.
The length of the initiation phase is likely to be influenced by crack width. However,
this period is likely to be short at a crack, and some corrosion can usually be found
on the bar surface where a crack reaches a bar after as little as 2 years even with very
small cracks. It is found, however, that this initial corrosion does not develop in cases
where the cracks are small or where the bars intersect the cracks. Quite possibly
the corrosion products block the cracks and inhibit further corrosion. A more serious
situation exists where a crack runs along the line of a bar. There is limited evidence
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to suggest that, in this case, sustained corrosion may develop in salty environments
where the crack width exceeds about 0,3 mm.

Though less research has been done on the relation between cracking and cor-
rosion in pre-stressed concrete members, it is generally believed that the risks posed
by cracks are greater, and therefore more stringent criteria should be imposed. For this
reason, EN 1992 [N3] does not permit cracks to penetrate to the pre-stressing tendons
where the member is exposed to aggressive environments.

Leakage. Only very limited research has been carried out so far into this prob-
lem, and this has not led to any agreed basis for crack width limits. Practical experi-
ence has suggested that cracks of less than 0,2 mm width which pass right through
a section will leak somewhat initially but will quickly seal themselves. This problem
is not specifically considered in EN 1992 [N3] as liquid-retaining structures are cov-
ered in EN 1992 [N3].

Appearance. Limited studies suggest that noticeable cracks in structural mem-
bers cause concern to the occupants of structures, and it is therefore advisable
to keep cracks below a width that will not generally be noticed by a casual observer.
On a smoothly finished concrete surface, it appears that cracks are unlikely to lead
to complaint if the maximum width is kept below 0,4mm. Clearly, larger widths may
be used on rougher forms of surface or where the cracking cannot be seen. This is men-
tioned in the note to Table 5.2-1.

In accordance with EN 1992 [N3] cracking shall be limited to an extent that will
not impair the proper functioning or durability of the structure or cause its appear-
ance to be unacceptable. A limiting value, w __, for the calculated crack width, w,,
taking into account the proposed function and nature of the structure and the costs
of limiting cracking should be established.

The recommended values for relevant exposure classes are given in Table 5.2-1.

TABLE 5.2-1. Recommended values of w ___(mm) (Table 7.1 N from EN 1992 [N3])

Reinforced members and prestressed Prestressed members
Exposure class members with unbonded tendons with bonded tendons

Quasi-permanent load combination | Frequentload combination

X0, XCl 0,4 0.2

XC2, XC3, XC4, 0,2

XD1, XD2, XD3, XSI, 0,3 Decompression
st) XS3 eCo p €SS10

Notes: 1. For X0, XCI exposure classes, crack width has no influence on durability and this limit
is set to give generally acceptable appearance. In the absence of appearance conditions this limit
may be relaxed; 2. For these exposure classes, in addition, decompression should be checked under
the quasi-permanent combination of loads.
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As is stated in EN 1992 [N3] in the absence of specific requirements (e. g. water-
tightness), it may be assumed that limiting the calculated crack widths to the val-
ues of w _given in Table 5.2-1, under quasi-permanent combination of loads, will
generally be satisfactory for reinforced concrete members in buildings with respect
to appearance and durability.

Flexural cracking is generally controlled by providing a minimum area of tension
reinforcement and limiting bar spacing or limiting bar side. If calculations to esti-
mate maximum crack widths are performed, they are based on the quasi-permanent
combination of loads (action effect) and an effective modulus of elasticity of the con-
crete should be used to allow for creep effects.

5.2.4. Mechanism of cracking

Mechanism of flexural cracking can be illustrated by considering behaviour of con-
crete member zones, subjected to a uniform moment.

A length of beam as shown in Figure 5.2-1 will initially behave elastically through-
out, as an applied bending moment M, is increased.

When ultimate tensile strain for the concrete is reached, a crack will form
and the resulting adjacent tensility will no longer be acted on by direct tension force.
The formation of this crack leads to a local redistribution of stresses within a section.
At the crack, all tensile force will be transferred to the reinforcement and the stress
in concrete immediately adjacent to the crack must clearly be zero (see Figure 5.2-1).
The curvature of the beam, however, causes further direct tension stresses to develop
at the same distance from the original crack to maintain equilibrium. So, with increas-
ing distance from the crack, force is transferred by bonding from the reinforcement
to concrete until, at some distance, Sy from the crack, the stress distribution within
the section remains unchanged from what it was before the crack formed. This in turn
causes further cracks to form and this process continues until the distance, does not
permit sufficient tensile stresses to develop and cause further cracking.

These initial cracks are called «primary cracks», and the average spacing
in a region of constant moment are largely independent of reinforcement detailing.

This local redistribution of forces in the region of the crack is accompanied
by an extension of the member. This extension, plus a minor shortening of the con-
crete which has been relieved of the tensile crack it was surrounding, is accommodated
in the crack. The crack then opens up to a finite width immediately on its formation.

The formation of the crack and the resulting extension of the member also reduces
the stiffness of the member.
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FIGURE 5.2-1. Mechanism of crack formation

As further load is applied, a second crack will form at the next weakest section,
though it will not form within s of the first crack since the stresses within the region
will have been reduced by formation of the first crack.

Tensile stresses in the concrete surrounding reinforcing bars are caused by bond-
ing as the strain in the reinforcement increases. These stresses increase with distance
from the primary cracks and may eventually cause further cracks to form approxi-
mately mid-way between the primary cracks.

This action may continue with increasing bending moment until the bond
between concrete and steel is incapable of developing sufficient tension in the con-
crete to cause further cracking in the length between existing cracks. Since the devel-
opment of the tensile stresses is caused directly by the presence of reinforcing bars,
the spacing of cracks will be influenced by the spacing of the reinforcement. If bars
are sufficiently close for their «zones of influence» to overlap, then secondary cracks
will join up across the member while otherwise they will only form adjacent to indi-
vidual bars.

Further increases in loading will lead to the formation of further cracks until,
eventually, there is no remaining area of the member surface which is not within s
of previously formed crack.

The formation of each crack will lead to a reduction in the member stiffness. After
all the cracks have formed, further loading will result in a widening of the existing
cracks but no new crack formation. Stresses in the concrete will be relieved by limited
bond-slip near the crack faces and by the formation of internal cracks. This process
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leads to further reduction of stiffness, but clearly, the stiffness cannot reduce to below
that of the bare reinforcement.

According to EN 1992 [N3] (clause 6.4.2) the average crack spacing in a flexural
member depends in part on the efficiency of bonding, the diameter of reinforcing
bar used and quantity and location of the reinforcement in relation to the tensile face
of the section.

5.2.5. Derivation of crack width prediction formula

The development of formulae for the prediction of crack widths given in EN 1992 [N3]
(clause 7.3.4) follows from the description of the cracking phenomenon given above.

In the general case, the crack width can be calculated from the following expres-
sion based on «bond-slip» theory:

w=2.1 -j[ss (x)—e, (x)]dx. (5.2-1)

If it is assumed that all the extension occurring when a crack forms is accom-
modated in that crack, then, when all the cracks have formed, the crack width will
be given by the following relationship, which is simply a statement of compatibility:

w=s_-¢e, (5.2-2)

m

where: w is crack width; s is the average crack spacing; ¢ is the average strain.
The average strain can be more rigorously stated to be equal to the strain
in the reinforcement, taking into account of tension stiffening, €, less the average
strain in concrete at the surface, € .
Since, in design, it is a maximum width of crack which is required rather than
the average, the final formulae given in EN 1992 [N3] is as follows:

(e -¢

Wk = Sr,max. sm cm)' (52_3)

Since no crack can form within / of an existing crack, this defines the minimum
spacing of the cracks. The maximum spacingis 2 - [, since if a spacing existed wider
than this, a further crack could form. It follows that the average crack spacing will
lie between [ and 2 - . It is frequently assumed to be 1,5 - .

The distance lt, and hence S depends on the rate at which stress can be trans-
ferred from the reinforcement, which is carrying all the force at the crack, to the con-
crete. This transfer is effected by bond stresses on the bar surface. If the bond stress
is assumed to be constant along the length / and that the stress will just reach the ten-
sile strength of concrete at a distance /, from the crack, then:

273



Tsm 'T[.(D'lt = fctm 'Ac,eff '(l_pp,e]j‘); (52'4)

f:ttm : Ac,eff : (1 - Pp,eﬁ )
7, D ’

| =

t
Maximum spacing between crackss ~ =2I:
rmax t

=7. f;tm'Ac,gff.(l_pp,qff) — ]Cctm'Ac,eff'(l_pp,gff)'QD — fctm.(l_pp,eff)'(p —
T, 7D 2.7, A, 2-T5m~pp’eff

7,max

=O,5-M=O,5-k-i, (5'2_5)
2T Ppy P
where: 7 is the bond stress; A__is the effective area of concrete in tensile zone (effec-
tive tension area); f, is the average tensile strength of concrete; @ is the bar diameter.
This is the oldest form of relationship for the prediction of crack spacing. More
recent studies have shown that the cover is also a significant influence, and that a bet-
ter agreement with test result s is obtained from an equation of the form:

smzk-c+0,25-kl-9, (5.2-6)
p

where: c is the concrete cover.

This formula has been derived for members subjected to pure tension. In order
to be able to apply it to bending, it is necessary to introduce a further coefficient, k.,
and to define an effective reinforcement ratio, P These modifications take account
of the different form of stress distribution within tension active and the fact that only
part of the section is in tension. Coefficients k, and p,_ can be derived empirically from
tests. The resulting formula is following:

()
Sy =2:c+0,5k -k, —, (5.2-7)

Pef
where: k, is a coefficient taking into account the bond of properties of reinforcement.
A value of 0,8 is taken for high bond bars and 1,6 for smooth bars; k2 is a coefficient
depending on the form of the stress distribution. A value 0,5 is taken for bending
and 1 - for pure tension. Intermediate values can be obtained from:
g te
k,=—2, (5.2-8)
2-¢
where: ¢ and ¢, are, respectively, the greater and lesser tensile strains at the faces
of the member; peﬁ,is the effective reinforced ration, where A is the area of tension
reinforcement contained within the effective area of concrete in tension A_; (see Fig-
ure 5.2-2).
In design, it is not the average crack width which is required but a value which
is unlikely to be exceeded. EN 1992 [N3] uses the characteristic crack width, which

is defined as a width with a 5% probability of excedance. It is found experimentally
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that a reasonable estimate of characteristic width is obtained if the maximum crack
spacing is assumed to be 1,7 times the average value. In EN 1992 [N3], therefore,

the maximum spacing is used.
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FIGURE 5.2-2. Effective tension area (typical cases) (Figure 7.1 from EN 1992 [N3]):
a) beam; b) slab; ¢) member in tension

In situations where loaded reinforcement is fixed at reasonably close centres within
the tension zone (spacing < 5-(c+®/2)), the maximum final crack spacing may be cal-
culated from the following expression (see Figure 5.2-3):

¢
Stmax — k3 'C+k1 'kz 'k3 'k4 : ’ (5.2-9)
Poef
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where: @ is the bar diameter. Where a mixture of bar diameters is used in a section,
an equivalent diameter, D, should be used. For section with n, bars @ diameter @,
and n, bars of diameter @, the following expression should be used:
@ +n, D
4, D,

c is the cover to the longitudinal reinforcement; k1 is a coeflicient which takes account
of the bond properties of the bonded reinforcement: it is equal to 0,8 for high bond
bars, and it is equal to 1,6 for bars with an effectively plain surface (e. g. prestress-
ing tendons); k2 is a coeflicient, which takes into account the distribution of strain:
it is equal to 0,5 for bending, and it is equal to 1,0 for pure tension.

For cases of eccentric tension or for local area, intermediate values of k, should
be used which may be calculated from the relation:

k, = (g +£2)/(2-£1), (5.2-11)

(5.2-10)

where ¢ is the greater and ¢, is the lesser tensile strain at the boundaries of the sec-
tion considered, assessed on the basis of a cracked section.

The values of k, and k, may be found in National annex to EN 1992 [N3]. The rec-
ommended values: k, = 3,4, and k= 0,425.

5-(c+D/2)

neutral axis [B]concrete tension surface [Clcrack spacing predicted by expression (5.2-12)
[Dl crack spacing predicted by expression (5.2-9) [E]actual crack width

FIGURE5.2-3. Crack width, w, at concrete surface relative to distance from bar (Figure 7.2
from EN 1992 [N3])
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Where the spacing of the bonded reinforcement exceeds 5-(c+®/2) (see Figure
5.2-3), an upper bound to the crack width may be found by assuming a maximum
crack spacing:

S, max = 13 ° (h—x). (5.2-12)

The other parameter in the crack width equation is the average strain (¢, - ¢_).
This is obtained from the following procedure.

For the section at a distance [, from the crack the following equilibrium condi

tion can be written (see Figure 5.2-4):

ect ’ Ecm ’ Ac,ejf = E: ’ A: ’ (8572 srl) E A Ag:r max (5'2_13)
For any section along /;:
Ae, (x)-E,-A =¢,(x)-E, -A. (5.2-14)
Tension chord
: At:,e_ﬁ :
i V4 |
[} ]
-— : : —_—
F:Fn: : F:FC"
i l
- o
T_ee) a0 e 1 ‘
;kt : (ssrz_ssrl)
_____________ 1Eon
____________________ e
| | |£‘ :k € srlf S
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R Lx
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FIGURE 5.2-4. For cracking width prediction

Average tensile strain in reinforcement and tensile strain in concrete can

be expressed as follows: L
e =ll e, (x)dx =k e, (5.2-15)
t 0

(e -Ae, (x))dx. (5.2-16)

o 'ﬁ-

1
( 1
e, = -'([ss (x)dx = l_
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Solving Equation (5.2-14) and Substituting in Equation (5.2-16):

| —

E -A

I I
1
— x)dx=¢_, — -k - . 5.2-17
lt _(’; sr2 lt .(‘J‘ sr ( ) sr2 Es ‘AS t ct ( )
Substituting Equation (5.2-13) in Equation (5.2-17) given:
esm = €5r2 _kt '(gsrz _Esrl)' (52_18)
Average strain (¢, - ¢_ ) is obtained from the following equation:
1
(esm_ecm zesr*Z_kt ( 572 srl) k 8 _E _k _1 'fCtm _kt"fam:
Pp,e]j‘ Es Ec
OS ﬁ m
=E—2—kt-—t.-(1+ae-pp,eﬁ). (5.2-19)
N Pp,eﬁ‘ s
The final formulae given in EN 1992 [N3] is as follows:
o -k -f, ./lp, . U+ta -p .
e, —¢€, =— Juc 1P FE” (e pyy) > 0,6-%, (5.2-20)

where: ¢ is the stress in the tension reinforcement of an assumed cracked section;
a,istheratio E/E_;p =A /A .k isa factor dependent on the duration of the load:
it is equal to 0,6 for short term loadmg, and it is equal to 0,4 for long term loading;

A 1s the effective area of concrete in tension surrounding the reinforcement
of the depth, h_, where hc’eﬁ,ls the lesser of 2,5:(h-d); (h-x)/3 and h/2 (see Figure 5.2-2).

5.2.6. Control of cracking without direct calculation

For reinforced slabs in buildings subjected to bending without significant axial ten-
sion, specific measures to control cracking are not necessary where the overall depth
does not exceed 200 mm and the detailing provisions in accordance EN 1992 [N3]
(clause 9.3) have been applied.
The rules given in EN 1992 [N3] (clause 7.7.3) may be presented in a tabular form
by restricting the bar diameter or spacing as a simplification.
Where the minimum reinforcement given by section A is provided, crack
widths are unlikely to be excessive if:
e for cracking caused dominantly by restraint, the bar sizes given in Table 5.2-2
are not exceeded where the steel stress is the value obtained immediately after
cracking;
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e for cracks caused mainly by loading, either the provisions of Table 5.2-2 or the pro-
visions of Table 5.2-3 are compiled with. The steel stress should be calculated
on the basis of a cracked section under the relevant combination of actions.

TABLE 5.22. Maximum bar diameters @_for crack control (Table 7.2N from EN
1992 [N3])

Maximum bar size [mm]
Steel stress [MPa]
w,=0,4 mm w,=0,3 mm w,=0,2 mm

160 40 32 25

200 32 25 16

240 20 16 12

280 16 12 8

320 12 10 6

360 10 8 5

400 8 6 4

450 6 5 -
Notes: 1. The values in the table are based on the following assumptions:
c=25 mm;fmﬂ,: 2,9 MPa; hu: 0,5-h; (h-d) = 0,1-h; k]:O,S; k2:0,5; k[:0,4; k=1,0; kt:0,4; k4:1,0;
2. Under the relevant combinations of actions.

TABLE 5.2-3. Maximum bar spacing for crack control (Table 7.3N from EN 1992 [N3])

Maximum bar spacing [mm]
Steel stress [MPa]
w,= 0,4 mm w,=0,3 mm w,=0,2 mm
160 300 300 200
200 300 250 150
240 250 200 100
280 200 150 50
320 150 100 -
360 100 50 -
For notes see Table 5.2-2.

The maximum bar diameter should be modified as follows:
e Dbending (at least part of section in compression):

. k -h
O, =0 (fi/ 2,9)-ﬁ; (5.2-21)
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e tension (uniform axial tension):
&, =0, (f,5/2.9)h, [(8-(h—d)). (5.2-22)

where: @ _is the adjusted maximum bar diameter; (D:is the maximum bar size given
in the Table 5.2-2; h is the overall depth of the section; &__ is the depth of the tensile
zone immediately prior to cracking, considering the characteristic values of prestress
and axial forces under the quasi-permanent combination of actions; d is the effective
depth to the centroid of the outer layer of reinforcement.

Where all the section is under tension (h - d) is the minimum distance from
the centroid of the layer of reinforcement to the face of the concrete (consider each
face where the bar is not placed symmetrically).

Beams with a total depth of 1000 mm or more, where the main reinforcement
is concentrated in only a small portion of the depth should be provided with additional
skin reinforcement to control cracking on the side faces of the beam. This reinforce-
ment should be evenly distributed between the level of the tension steel and the neu-
tral axis and should be located within the links. The area of the skin reinforcement
should not be less than the amount obtained from the Equation (5.2-23), taking k
as 0,5and g,as f . The spacing and size of suitable bars may be obtained from EN 1992
[N3] (clause 7.3.4) or a suitable simplification assuming pure tension and a steel stress
of half the value assessed from the main tension reinforcement.

It should be noted that there are particular risks of large cracks occurring in sec-
tions where there are sudden changes of stress, e. g.: at changes of section; near con-
centrated loads; positions, where bars are curtailed; area of high bond stress, particu-
lar at the ends of laps.

Care should be taken at such areas to minimise the stress changes wherever pos-
sible. However, the rules for crack control given above will normally ensure ade-
quate control at these points provided that the rules for detailing reinforcement given
in Section 6.

5.2.7. Minimum reinforcement areas

In accordance with EN 1992 [N3] (clause p.7.3.2), if crack control is required, a mini-
mum amount of bonded reinforcement is required to control cracking in areas where
tension is expected. The amount may be estimated from equilibrium between the ten-
sile forces in concrete just before cracking and the tensile force in reinforcement
at yielding or at a lower stress if necessary to limit the crack width.

Unless a more rigorous calculation shows lesser areas to be adequate, the required
minimum areas of reinforcement may be calculated as follows. In profiled cross
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sections like T-beams and box girders, minimum reinforcement should be deter-
mined for the individual parts of the section (webs, flanges).

smzn 0, k kfteﬁ‘ (5.2-23)

where: A is the minimum area of reinforcing steel within the tensile zone;
A_ is the area of concrete within the tensile zone. The tensile zone is that part of the sec-
tion which is calculated to be in tension just before formation of the first crack.
o, is the absolute value of the maximum stress permitted in the reinforcement imme-
diately after formation of the crack. This may be taken as the yield strength of the rein-
forcement, fy A lower value may, however, be needed to satisfy the crack width limits
according to the maximum bar size or spacing (see clause 7.3.3 (2) from EN 1992 [N3])
J.1.o51s the mean value of the tensile strength of the concrete effective at the time
when the cracks may first be expected to occur: f e = £, or lower, (f, (1), if crack-
ing is expected earlier than 28 days. k is the coefficient which allows for the effect
of nonuniform self-equilibrating stresses, which lead to a reduction of restraint forces.
It is equal to 1,0 for webs with h<300mm or flanges with widths less than 300 mm,
and it is equal to 0,65 for webs with h>800mm or flanges with widths greater than
800 mm intermediate values may be interpolated. k_ is a coefficient which takes
account of the stress distribution within the section immediately prior to cracking
and of the change of the lever arm. It is equal to 1,0 for pure tension, and for bending
or bending combined with axial forces:

e for rectangular sections and webs of box sections and T-sections:

o
k =0,4-|1-———— |<; (5.2-24)

k-(hih')-f,,

e for flanges of box sections and T-sections:

E

k. =0,9—2—>0,5; (5.2-25)
Act : fct,e_[f

where: ¢_is the mean stress of the concrete acting on the part of the section under

consideration, and it is equal to: N

Ed
o.=—* 5.2-26

i ( )
N, is the axial force at the serviceability limit state acting on the part of the cross-sec-
tion under consideration (compressive force positive). N, should be determined con-
sidering the characteristic values of prestress and axial forcer the relevant combination
of actions; /' is equal to h for h<1,0 m, and equal to 1,0 m for h>1,0 m. k1 is a coef-
ficient considering the effects of axial forces on the stress distribution. It is equal
to 1,5if N, is a compressive force, and it is equal to (2 - h)/(3 - h)if N ., 18 a tensile
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force. F_is the absolute value of the tensile force within the flange immediately prior
to cracking due to cracking moment calculated with f, ..

5.3. Deflection control

5.3.1. General considerations

In accordance with EN 1992 [N3] (clause p.7.4.1), the deformation of a member or struc-
ture shall not be such that it adversely effects its proper functioning or appearance.

Appropriate limiting values of deflection taking into account the nature
of the structure, of the finishes, partitions and fixings and upon the function
of the structure should be established.

As was shown in [8] deformations should not exceed those that can be accom-
modated by other connected elements such as partitions, glazing, cladding services
or finishes. In some cases limitation may be required to ensure the proper functioning
of machinery or apparatus supported by the structure, or to avoid ponding on flat roofs.

The limiting deflections given in EN 1992 [N3] are derived from ISO 4356 [9]
and should generally result in satisfactory performance of buildings, public build-
ings such as dwellings, offices, public buildings or factories. Care should be taken to
ensure that the limits are appropriate for the particular structure considered and that
there are no special requirements. Further information on deflections and limiting
values may be obtained from ISO 4356 [9].

The appearance and general utility of the structure could be impaired when
the calculated sag of a beam, slab or cantilever subjected to quasi-permanent load
exceeds span/250. The sag is assessed relative to the supports. Pre-camber may be used
to compensate for some or all of the deflection but anyupward deflection incorpo-
rated in the formwork should not generally exceed span/250.

Deflections that could damage adjacent parts of the structure should be limited.
For the deflection after construction, span/500 is normally an appropriate limit for
quasi permanent loads. Other limits may be considered, depending on the sensitiv-
ity of adjacent parts.

The limit state of deformation may be checked by either:

e by limiting the span/depth ratio, according to section, or
e by comparing a calculated deflection, according to Section 5.3.2.3, with a limit
value.
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The actual deformations may differ from the estimated values, particularly
if the values of applied moments are close to the cracking moment. The differences
will depend on the dispersion of the material properties, on the environmental con-
ditions, on the load history, on the restraints at the supports ground conditions, etc.

5.3.2. Calculation of deflection

The code EN 1992 [N3] suggests that deflection should be calculated under the action
of quasi-permanent load combination in accordance with EN 1990 [N1], assuming this
loading to be of long-term duration. Hence, the total loading to be taken in the cal-
culation will be the permanent load plus a portion of the variable (imposed) load
as in the following expression:
G, +" D v, Qe (5.3-1)
S i>1

where: G, y is a permanent load; Q, . is a variable (imposed) load.

This is the reasonable assumptlon as deflection will be affected by long-term effects
such as concrete creep, while not all of the variable load is likely to be long-term
and hence will not contribute to the creep effects.

Lateral deflection must not be ignored, especially on tall slender structures,
and limitation in these must be judged by the engineer. It is important to realise that
there are many factors which may have significant effects on deflections, and are dif-
ficult to allow for. Thus any calculated values must be regarded as an estimate only.

The most important of these factors are:

1. support restraint must be estimated on the basis of simplified assumptions, will
have varying degrees of accuracy (boarding conditions uncertainty);

2. the precise loading cannot be predicted and errors in permanent loading may
have a significant effect;

3. acracked member will behave differently to one that is uncracked and this may
be a problem in lightly reinforced members where the working load may be near
to the cracking limit;

4. the effects of floor screed, finishes and portions are very difficult to assess, fre-
quently these are neglected despite their stiffening effect.

The method adopted by EN 1992 [N3] is based on the calculation of curvature of sec-
tions subjected to the appropriate moments with allowance for creep and shrinkage
effects where necessary. Deflections are then calculated from these curvatures. A rig-
orous approach to deflection is to calculate the curvature at the interval along the span
and then use numerical integration techniques to estimate the critical deflections taking
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into account the fact that some sections along the span will be cracked under load
and other, in region of lesser moment, will be un-cracked. Such an approach is rarely
justified and the approach adopted below, based on EC2, assumes that acceptably accu-
rate to calculate the curvature of the beam or slab based on both the cracked and un-
cracked sections and then to use an average value in estimating the final deflection using
standard deflection formulae or single numerical integration based on elastic theory.

5.3.2.1. Calculation of curvature

Curvature under the action of the quasi-permanent load combination should be cal-
culated based on both cracked and un-cracked sections. An estimate of an average
value of curvature can then be obtained using the formulae:

=t (% ) +(1-8) (% ) (5.3-2)

where: % is an average curvature; (%) , (%) are the values of curvature cal-
uc cr

culated for the uncracked case and cracked case respectively; £ is a coeflicient given

2
o
by |1-8 [ a‘r j allowing for tension stiffening effect (TSE); § is the load dura-

S
tion factor (1 - for a single short-term load; 0,5 - for sustained load or cyclic loading);
o is the stress in the tension steel calculated on the basis of a cracked section under

loading that will just cause cracking at the section being considered; o is the stress

in the tension steel for the cracked concrete section.

In calculating &, the ratio (0, /o )can more conveniently be replaced by (M_/M,),
where M_ is the moment that will just cause cracking of the section and M,
is the design moment for the calculation of curvature and defection.

In order to calculate the average curvature, separate calculations have to be car-
ried out for both the cracked and uncracked cases.

5.3.2.1.1. Uncracked section

The assumed classic strain and stress distribution for an uncracked section is shown
in Figure 5.3-1.
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For a given moment, M R

tion, (%)M, is given by: M

(%) =2, (5.3-3)

ceff e
where: E___is effective elastic modulus of the concrete allowing for creep effects;

I is the second moment of area of the uncracked section.

and from elastic bending theory, the curvature of the sec-

Section Strains Stress

FIGURE 5.3-1. Uncracked section: strain and stress distribution

5.3.2.1.2. Cracked section

The assumed elastic strain and stress distribution for a cracked section is shown
in Figure 5.3-2.

Equivalent
Section transformed section Strains Stress
compressive zone £, E, g |
“““ 777 R VAN A UEY

. FCC ‘

(AL LLA pevtral i IR A . .

- axis i
| .
ae\_As ME,k
“ 1%@
oy E==—m—y/ T F,

FIGURE 5.3-2. Cracked section — strain and stress distribution
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Moments of area can be taken to establish the neutral-axis depth directly. The sec-
ond moment of area of the cracked section can be then calculated by taking a second
moment of area about the neutral axis:

=b'Tx+ a A -(d-x), (5.3-4)

cr

where: « is the modular ratio equal to the ratio of the elastic modulus of the rein-
forcement to that of the concrete; a=EJE_.
For a given moment, M, and from elastic bending theory, the curvature

of the cracked section, ( % ) , is therefore given by the following expression:
M
/) =—& -
(4)5, E -1 (5.3-5)

ceff e

5.3.2.1.3. Creep and shrinkage effects

Creep

The effect of creep will be to increase deflections with time and thus should be allowed
for in the calculations by using an effective modulus, E_, , using the equation:

E
E =—"9%= (5.3-6)

7 Trrelen)]

where: ¢(c,t,) is a creep coeflicient equal to ratio of creep strain to initial elastic strain
(see Chapter 3).

Shrinkage

The effect of shrinkage of the concrete will be to increase the curvature and hence
the deflection of the beam or slab. The curvature due to shrinkage can be calculated

using the equation:
(%) :(‘Scs'“e's)/I’ (5.3-7)

where: (%) is the shrinkage curvature; ¢_is free shrinkage strain (see Chapter 3);
cs
I is the second moment of area of section (cracked or uncracked as appropriate);

« is effective modular ration | % .
¢ E ceff

286



5.3.2.2. Calculation of the defection from curvature

The total curvature can be determined by adding the shrinkage curvature due
to the quasi-permanent loads, having made allowance for creep effects.

The deflection of the beam can be calculated from the total curvature using elas-
tic bending theory which for small deﬂection}is based on the expression:

)
M =E-1-—2, (5.3-8)

where: M_is the bending moment at a section distance x from the origin as shown
in Figure 5.3-3.

Y

A
_A\M_,x [y
B ;
/.

(
\

L

FIGURE 5.3-3. Pin-ended beam subject to a constant moment M

2

dy
dx’
is the reciprocal of the radius of the curvature. Double integration of Equation (5.3-8)

For small deflections the term approximately equals the curvature which

will yield an expression for deflection. This may be illustrated by considering the case

of a pin-ended beam subjected to constant moment M throughout its length, so that

M _= M (see Figure 5.3-3): 2
E.I.Z { =M, (5.3-9)
therefore: J x
E1- Y -Mx+c, (5.3-10)
dx
but if the slope is zero at mid-span where x = L/2, then:
M-L
C=——,
2
and:
E1Y oy ML (5.3-11)
I . S dx 2
ntegrating again gives: ,
E.1y=M2'x _M'ZL"‘H), (5.3-12)
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E-I\ 2 2
tion. The maximum deflection in this case will occur at a mid-span, where x = L/2,

M (x> L-x
but at support A, when x=0, y=0. Hence: D =0and y=——| ———— | at any sec-

in which case: M-I

- , (5.3-13)
E-1-8

ymax =

. .M 1 : .
but since at any cracked section — =—, the maximum deflection may be expressed

E1 r
1 1
as =—_.1>.1=

In the general case, the bending moment distribution along a member will not be
constant, but will be a function of x. The basic form of result will however be the same,
and the deflection may be expressed as:

amax :K'(l)tl?’ (5-3-14)
r

where: K is a constant, the value of which depends on the distribution of bending

moments in the member; L is the effective span; l) is the mid-span curvature for
r
beams, or the support curvature for cantilevers.

Typical values of K are given in Table 5.3-1 for various common shapes of bend-
ing-moment diagrams. If the loading is complex, then a value of K must be estimated
for the complete load since summing deflections of simpler components will yield
incorrect results.

TABLE 5.3-1. Values of K for various bending moment diagrams

Loading Bending moment diagram K

L ] ~~M=F-a-(l-a)-]

M
. ° ) M 0,0625
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Bending moment diagram

Loading
al_|F2 F2| a-l_, 2
0,125——
V w M=(F-a-1)/2 6
I 1 ; 0,104
(q-1)/8
q
0,102
| i (q-1)/9
1 i MA[\ Me /]MB K=0,104.[1-L | p=Mat M,
— 10 M,
“f end deﬂection:a ( a)’
Fa-l 6
load at end K = 0,333
al_| - .
(ga*P)/2 a( a),ifazl K =0.25
q

MA’\

MC/IMB
o

_ _B
K—0,083(1 4), B o

C

M, + M,y

2

S

f

f

(F-P)24-(3-4-d°)

1 (5—4-(12)2
80 3—4-a°

Although the deviation has been on the basis of uncracked sections, the final
expression is in the form that will deal with a cracked section simply by the substitu-

tion of appropriate curvature.
Since the expression involves the square of the span, it is important that the true

effective span as defined in Chapter 2 is used particularly in the case of cantilevers.
Deflections of cantilevers may also be increased by rotation of a supporting member;
and this must be taken into account when the supporting structure is fairly flexible.
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5.3.2.3. Cases, where deflection calculations may be omitted.
Basis of span-effective depth ratios

The calculation of deflection has been shown to be a tedious operation. However,
for general use, rules based on limiting the span-effective depth ratio of a member
are adequate to ensure that the deflections are not excessive.

The relationship between the deflection and the span-effective depth ratio
of a member can be derived from equation:

=K1 .12 -
a=K(Y) L. (5.3-15)
For small deflections it can be seen from Figure 5.3-4 that for unit length, s:
(1 _ ecm + Srm _
(P_(/r)b— d ’ (53 16)

where: ¢ is the maximum compressive strain in the concrete; ¢ is a tensile strain
in the reinforcement; K is a factor, which depends on the pattern of loading.

(;) (5.3-17)
. max T Eum

Therefore:

FIGURE 5.3-4. Calculation of the member curvature

The strains in the concrete and tensile reinforcement depend on the areas of rein-
forcement provided and their stresses. Thus for a particular member section and a pat-
tern of loading, it is possible to determine a span-effective depth ratio to satisfy a par-
ticular L/d limitation.

Provided that reinforced concrete beams or slabs in buildings are dimensioned
so that they comply with the limits of span-to-depth ratio given in this clause, their
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deflections may be considered as not exceeding the limits set out in EN 1992 [N3]

(clause p. 7.4.1(4),(5)). The limiting span-to-depth ratio may be estimated using Expres-
sion (5.3-18) and Equation (5.3-19) and multiplying this by correction factors to allow
for the type of reinforcement used and other variables. No allowance has been made

for any precamber in the derivation of these expressions:

4 N\3/2
Lok issd7 2432 ﬁ-(ﬁ—lJ if p<p,;  (5.3-18)
d P Po

0

p—p
where: //d is the limit of the span to depth ratio; K is the factor to take into account
the different structural systems; p, is the reference reinforcement ratio = 1073\/f_ck
; p is the required tension reinforcement ratio at mid-span to resist the moment due
to the design loads (at support for cantilevers); p’is the required compression rein-
forcement ratio at mid-span to resist the moment due design loads (at support for can-
tilevers); f, is in MPa unit of measurement.

Expression (5.3-18) and Expression (5.3-19) have been derived on the assump-
tion that the steel stress, under the appropriate design load at SLS at a cracked sec-
tion at the mid-span of a beam or slab or at the support of the cantilever, is 310 MPa,
(corresponding roughly to f, = 500 MPa).

Where other stress levels are used, the values obtained using Expression (5.3-18)
and Expression (5.3-19) should be multiplied by 310/ . It will normally be conserva-
tive to assume that:

Lokisns e L 5 [ i pzp. 53419
d 12 £

310/0, =500/ (f,c A, g I A, ) (5.3-20)

where: o_is the tensile steel stress at mid-span (at support for cantilevers) under
the design load at SLS; AWW is the area of steel provided at this section; Aw s the area
of steel required at this section for ultimate limit state.

For flanged sections where the ratio of the flange breadth to the rib breadth
exceeds 3, the values of I/d given by Expression (5.3-18) and Expression (5.3-19) should
be multiplied by 0,8.

For beams and slabs, other than flat slabs, with spans exceeding 7 m, which
support partitions liable to be damaged by excessive deflections, the values of I/d
given by Expression (5.3-18) and Expression (5.3-19) should be multiplied by 7/leﬁr
(1 7 is in meters).

For flat slabs, where the greater span exceeds 8,5 m, and which support partitions
liable to be damaged excessive deflections, the values of I/d given by Expression (5.3-18)
and Expression (5.3-19) should be multiplied by 8,5/], . (1, 7 in meters).
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Recommended values of K are given in Table 5.3-2. Values obtained using Expres-
sion (5.3-18) and Expression (5.3-19) for common cases (C30/37, 0 = 310 MPa, differ-
ent structural systems and reinforcement ratios p= 0,5% and p,= 1,5%) are also given.

The values given by Expression (5.3-18) and Expression (5.3-19) and Table
5.3-2 have been derived from the result of a parametric study made for a series of beams
or slabs simply supported with rectangular cross sections, using the approach given
in Section 5.3.2.2. Different values of concrete strength class and a 500 MPa charac-
teristic yield strength for reinforcement were considered. For a given are of tension
reinforcement the ultimate moment was calculated and the quasi-permanent load
combination was assumed as 50% of corresponding total design load. The span/depth
limit obtained satisfy the limiting deflection.

TABLE 5.32. Basic ratios of span/effective depth for reinforced concrete members with-
out axial compression

Concrete highly Concrete lightly

1 K
Structural System stressed p,= 1,5% | stressed p,=0,5%

Simply supported beam, one- or two-way

spanning simply supported slab 10 14 20

End span of continuous beam or one-way
continuous slab or two-way spanning slab 1,3 18 26
continuous over one long side

Interior span of beam or one-way or two-way

. 1,5 20 30
spanning slab

Slab supported on columns without beams
(flat slab) (based on longer span)

Cantilever 0,4 6 8

Notes: 1. The values given have been chosen to be generally conservative and calculation may
frequently show that thinner members are possible; 2. For 2-way spanning slabs, the check should
be carried out on the basis of the shorter span. For flat slabs the longer span should be taken;

3. The limits given for flat slabs correspond to a less severe limitation than a mid-span deflection
of span/250 relative to the columns. Experience has shown this to be satisfactory.

1,2 17 24
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CHAPTER 6
Detailing

6.1. Discussion of the general requirements

In this section the main features of the detailing requirements are arranged in a prac-
tical order and discussed.

6.1.1. Cover of bar reinforcement

According to EN 1992 [N3] in order to active the required design working life
of the structure, adequate measures shall be taken to protect each structure element
against the relevant environmental actions.

As was defined in [8], the concrete cover is the distance between the surface of rein-
forcement closest to the nearest concrete surface (including links and stirrups and sur-
face reinforcement where relevant) and the nearest concrete surface.

The nominal cover shall be specified on the drawings. It is defined as a minimum
cover, ¢, ., plus an allowance in design for deviation, Ac dov: Coomy =€, HAC,

Minimum concrete cover, ¢, shall be provided in order ensure:

e the safe transmission of bond forces;
e the protection of the steel against corrosion (durability requirements);
e anadequate fire resistance.

In accordance with EN 1992 [N3], the greater value for ¢ _ , satisfying the require-

ments for both bond and environmental condition shall be used:

+Ac Ac Ac ; 10 mm},

Cmin = max{cmin,b’ Cmin,dur dur,y - dur,st - dur,add ’

where: Coih is a minimum concrete cover due to bond requirement; Coin dmis a min-
imum cover due to environmental conditions; Ac,, is an additive safety element;
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Acdum is a reduction of minimum concrete cover for use of stainless steel;
Ac,, .18 a reduction of minimum cover for use of additional protection.

In order to transmit bond forces and ensure adequate compaction of the concrete,
the minimum cover should not be less than ¢, , given in Table 6.1-1.

TABLE 6.1-1. Minimum cover, Corin b requirements with regard to bond (Table 4.2 from
EN 1992 [N3])

Bond Requirement

Arrangement of bars | Minimum cover Coind

Separated Diameter of bar
Bundled Equivalent diameter ((Dn) EN 1992 [N3] (clause 8.9.1)

Note: If the nominal maximum aggregate size is greater than 32 mm, ¢, should be increased
by 5 mm.

The minimum cover values for reinforcement in normal weight concrete taking
account of the exposure classes and structural classes is given by ¢, .

It should be pointed out, that in accordance with EN 1992 [N3] structural classi-
fication and valuesof ¢, , for use in a country may be found in its National Annex.
The recommended structural class (design working life of 50 years) is S4 and the rec-
ommended modifications to the structural class is given in Table 6.1-2. The recom-

mended minimum structural class is SI. The recommended valuesof ¢ . are given
in Table 6.1-3.

TABLE6.1-2. Recommended structural classification (Table 4.3N from EN 1992 [N3])

Structural Class

Exposure Class

Criterion XD3/
X0 XC1 XC2/XC3 XC4 XD1 XD2/XS1 XS2/ XS3
Design . . . . . : :
working life increase | increase | increase | increase | increase | increase | increase
of 100 years classby 2 | classby 2 | classby2 [ classby2 | classby 2 | classby 2 | class by 2

> (C30/37 | 2 C30/37 | 2 C35/45 | = C40/50 | = C40/50 | = C40/50 | = C45/55
Strength Class | reduce reduce reduce reduce reduce reduce reduce
classby 1 | classby 1| classby1 | classbyl | classby 1 | classby 1 | classby 1
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Structural Class

Exposure Class

Criterion XDs/
X0 XCl |XC2/XC3| XC4 XDl |XD2/XS1|y o) ixe3

Member
with slab
geometry
(position of reduce reduce reduce reduce reduce reduce reduce
reinforcement | classby 1 | classby 1 | classby 1 | classby 1 | classby 1 | classby 1 [ class byl
not affected by
construction
process)

Special quality
control
of concrete
production
ensured

reduce reduce reduce reduce reduce reduce reduce
classby 1 | classby 1 | classby 1 | classby 1 | classby 1 | classby 1 [ class by 1

Notes: 1. The strength class and w/c ratio are considered to be related values. A special composition
(type of cement, w/c value, fine fillers) with the intent to produce low permeability may be
considered; 2. The limit may be reduced by one strength class if air entrapment of more than 4%

is applied.

TABLE6.1-3. Values of minimum cover, ¢, ,requirements with regard to durability for
reinforcement steel in accordance with EN 10080 [N8] (Table 4.4N from EN 1992 [N3])

Environmental Requirement forc . (mm)
S&:f)ts‘:r‘ll SL*‘SZS X0 | XC1 | XCI/XC3 | XC4 | XD1/XS1 | XD2/XS2 | XD3/XS3
S1 10 10 10 15 20 25 30
S2 10 10 15 20 25 30 35
S3 10 10 20 25 30 35 40
S4 10 15 25 30 35 40 45
S5 15 20 30 35 40 45 50
S6 20 25 35 40 45 50 55

6.1.2. Spacing of bars

The basic principle is that reinforcement bars in a member should be arranged in such
a way that concrete can be placed and compacted satisfactorily so that adequate bond-
ing will develop between the bars and concrete.
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Figure 6.1-1 defines the spacing s . between bars in a layer and that between lay-
ers of reinforcement. The clear distance (horizontal or vertical) between individual
parallel bars should be not less than:

e the maximum bar diameter (@, ); or
* (d+5mm)or 20 mm, where d_is the maximum size of aggregate.

Where bars are positioned in separate horizontal layers, the bars in each layer
should be located vertically above each other. These should be of sufficient space
between the resulting columns of bars to allow access for vibrators and good com-
paction of the concrete.

reinforcement bar PY PY PY

min min

but sufficient
for insertion of vibrator

FIGURE6.1-1. Spacing of reinforcement bars

6.1.3. Mandrel diameters for bent bars

The minimum diameter to which a bar is bent shall be such as to avoid bending cracks

in the bar, and to avoid failure of the concrete inside the bend of the bar.

In order to avoid damage to the reinforcement the diameter to which the bar is bent

(Mandrel diameter) should not be less than D, . (see Table 6.1-4).

The mandrel diameter need not be checked to avoid concrete failure if the follow-
ing conditions exist:

e the anchorage of the bar does not require a length more than 5@ past the end
of the bend or the bar is not positioned at the edge (plane of bend close to concrete
face) and there is a cross bar with a diameter >® inside the bend.

e the mandrel diameter is at least equal to the recommended values given in Table
6.4N from EN 1992 [N3].
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TABLE 6.1-4. Minimum mandrel diameter to avoid damage to reinforcement (Table 8.1
from EN 1992 [N3])

a) for bars and wire

Minimum mandrel diameter for bents,
hooks and loops [see Figure 6.1-2]

Bar diameter

®<16 mm 40

®>16 mm 70

b) for welded bent reinforcement and mesh bent after welding

Minimum mandrel diameter

AT AT

d=>30; 50;
d<30, or welding within the curved zone: 209.

Note: The mandrel size for welding within the curved zone may be reduced to 5@, where
the welding is carried out in accordance with EN ISO 17660.

50

Otherwise, the mandrel diameter, D v should be increased in accordance
with the following expression:

o, >F, -((1/a)+1/Q- O)f, 6.1-1)

where: F, is the tensile force from ultimate loads in a bar or group of bars in contact
at the start of a bend; a, for a given bar (or group of bars in contact) is half of the cen-
tre-to-centre distance between bars (or groups of bars) perpendicular to the plane
of the bend. For a bar or group of bars adjacent to the face of the member, a, should
be taken as the cover plus @/2.

f.,is the concrete design compressive strength, the value of which should not be
taken greater than that for concrete class C55/67.
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6.2. Anchorage of longitudinal reinforcement

6.2.1. General

When reinforcement is designed to carry stress, it needs to be anchored into adjacent
parts such that 1) the required stress will be able to develop and 2) the force in the bar
is safely transmitted to the surrounding concrete without causing longitudinal cracks
or spalling. Reinforcing bars, wires or welded mesh fabrics shall be so anchored that
the bond forces are safely transmitted to the concrete avoiding longitudinal cracking
or spalling. Transverse reinforcement shall be provided if necessary.

Methods of anchorage are shown in Figure 6.2-1.

a) b)

i >5-@
1 Uy k
o

O

lb,rqd f lbvera

90°<a<150°
c) iigr\
>150° -
y > ( ®,2 0,60 N >5.0
. 1

lb, eq lb, eq lb, eq

FIGURE 6.2-1. Methods of anchorage other than by a straight bar (see Figure 8.1 from EN
1992 [N3]): a) basic tension anchorage length, [,, for any shape measured along the
centreline; b) equivalent anchorage length for standard bend; ¢) equivalent anchorage
length for standard hook; d) equivalent anchorage length for standard loop; e) equi-
valent anchorage length for welded transverse bar.

Bents and hooks do not contribute to compression anchorages.
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6.2.2. Ultimate bond stress

The ultimate bond strength shall be sufficient to prevent bond failure and basi-
cally depends upon the tensile strength of concrete and the location of the bars
within the concrete, that is referred as «bond conditions». EN 1992 [N3] defines
«good» and «poor» bond conditions (see Figure 6.2-1). There is also test evidence
to show that the ultimate bond stress has some dependence on the size of the bar.
EN 1992 [N3] de-rates the bond stress for large-diameter bars (it is defined as bars
larger than 40 mm).

In accordance with EN1992 [N3] the design value of the ultimate bond stress, fb »
for ribbed bars may be taken as follows:

fbd =2,25-1,"1, -fad, (6.2-1)

where: f is the design value of concrete tensile strength. Due to the increasing brit-
tleness of higher strength concrete, f, . should be limited here to the value for
C60/75, unless it can be verified that the average bond strength increases above this
limit; #, is a coefficient related to the quality of the bond condition and the position
of the bar during concreting (see Figure 6.2-2). It is equal to 1,0, when «good» condi-
tions are obtained, and it is equal to 0,7 for all the other cases and for bars in structural
elements built with slip-forms, unless it can be shown that ‘good’ bond conditions
exist; 77, is related to the bar diameter. It is equal to 1,0 for ®<32 mm, and it is equal
to (132 — @)/100 for ®>32 mm.

a) 45°<a<90° b) h<250 mm

¢) h>250 mm d) h>600 mm

r XXX & @gzzzzz, |

FIGURE 6.22. Description of bond conditions (Figure 8.2 from EN 1992 [N3])

Y

direction of concreting unhatched zone - «good» bond conditions
hatched zone - «poor» bond conditions
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6.2.3. Basic anchorage length

The calculation of the required anchorage length shall take into consideration the type
of steel and bond properties of the bars.

The basic required anchorage length, [, ., for anchoring the force A - o,
in a straight bar assuming constant bond stress equal to f, , follows from:

byt = @140,/ f,). 6.2-2)

Where g, is the design stress of the bar at the position from where the anchorage
is measured.

For bent bars the basic anchorage length, ], ,, and the design length, /,,, should
be measured along the centre-line of the bar (see Figure 6.1-2 a).

Where pairs of wires/bars form welded fabrics the diameter, @, in Expression
(6.2-2) should be replaced by the equivalent diameter @ = 2.

6.2.4. Design anchorage length

The basic anchorage length can be modified to allow for such effects as the shape

of the bars, the size of the concrete cover, confinement offered by transverse reinforce-

ment or transverse pressure. In EN 1992 [N3], the design anchorage length is obtained

by multiplying the basic anchorage length by a number of factors:

. lbd e R A R “S.Zh,reqd > max{0,3 - lb‘reqd; 100; 100 mm} - for anchorage in ten-
sion;

e lL,=arararararl >max{0,6-] 109; 100 mm} - for anchorage in com-

5 “b,reqd b,reqd’

pression;

The product a - &+ &, should be >0,7. Values of the different multipliers together
with the conditions that should be met are given in the code and are not reproduced
here. However, the applicability of these in practice are discussed below.

The following applies to bars in tension:

e« allows for the shape of the bars. For straight bars, « =1,0. For curved bars, a,
may be taken as 0,7, provided that the lesser of the side cover to the bars or half
the clear spacing between bars is >3®. It will be difficult to meet this condition
in all but a few practical cases;

e «,allows for the effect of the size of concrete cover. For straight bars in tension,
some reduction will be possible when the parameter c, is between ® and 39,
where ¢, is the least of the side or bottom cover or half the clear spacing between
the bars. In the case of curved bars this benefit does not accrue until ¢, is larger
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than 3®. Again, advantage can be taken of this reduction only in a limited num-

ber of practical cases;

e «,allows for the effect of confinement offered by transverse reinforcement, which
is not welded to main bars. The transverse reinforcement should be placed between
the concrete surface and the bar that is being anchored. The reduction will be
enhanced if the transverse reinforcement is in the form of links. Even so, the reduc-
tion that can be achieved in beams will only be 0,925 when ZAst =1,0-A,.

* «,=0,7 can be used in all cases where the transverse reinforcement is welded
to the main bars, provided the diameter of the transverse bar is at least 0,6,
and it is located at least 5@ inside lh,mq , from the free end of the bar.

e a,accounts for the effect of any pressure p (in MPa) transverse to the potential
plane of splitting, and is taken as (1 - 0,04-p).

In summary, the conditions that need to be satisfied to take advantage of the reduc-
tion factors are such that they will only apply in a limited number of practical cases
in building structures.

The values of coeflicients o, 0, &, &, 0, are given in Table 6.2-1.

TABLE6.2-1. Values of « , &, &, &, and a, coefficients(Table 8.2 from EN 1992 [N3])

Reinforcement bar
Influencing factor Type of anchorage
in tension in compression
Straight a,=1,0 «,=1,0
Shape of bars Other than straight (see «=0,7 if c>30 2=1.0
Figure 6.2-1 b, cand d) otherwise a,=1,0 [
«,=1-0,15-(c,~D)/®
Straight >0,7 a,=1,0
<1,0
Concrete cover Cois Py
Other than straight (see ®,=1-0,15(c,~30)
Figure 6.2-1 b, cand d) 20,7 a,=1,0
Ch <1,0
Confinement
by transverse a=1-K-1
reinforcement not All types >0,7 a,=1,0
welded to main <1,0
reinforcement
Confinement by All types, position
welded transverse and size as specified a,=0,7 «,=0,7
reinforcement(2) in Figure 6.2-1 e
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Reinforcement bar
Influencing factor Type of anchorage
in tension in compression
=1-0,04 -
Confinement by %s P
All types >0,7 -
transverse pressure <1.0

Notes: 1. A= (ZAS[ —ZAstm“)/As, where ZAst is a cross-sectional area of the transverse
reinforcement along the design anchorage length [, ; ZAst‘mm is a cross-sectional area
of the minimum transverse reinforcement, that is equal to 0,25-Asf0r beams and 0 for slabs; A isan
area of a single anchored bar with maximum bar diameter; K is a coeflicient, the values of which
one are shown in Figure 6.2-3; p is a transverse pressure (in MPa) at ultimate limit stage along /, ;

2. For direct supports [, , may be taken less than [, . provided that there is at least one transverse

b,min

wire welded within the support. This should be at least 15 mm from the face of the support.

A (pt’ Ast A (Pt’ Ast

]&/ ,?/A : \S\! pd

1 I
[ Y )
P

1 .

FIGURE 6.2-3. Values of K for beams and slabs (Figure 8.4 from EN 1992 [N3])

6.2.5. Anchorage of links and shear reinforcement

The anchorage of links and shear reinforcement should normally be effected by means
of bends and hooks, or by welded transverse reinforcement. A bar should be provided

inside a hook or bend.

The anchorage should comply with Figure 6.2-4. Welding should be carried out
in accordance with EN ISO 17660 [N10] and have a welding capacity in accordance

with EN 1992 [N3] (clause 8.6 (2)).

5-@, but 250 mm 10 - @, but =70 mm

/{ //6 : =10 mmIL =10 mmz
P ER 21.4-0
>20 mm
20,7-@ ™ <50 mm

FIGURE 6.2-4. Anchorage of links (Figure 8.5 from EN 1992 [N3])
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6.3. Detailing requirements
for particular member types

6.3.1. Beams

6.3.1.1. Longitudinal reinforcement

Minimumarea A -

e A, .=026 “fo b d/fyk but not less than 0,0013-b, -d , wherefyk is the charac-
teristic yield stress of reinforcement and b, denotes the mean width of the tension
zone (for a T-beams with the flange in compression, only the width of the web
is taken into account in calculating the b, value);

e at supports in monolithic construction where simple supports are assumed
in the design, reinforcement A_ sup required to cope with partial fixity is at least
0,15-A , span (see Figure 6.3-1).

[Tst,supgo’ls 'Ast Ast,supgo’ls Aft] ‘ ,
Y Y

— e

|
. —

1L ! L

FIGURE 6.3-1. Longitudinal reinforcement at supports in monolithic construction

Maximum area A_ omax OT Asf’mx is equal to 0,04-A , where A is the cross-section
area of concrete.

At intermediate supports of continuous beams, the total area of tension reinforce-
ment A  of a flanged cross-section should be spread over the effective width of flange
(see Chapter 2). Part of reinforcement may be concentrated over the web width (see
Figure 6.3-2).
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\.#J

FIGURE 6.3-2. Placing of tension reinforcement in flanged cross-section

Longitudinal compression reinforcement (diameter @) should be contained by
link reinforcement, the maximum spacing of which should not exceed 15®.

6.3.1.2. Shear reinforcement

General requirements:

e shear reinforcement should form an angle of 90°-45° with the mid-plane
of the beam;

e shear reinforcement may consist of a combination of: links enclosing the longitu-
dinal tensile reinforcement and the compression zone; bent-up bars; shear assem-
blies of cages, ladders, etc. which do not enclose the longitudinal reinforcement,
but which are properly anchored in the compression and tension zones (see Fig-
ure 6.3-3);

e for combinations of links and shear assemblies, all shear reinforcement should
be effectively anchored. Lap joints on the leg near the surface of the web are only
permitted for high-bond bars. At least 50% of the necessary shear reinforcement
should be in the form of links.
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i 3 1 i I
—t ! .
- ! : 5
Stirrup cage > Stirrups Ladders
as shear as shear
assembly ‘_J L, assembly

FIGURE 6.3-3. Combination of links and shear assemblies: a) stirrup cage as a shear
assembly; b) ladders as a shear assembly

Minimum area A | should be calculated from the following expression: p, - =(A_ /s)-
b -sina = 0,08-]‘6(;(’5/fyk, where p . is the minimum shear reinforcement ratio;
A is the area of shear reinforcement with a longitudinal spacing s; « is the angle
between the shear reinforcement and the longitudinal steel.

Maximum spacing of shear reinforcement s : maximum longitudinal spacing
of links is equal to 0,75-d-(1 + cota); maximum longitudinal spacing of bent-up bars
is equal to 0,6-d:(1 + cota).

The transverse spacing of a series of shear links should not exceed 0,75-d nor 600 mm.

6.3.1.3. Curtailment of longitudinal tension reinforcement

Any curtailed reinforcement should be provided with an anchorage length/, ., but
not less than d from the point where it is no longer needed. This should be determined
taking into account the tension caused by the bending moment and that implied
in the truss analogy used for shear design. This can be done by shifting the point
of the theoretical cut-off based on the bending moment by «, (see below for defi-
nition) in the direction of the decreasing moment. This procedure is also referred
to as the «shift rule»: a =z-(cotf-cota)/2 where 6 is the angle of the concrete struts
to the longitudinal axis and a is the angle of the shear reinforcement to the longitu-
dinal axis; z normally can be taken as 0,75-d.

For members with shear reinforcement, the additional force AF ' should be calcu-
lated in accordance with Section 4.2. The additional tensile force is illustrated in Fig-
ure 6.3-4.
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! ! \ \
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envelope of M,/z+N; [Blacting tensile force F, [Clresisting tensile force Fp,

FIGURE 6.3-4. [llustration of the curtailment of longitudinal reinforcement, taking into
account the effect of inclined cracks and the resistance of reinforcement within ancho-
rage length

For reinforcement in the flange, placed outside the web, «, should be increased
by the distance of the bar from the web.

6.3.1.4. Anchorage at supports

End support. When there is little or no fixity at an end support, at least one-quar-
ter of the span reinforcement should be carried through to the support. The code
recommends that the bottom reinforcement should be anchored to resist force
of AF = Vi ocl/d+N s where V, is the shear force at the end, «, is as defined above
for the shift rule, and N, is the axial force, if any, in the member.

As simply supported ends, the bars should be anchored beyond the line of con-
tact the member and its support (face of support) by:
e direct support for beams: 0,8 times of the value given in Table 6.3-1;

e allindirect supports: 1 time of value given in Table 6.3-1.
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TABLE 6.3-1. Typical values of anchorage and lap lengths for beams

Bond Length in bar diameters

conditions C25/30 C30/37 C35/40
Full tension and compression good 36 32 31
anchorage length lbqud poor 48 43 41
Full tension and compression good 42 37 35
lap length [, poor 56 49 47
Note: The following is assumed: bar size is not greater than 32 mm. If >32 mm, then
the anchorage and lap lengths should be divided by a factor (132-bar size)/100; normal cover
exists; no confinement by transverse pressure; confinement by links-factor =0,9; no more than
33% of the bars are lapped at one place.

A «direct» support is one, where the reaction provides compression across the bar
being anchored. All the other supports are considered as «indirect» (see Figure 6.3-5).

I

bd
] 1
[} 1
[} 1
I [}
I 1
1 1
J |
- b -
Direct support Indirect support
Beam supported by wall Beam intersecting
or column another supporting beam

FIGURE 6.3-5. Anchorage at end supports (Figure 5.34 from EN 1992 [N3])

Intermediate supports (general requirements):

e atintermediate supports, >25% of the midspan bottom reinforcement should
be carried to the support;

e the minimum anchorage of bottom reinforcement beyond the face of the sup-
port is 109 for straight bars; or the diameter of the mandrel for bars of 16 mm
diameter or more and with hooks or bends; or twice the diameter of the mandrel
in other cases;

e however, this does not mean that the support must be greater than 200
wide, as the bars from each side of the support can be lapped. It is, however,
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recommended that continuous reinforcement is provided to resist accidental
forces (see Figure 6.3-6).

—
[~
=
<

—
[~
=
53

>10-dy L v 1=10-d
A A

FIGURE 6.3-6. Continuous reinforcement

The clear distance (spacing) between lapped bars should be in accordance with Fig-
ure 6.3-7.

20,31,

ly
IFS iSSOmm;S4<D () F
—

F
— T

i

FIGURE 6.3-7. Adjacent laps (Figure 5.29 from EN 1992 [N3])

It should be noted that, where the distance between lapped bars is greater than
50 mm or 49, the lap length should be increased by the amount, by which the clear
space exceeding 50 mm or 4.

6.3.1.5. Skin reinforcement

Skin reinforcement to control cracking should normally be provided in beams over
1,0 m in depth where the reinforcement is concentrated in a small portion of the depth.
This reinforcement should be evenly distributed between the level of the tension steel
and the neutral axis and be located within the links.
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6.3.1.6. Surface reinforcement

Surface reinforcement may be required to resist spalling of the cover, e. g. arising from
fire or where bundled bars or bars greater than 32 mm are used. This reinforcement
should consist of small-diameter, high-bond bars or wire mesh placed in the tension
zone outside the links.

The area of surface reinforcement parallel to the beam tension reinforcement
should not be less than 0,01-Aa,m, where Act’m is the area of concrete in tension exter-
nal to the links.

The longitudinal bars of the surface reinforcement may be taken into account
as longitudinal bending reinforcement, and the transverse bars as shear reinforce-
ment, provided that they meet the arrangement and anchorage requirements of these
types of reinforcement (see Figure 6.3-8).

H

— 7)

i i

1 1

/] Act,ext ! !

: ASIZO’OllAcr,ext :

/ i i

? —X 1 1

— E i

% = £ | |

Surface — ) : !
reinforcement vig i ]

P Tk
s, not greater than 150 mm

FIGURE 6.3-8. Arrangement and anchorage requirements

6.3.2. Slabhs

6.3.2.1. Longitudinal reinforcement

Minimum area A, -isequal to 0,26-f, b, -d/f . [..» but have to be not less than
8 ctm yk J yk
0,0013-b, -d, where f, is the characteristic yield stress of reinforcement.
Maximum area A :is at least 0,04-A_, where A is the cross-section area
of concrete.
Maximum bar spacing s

max °
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generally, s =3-h <400 mm for main reinforcement and 3,5- h < 450 mm for
secondary reinforcement;

local to concentrated loads, s =2-h<250 mm for main reinforcement

and 3-h <400 mm for secondary reinforcement.

Reinforcement near supports:

in simply supported slabs a minimum of 50% of the reinforcement in the span
should be anchored at supports (see Figure 6.3-9);

where partial fixity is likely to exist despite the assumption of simple support
in design, 25% of the reinforcement required to resist the maximum span moment
should be provided at the top of end supports;

at the end supports, the reinforcement should extend from the face of the support,
at least 0,2 times the adjacent span (see Figure 6.3-10).

at intermediate supports, the reinforcement should be continuous across the sup-

port.

A2 A A2

st

FIGURE 6.3-9. Span reinforcement

| 0,21 ,

FIGURE 6.3-10. End supports with partial fixity
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6.3.2.2. Transverse reinforcement

The minimum area of the transverse reinforcement A_, is 20% of the longitudinal
reinforcement.

6.3.2.3. Corner and edge reinforcement

Suitable reinforcement is required where slab corners are restrained against lifting.
Normally, U bars extending 0,2/ into the span should be provided at all edges (see
Figure 6.3-9).

U-bar Longitudinal reinforcement

= -
)
! >0,2h !

h

FIGURE 6.3-11. Reinforcement at free edges

6.3.2.4. Shear reinforcement

Minimum slab depth =200 mm, where shear reinforcement is to be provided.
The requirements are given in clause 10.9.1 of EN 1992 [N3] for beams and gen-
erally apply to slabs, with the following modifications: form of shear reinforcement
— shear reinforcement may consist entirely of bent-up bars or shear assemblies, where
is equal to 0,75-d-(1+cota)
for links and 1,0-d for bent up bars; maximum transverse spacing of shear reinforce-

Vg £0,33-Vy, 0 s maximum longitudinal spacing s

X

ment is equal to 1,5-d .

6.3.2.5. Anchorage and lap length

Anchorage and lap lengths should be obtained from Table 6.3-2 for bars and welded
mesh fabric.
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TABLE 6.3-2. Typical values of anchorage and lap lengths for slabs

Bond Length in bar diameters
conditions C25/30 C30/37 C35/40
Full tension and compression good 40 36 34
anchorage length [, poor 58 51 49
Full tension and compression lap good 46 42 39
length [, poor 66 59 56

Note: 1. The following is assumed: - bar size is not greater than 32 mm. If >32 mm, then

the anchorage and lap lengths should be divided by a factor (132-bar size)/100; normal cover
exists; no confinement by transverse pressure; no confinement by transverse reinforcement; no
more than 33% of the bars are lapped at one place. 2. Lap lengths provided (for nominal bars,
etc.) should not be less than 15 times the bar size or 200 mm, whichever is greater.

The clear spacing between two lapped bars should be in accordance with Figure 6.3-7.

6.3.3. Columns

6.3.3.1. Longitudinal reinforcement

Minimum diameter of the longitudinal reinforcement is 12 mm.

Minimum area A__ isequalto 0,1-N_, / f,a>0r 0,002- A , whichever is greater,

s,min

where N, is the design axial force, f, is the yield strength of reinforcement and A

is the area of concrete.

Maximum area A isequalto 0,04A outside laps, and to 0,084 at laps.
Minimum number of bars is shown in Figure 6.3-12.

Polygonal:

one bar per corner

FIGURE 6.3-12. Minimum number of bars
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6.3.3.2. Transverse reinforcement

General requirements:

e all transverse reinforcement must be adequately anchored;

e every longitudinal bar (or group of bars) placed in a corner should be held by
transverse reinforcement;

¢ no longitudinal bar in a compression zone should be further from a restrained
bar than 150 mm.

e Minimum diameter of the transverse bar should not be less than 6 mm or 0,25
times the diameter of the largest bar being restrained.

e Spacing of the transverse reinforcement:

should be the least of the following: 20

times the diameter of the longitudinal bar; or the lesser dimension of the col-

e generally, the maximum spacing s___
umn; or 400 mm;

e for a distance equal to the larger dimension of the column, above and below slabs
or beams the spacing noted above should be reduced by a factor of 0,6;

e the above reduced spacing is also required at laps of longitudinal bars of diam-
eter greater than 14 mm. A minimum of three transverse bars should be evenly
positioned over the lap length.

6.3.4. Walls

6.3.4.1. Vertical reinforcement

Minimum area of the vertical reinforcement: A . =0,002-A .

Maximum area of the vertical reinforcement: A, =0,04-A,

The code EN 1992 [N3] permits this to be doubled if the designer can show that
the integrity of concrete is not affected and the full strength can be achieved at the ulti-
mate limit state.

Maximum bar spacing s__ : the distance between adjacent bars should not exceed
three times the thickness of the wall or 400 mm, whichever is less.

When minimum reinforcement controls the design, 50% of the minimum rein-

forcement should be placed on each face.
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6.3.4.2. Horizontal reinforcement

Horizontal reinforcement should be placed between the vertical reinforcement
and the face of the wall.

Minimum area of the horizontal reinforcement: A
than 0,001-A,_.

Maximum spacing s__ is equal to 400 mm.

Minimum diameter: the code does not specify a value, but it will be prudent to
use a minimum of 0,25 times the diameter of the vertical reinforcement.

=0,25-A_ , but not less

sh,min

6.3.4.3. Transverse reinforcement

Where the area of vertical reinforcement exceeds 0,02- A_ transverse reinforcement
in the form of links should be provided in accordance with the requirements for
columns.

6.3.5. Corbels

General: where a_< z, a simple strut-and-tie model may be used (see Figure 6.3-13 a).

Anchorage of the primary tie reinforcement: unless a length [, = is available,
the primary horizontal tie A_should be anchored on both sides beyond the bearing
area using U bars or a welded cross bar.

a) [T [ 4

F, —————
A 2= ‘
o\ -7 A |
O\
/” // ! N o
T‘- :/r R’—* "GQ
A \ L
|
.—pE < I

FIGURE 6.3-13. Corbels: a) strut-and-tie model
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b) 0)

As,main A
\
A
\\\\ \\\ g \ Y,
ZAS, inszs,main E
R - h

anchorage devices or loops [B]links

FIGURE 6.3-13. Corbels: b) reinforcement for a <0,5-h; c) reinforcement for a >0,5-h_

Provisions of links: when ac<0,5-hc, closed horizontal or inclined links should be
provided (see Figure 6.3-13 b). The area of the link should be at least 0,25 times the area
of the primary tie reinforcement. When a >0,5-h , and the load applied on the corbel
exceeds V, e vertical closed links should be provided in addition to the horizontal
links (see Figure 6.3-13 c). The area of the vertical link should be at least 0,5-F,, / foar
where F,, is the force in the main tie reinforcement.

6.3.6. Reinforcement in flat slabs

Concentration of reinforcement over the columns will generally be required to meet
the serviceability requirements. In the absence of rigorous calculations, top reinforce-
ment with an area of 0,5- A, should be placed at a width equal to the sum of 0,125
times the panel width on either side of the column. A, represents the area of rein-
forcement required to resist the full negative moments in a panel.

At least two bars forming the bottom reinforcement in the slab should pass through
the internal columns in each orthogonal direction.

Reinforcement required to transfer bending moments from slab to columns,
at right angles to an edge, should be placed within an effective width as shown in Fig-
ure 6.3-14.
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a) b)

- CZ _— - CZ _—
A |
B ™ |
Y ) | <
= I I n I
B Ly y | \
: be:Cz+y : : - z 7
! ! b, =z+y/2
Note: y can be >c, Note: z can be >c, and y can be >c,

Slab edge

FIGURE 6.3-14. Effective width, be, of a flat slab: a) edge column; b) corner column

EN 1992 [N3] recognizes the use of both proprietary shear reinforcement and con-
ventional link reinforcement. In the case of the former, the design and detailing should
comply with the relevant European technical approval.

Where punching shear reinforcement is required, it should be provided between
the loaded area and 1,5-d within the control perimeter at which shear reinforcement
is no longer required. Such reinforcement should be provided in at least two perime-
ters of spacing not exceeding 0,75-d. The spacing of the perimeters in which links are
provided should not exceed 0,75-d. The spacing of the legs of links around a perim-
eter should not exceed 1,5-d (see Figure 6.3-15).

<d [B] <025d
>0,3-d
\T/(
<0,75-d
A
Y ! .
1054

Outer control perimeter requiring shear reinforcement ~ — S S
First control perimeter not requiring shear reinforcement Ijz'g

FIGURE 6.3-15. Punching shear reinforcement: a) spacing of links; b) spacing of bent-
-up bars
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Where shear reinforcement is required, the area of one leg of link reinforcement
should comply with A = = (1,5 sina + cosa)/s - s, 0,08 - fcis/fy » Where a is the angle
between the shear reinforcement and the longitudinal steel, and s, and s ,are the spac-
ing of the shear reinforcement in the radial and tangential directions, respectively.

Bent-up bars passing through the loaded area and within 0,25-d. on either side
of it may be used as punching shear reinforcement.

sw,min
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CHAPTER 7
Slabs

7.1. General

In the general case a slab is a flat two-dimensional planar structural element having
a small thickness compared to its other two dimensions. As was stated in EN1992 [N3]
a slab is a member for which the minimum panel dimension is not less than 5 times
the overall slab thickness.

It provides a working flat surface or covering shelter in buildings. It primarily
transfers load by bending in one or two directions. The floor system of a structure
can take many forms such as in-situ solid slabs, ribbed slabs (beam-and-girder floor
with one-way and two-spanning slabs), flat plate and flat slabs; joist floor (waffle
slab). In accordance with [17], the choice of type of slab for a particular floor depends
on many factors. Economy of construction is obviously an important consideration,
but this is a qualitative argument until specific cases are discussed, and is a geo-
graphical variable. The design loads, required spans, serviceability requirements are
all important.

7.2. Classification of concrete floor systems
with one-way and two-way slabs

7.2.1. One-way and two-way slabs

In the general case slabs are classified based on the following main aspects:
e Shape: square, rectangular, circular and polygonal;
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o Type of support: slab supported on stift beams (beam-supported floor); slab sup-
ported on walls; slab supported on columns (beamless floor: Flat plate and Flat
slabs);

e Boundary (support) conditions: simply supported; cantilever slab; overhanging
slab; fixed or continuous (continues) slabs;

e Use: roof slabs; floor slabs;

e Cross-section or sectional configuration: ribbed slab/beam-and-girder floor;
filled slab; folded plate;

e Spanning directions: one-way slab — spanning in one direction; two-way slab

- spanning in two directions.

In general, rectangular one-way and two-way slabs are very common.

Additionally, to the proposed classification, concrete floor systems can be classi-
fied as: (a) beam-supported floor and, (b) beamless floors. They are further divided
into several types, as shown in Figure 7.2-1.

Reinforced concrete floors

Beam-supported floors | | Beamless floors
Two-wa
One-way Two-way 'O'ne_ﬂway joist ﬂ00¥ TWO‘ﬂwaY Fllat Flat
slab slab joist floor (waffle slab) joist tloor plate slab

FIGURE 7.2-1. Types of reinforced concrete slabs [18].

7.2.1.1. One-way solid slabs

When a slab is supported only on two parallel apposite edges, it spans only in the direc-
tion perpendicular to two supporting edges (see Figure 7.2-2 a). Also, if the ratio
of the long dimension (span) to the short dimension (span) of a four-side-supported
slab panel is greater than or equal to 2,0, most of the load on the slab is transferred
to the long pair of beams, that is, the load path along the long dimension (span)
of the slab is negligible (see Figure 7.2-2). Such a slab is also designed as a one-way
slab, because the load is effectively transferred along one direction. The reinforce-
ment in a one-way slab is placed along the short direction, referred to as the «pri-
mary reinforcement» to distinguish it from the nominal reinforcement placed along
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the perpendicular direction, called the «secondary reinforcement. The main pur-
pose of secondary reinforcement is to resist stress caused by concrete shrinkage, ther-
mal expansion and contraction of the slab.

-

short span

l

long span
1122

\ Unsupported edge

A
Y

[

I

~ —

Deflected surface

FIGURE 7.222. One-way solid slabs: a) simply supported edge; b) most of the load from
the slab is carried in short direction (this support)

7.2.1.2. Two-way solid slabs

If the ratio of the long to short span of a four-side-supported slab panel is less than
2,0, the slab is considered to behave as a two-way slab. However, real two-way slab
behavior occurs when the ratio of the two spans is as close to 1,0 as possible (between
1,0 and 1,25). In a two-way slab, both directions participate in carrying the load.
Reinforcement is, therefore, provided in both one-way and two-way slabs may occur
in the same floor, Figure 7.2-3.

Since the slab rests freely on all sides, due to transverse load, the corners tend to
curl up and lift up. The slab loses the contact over some region. This is known as lifting
of corner. These slabs are called two-way simply supported slabs. At the corner, rota-
tion occurs in both directions and causes the corners to lift. If the corners of the slab
are restrained from lifting, downward reaction results at the corner and the end strips
becomes restrained against rotation. However, when the ends are restrained and rota-
tion of the central strip still occurs and causing rotation at the corner (slab is acting
as unit) the end strip is subjected to torsion.
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FIGURE7.2-3. Combination of the one-way (A) and two-way (B) solid slabs

7.2.2. Beam-supported floors

7.2.2.1. Beam-and-girder floors

One-way and two-way solid slabs become increasingly thick and hence uneconomical
as their span increases. Generally, the use of a slab thicker than 200 mm is discour-
aged because it creates a large self-weight (dead load) on the floor. For a one-way slab,
a 200 mm slab thickness is reached with a span of approximately 5,0 m for a square
two-way slab, a span of approximately 7,0 m requires a 200 mm - thick slab. Because
spans are relatively small for column spacing, one-way and two-way slabs are gener-
ally used in a beam-and-girder floor (Figure 7.2-4) or in a two-way beam-and-girder

floor, Figure 7.2-5.
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FIGURE7.2-4. Beam-and-girder floor with one-way slabs
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FIGURE7.2-5. Beam-and-girder floor with two-way spanning slabs
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7.2.2.2. Band-beam floors

A reinforced concrete floor that cannot be constructed with a flat form deck
becomes uneconomical. Therefore, the floor system shown in Figure 7.2-6 is rela-
tively uncommon because of the complexity of the formwork resulting from deep
beams around slab panels.

Beam
Y

Y

1-1 ,Slab Column
E A* E : Beam 5 E

FIGURE 7.2-6. Plan and section through a typical banded slab

A one-way slab floor with wide and shallow, continuous beams, referred to as band
beams (in contrast with the conventional narrow beams), gives more economical
formwork than the beam-and-girder systems in Figure 7.2-5. Because the beams are
wide, the slab span is reduced, reducing the slab thickness. Additionally, because
the beams are shallow, the floor-to-floor height is smaller, reducing the height of col-
umns, interior partitions, and exterior cladding. A smaller floor-to-floor height also
reduces the overall height of the building, which reduces the magnitude of lateral
loads on the building.
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7.2.2.3. One-way joist floors

A concrete floor that results from extremely economical formwork consists of closely
spaced, narrow ribs in one direction supported on beams in the other direction,
as is shown in Figure 7.2-7. Because the ribs are narrow and closely spaced, the floor
resembles a wood joist floor. It is, therefore, called a joist floor or a ribbed floor, but
it is more commonly known as a one-way joist floor to distinguish it from the two-
way joist floor described later.

~
Distribution
rib

FIGURE7.2-7. A one-way joist floor

A one-way joist floor is constructed with U-shaped pans as formwork placed over
a flat-form deck. The gap between the pans represents the width of the joists, which
can be adjusted by placing the pans closer together or farther apart, see Figure 7.2-8.

The pans are generally made of steel or glass fiber-reinforced plastic (GFRP) and can
be used repeatedly.

—— e

. ; B U-shaped pan =5
< Voidforjoist — e - :,‘

FIGURE7.2-8. Formwork for a one-way joist floor showing U-shaped pans
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The vertical section through a pan tapers downward for easy stripping and has
supporting lips at both ends. Pan widths and heights have been standardized to give
two categories of one-way joist floors:

e standard-module one-way joist floor;
e wide-module one-way joist floor.

7.2.2.4. Two-way joist floors (waffle slabs)

A two-way joist floor, also called a waffle slab, consists of joists in both directions, Fig-
ure 7.2-9. For the same depth of joists, a waffle slab yields a stiffer floor than a one-
way joist floor. It is, therefore, used where the column-to-column spacing lies between
10,5 m and 15,0 m. A waflle slab is best suited for square or almost square column-to-

column bays. When left exposed to the floor below, the waffle slab provides a highly
articulated ceiling.

a)
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b)

FIGURE 7.2-9. Two-way joist floor (waffle slab) supported on beams on all sides: a) iso-
metric from below; b) plan (looking-up) and section through the slab

7.2.3. Beamless concrete floors

7.2.3.1. Waffle slabs

A waffle slab is more commonly constructed as a beamless slab, as is shown in Fig-
ure 7.2-10. In a beamless waflle slab, a few domes on all sides of a column are omitted
so that the thickness of the slab at the columns is the same as the depth of the joists.
The thickening of the slab at the columns provides shear resistance (against the slab
punching through the columns).
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b) Column

FIGURE 7.2-10. A beamless waffle slab: a) general view; b) plan and section 1-1
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7.2.3.2. Flat plates

A flat plate consists of a solid slab supported directly on columns, as is shown in Fig-
ure 7.2-11. A flat plate is similar to a two-way banded slab, except that the beam
bands in both directions are concealed within the thickness of the slab. Therefore,
the spans that can be achieved economically with a flat-plate floor are smaller than
those obtained from one-way or two-way joist floors.

Flat-plate slabs are suitable for occupancies with relatively light variable imposed
(live) loads, such as hotels, apartments, and hospitals, where small column-to-col-
umn spacing does not pose a major design constraint. Additionally, a drop ceiling
is not required in these occupancies and HVAC ducts can be run within the corri-
dors, where a lower ceiling height is acceptable.

FIGURE7.2-11. A flat-plate slab in an office building (under construction)

A flat-plate slab results in a low floor-to-floor height, and its formwork is econom-
ical. Because the beams are concealed within the slab thickness, columns need not
be arranged on a regular grid — a major architectural advantage. However, a flat plate
is a two-way system; hence, the column spacing in both directions should be approx-
imately the same. A slab thickness of approximately 150 mm is generally needed for

4,5x4,5 m column bays and approximately 200 mm for 6,0x6,0 m bays with residen-
tial loads.
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7.2.3.3. Flat slabs

A flat slab is similar to a flat plate, but it has column heads, referred to as drop panels

(see Figure 7.2-12 a). The primary purpose of drop panels is to provide greater shear
resistance at the columns, where the shear maximizes.

a) b)
(Column spacing)/6

minimum

Drop depth
to be al least 0,25
(slab thickness)

Slab thickness

Drop panel

Drop panel

Plywood / \

Dimension
form lumber

FIGURE7.2-12. Typical details of a flat slab and minimum code requirements for drop
panel dimensions: a) a typical flat slab; b) minimum drop panel dimensions; c) drop
depth of panel based on dimension lumber

Structurally, the drop panel must extend a minimum of one-sixth of the slab span
in each direction, and its drop below the slab must be at least 25% of the slab thickness
(see Figure 7.2-12 b). For formwork economy, the drop depth is also based on lumber
dimensions (see Figure 7.2-12 ¢). With round columns, however, manufacturers sup-
ply column forms that have built-in drop panels and column capitals.

A flat slab is generally used where the live loads are relatively high, such as in park-
ing garages or storage or industrial facilities.
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7.3. Choice of type of slab floor

As was shown above, for beamless slabs, the choice between a flat slab and a flate plate
is usually a matter of loading and span.

Flat plate resistance is often governed by punching shear resistance at the col-
umns, and for service live (imposed) loads greater than perhaps (4,8 kN/m?) and spans
greater than about 8 m the flat slab is often the better choice. If architectural and other
requirements rule out capitals or drop panels, the shear can be improved by using
metal shear heads or some other form of shear reinforcement, but the cost may be high.

Serviceability requirements must be considered, and deflections are sometimes
difficult to control in reinforced concrete beamless slabs.

Large live (imposed) loads and small limits on permissible deflections may force
the use of large column capitals. Negative-moment cracking around columns is some-
times a problem with flat plates, and again a column capital may be useful in its control.

Deflections and shear stresses may also be controlled by adding beams instead
of column capitals. If severe deflection limits are imposed, the two-way slab will be
most suitable, as the introduction of even moderately stiff beams will reduce deflec-
tions more than the largest reasonable column capital is able to. Beams are also eas-
ily reinforced for shear forces.

The choice between two-way and beamless slabs for more normal situations
is complex.

In terms of economy of material, especially of steel, the two-way slab is often best
because of the large effective depths of the beams. However, in terms of cost of con-
struction of the floor, the flat plate is much cheaper because of the very simple form-
work and less complex arrangement of steel. The flat slab is somewhat more expen-
sive in construction than is the flat plate, but the forms for the column capitals are
often available as prefabricated units, which can help limit costs.

The real cost parameter is the ratio of costs of construction relative to material.
Few two-way slabs are built in areas of high construction costs unless there are defi-
nite structural reasons, and many are built where steel is the most costly item. Hollow-
tile slabs are still built in some places, but only where the cost of both steel and cement
is very high relative to construction process.
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7.4. Design of concrete floor systems
with one-way and two-way slabs

7.4.1. General

In accordance with [18, 19] the general design procedure for slabs to be adopted
as follows:

1. Check that the cross section and cover comply with requirements for fire resistance;
2. Check that cover and concrete grade (class) comply with requirements for dura-
bility;

Calculate bending moment and shear forces;

Calculate reinforcement;

Make final check on span/depth ratios;

For flat slabs check shear around columns (punching shear) and calculate shear
reinforcement as necessary.

SO

The effective span of simply supported slab should normally be taken as the clear
distance between the faces of supports plus the slab thickness. However, where a bear-
ing pad is provided between the slab and the support, the effective span should be
taken as the distance between the centers of the bearing pads.

The effective span of a slab continuous over its supports should normally be taken
as the distance between the centers of the supports (see Chapter 2).

The effective length of a cantilever slab where this forms the end of a continuous
slab is the length of the cantilever from the center of the support.

7.4.2. Fire resistance and durability requirements

7.4.2.1. Fire resistance

The member size and reinforcement cover required to provide fire resistance are given
in Table 7.4-1. (Table 5.1 [18]). The cover in Table 7.4-1 may need to be increased
for durability (see section 7.4.2.2).
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TABLE 74-1. Minimum dimensions and axis distances for reinforced concrete slabs
(excluding flat slabs)

Minimum dimensions (mm)
Standard o ab b ine slab
fire s;:::ilzg One-way™" spanning sla Ribs in a two-way spanning
resistance . 7 ribbed slab
slab <15 | 1,5<0 /1 <2
h = 80 80 80 b =| 100 120 >200
REL60 | 5| 20 10g 15g G=| 25 15g | 1o0g
h = 100 100 100 b = 120 160 >250
REI9O | "ol 30 15g 20 "a=| 35 25 15g
h = 120 120 120 b =| 160 190 >300
RET1201 "5 _ 40 20 25 "a=| 45 40 30
h = 175 175 175 b =| 450 700 -
REI240 | "o 65 40 50 "a=| 70 60 -
Notes:

1. This table is taken from EN 1992-1-2, Tables from 5.8 to 5.11. For flat slabs refer to Chapter 7.

2. The table is valid only if the detailing requirements (see note 3) are observed and in normal temperature
design redistribution of bending moments does not exceed 15%.

3. For fire resistance of R90 and above, for a distance of 0,3-15 from the centre line of each intermediate
support, the area of top reinforcement should not be less than the following:
A, As o (0)(1-2,5(x/1 )

where: x is the distance ofl{he section begin considered from the centre line of the support; A, (0)
is the area of reinforcement required for normal temperature design; A (x) is the minimum area
of reinforcement required at the section being considered but not less than that required for normal
temperature design; [ is the greater of the effective lengths of the two adjacent spans.

4. There are three standard fire exposure conditions that need to be satisfied:
R Mechanical resistance for load bearing
E Integrity of separation
I Insulation

5. The ribs in a one-way spanning ribbed slab can be treated as beams and reference can be made
to Chapter 4. The topping can be treated as a two-way slab, where 1,5<ly/le2.

Key:

a) The slab thickness & _is the sum of the slab thickness and the thickness of any non-combustible
flooring.

b) For continuous solid slabs a minimum negative reinforcement A >0,005-A_should be provided over
intermediate supports if
1. cold worked reinforcement is used; or
2. there is no fixity over the end supports in a two span slab; or
3. where transverse redistribution of load effects cannot be achieved.

¢) In two way slabs the axis refers to the lower layer of reinforcement.

d) The term two way slabs relates to slabs supported at all four edges. If this is not the case, they should
be treated as one-way spanning slabs.

e) For two-way ribbed slabs the following notes apply:
e The axis distance measured to the lateral surface of the rib should be at least (a+10).
e The values apply where there is predominantly uniformly distributed loading.
e There should be at least one restrained edge.
e The top reinforcement should be placed in the upper half of the flange.

f) 1 and ] are the spans of a two-way slab (two directions at right angles) where [ is the longer span.

2) Normally the requirements of EN 1992-1-1 will determine the cover.
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7.4.2.2. Durability

The requirements for achieving durability given environment are the following:

e an upper limit to the water-to-cement ratio (in accordance EN206 [N4]);

e alower limit to the cement content (in accordance EN206 [N4]);

e alower limit to the nominal cover to the reinforcement (in accordance
EN 1992 [N3));

e good compaction;

e adequate curing;

e good detailing (in accordance with EN1992 [N3]).

For a given value of nominal cover (expressed as minimum cover + an allowance
for deviation, Ac, ) Table B.2 (50 years) and Table B.2 (100 years) of Appendix B [N3]
give values of concrete class, an upper limit to the water cement ratio and cement con-
tent which, in combination, will be adequate to ensure durability for various envi-
ronments (see Chapter 3).

Where it is specified that only a contractor with a recognised quality system shall
do the work Ac =0 mm, otherwise Ac =10 mm.

7.4.3. Structure actions

7.4.3.1. Distributed loads

Slabs should be designed to withstand the most unfavorable arrangements of design

loads. For continuous slabs, subjected to predominantly uniformly distributed loads,

it will be sufficient to consider only the following arrangements of loads for ultimate

state verification:

e alternate spans carrying the design permanent (dead) and imposed load
(i. e. 1,35-G,+1,5-Q,), other spans carrying the design permanent (dead) load
(i e. 1,35-G);

e all spans carrying the design permanent (dead) and imposed load (i. e. 1,35-G,+
+1,5-Q)). The moments obtained from elastic analysis may be redistributed up to
a maximum of 30% except for plain or intended fabric for which the limit is 15%.

e If should be noted that [18]:

e the resulting distribution of moments should remain in equilibrium
with the applied load;
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e the design redistributed moment at any section should not be less than 70%
of the elastic design moment;

e there are limitations in the depth of the neutral axis of the section depend-
ing on the percentage of redistribution (see clause 4.5.2.4.1 from EN1992 [N3]
and Chapter 2).

7.4.3.2. Concentrated loads

The bending moment arising from concentrated load may be distributed over
a width of slab equal to the width of the load plus the lesser of the actual width
or 1,2:(1-x/l)-x on each side of the load (see Figure 7.4-1), where x is the distance
to the nearer support from the section under consideration, and / is the span.

Load

V/// Slab

A

N Unsupported edge
-—X | - =~
e ~N
-’ ~

% o ' Load width
Effective width

0,3]

1,2x(1-x/1)

I

FIGURE 7.4-1. Effective width of solid slab carrying a concentrated load near unsuppor-
ted edge (Figure 5.1 from [18])

335



7.4.4. Methods of analysis

The analysis of slabs is extremely complicated because of the influence of a number
of factors stated above. Thus the exact (close form) solutions are not easily available.
The main basic methods are:

a) Classical methods - Levy and Naviers solution (Plate analysis);
b) Yield line analysis — used for Ultimate limit state analysis;

¢) Semi-empirical method - prescribed by codes for practical design which uses
Coeflicient methods;

d) Numerical techniques - Finite element ant Finite difference methods.

7.4.5. Analysis of one-way and two-way
slabs by semi-empirical coefficient methods

7.4.5.1 General

One-way slabs transfer the imposed loads in one direction only. They may be sup-
ported on two opposite sides only (see Figure 7.4-2 a), in which the structural action

is essentially one-way, the loads being carried in the direction perpendicular to the sup-
porting beams or walls.

Supports on two Supports on all
edges only four edges

FIGURE74-2. Load transfer in slabs: a) one-way slab; b) two-way slab

But rectangular slabs often have such proportions and supports (e. g. relatively
deep, stift monolithic concrete beams) that result in two-way action (see Figure 7.4-2b).
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At any points, such slabs are curved in both directions resulting in biaxial
moments. It is convenient to think of such slabs as consisting of two sets of parallel
strips, in each direction and intersecting each other. So part of the load is carried by
one set and the remainder by the other.

Figure 7.4-2 b shows two centre strips of a rectangular plate with spans [ and ly.
For uniformly distributed loads of g (kN/m?’, kPa), each strip acts approximately like
a simple beam uniformly loaded by its share of g, i. e. ¢_and q,. Since they are part
of the same slab, their midspan deflections must be the same (elastic stage):

74 5g -1* l ¥
N R TN (7.4-1)
384-E, 1 384-E,1 "q, \I

x

Therefore, a large share of the load is carried in the shorter direction, the ratio
of the two portions of the load being inversely proportional to the fourth power
of the ratio of spans. For example, if | /1 =2, q /q, =16, i. e., about 94% of the load is car-
ried in the shorter direction and only nearly 6% in the longer direction.

7.4.5.2 One-way slabs

As was shown above a slab subjected to dominantly uniformly distributed loads
may be considered to be one-way spanning if either:
e it possesses two free (unsupported) and sensibly parallel edges (see Figure 7.4-3 a) or
e it is the central part of a sensibly rectangular slab supported on four edges
with a ratio of the longer to shorter span greater than 2 (see Figure 7.4-3 b).

However, these proportions also depend on the support conditions in each direc-
tion, because the maximum midspan deflection is (g - I)/(192 - E_ - I) for hinger-fixed
ends (simply supported) and (q - I*)/(384 - E_ - I) for fixed-fixed ends (F).

Therefore, if [ /I =2 and span [ is simply supported, about 14% of q is carried by
hinger-fixed span [ and 24% by fixed-fixed span . On the other hand, if ] is simply
supported, if carries only 2,4% of q if [_is hinged-fixed (simply supported) and 1,2%
of g if [ is fixed-fixed.
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For a simply supported square slab,
I1.=1,9=9=4q/2 (7.4-2)

So if only bending was present, the maximum bending moment in each slab
would be equal to:

_@/2r
8

=0,0625-q-I* (7.4-3)

max

Unit width design strip

Unit width design strip

FIGURE 7.4-3. One-way slab: a) supported on two sides; b) supported on beams on all
four sides
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However, the actual behavior of a slab is more complex than that of two inter-
secting strips. As shown in Figure 7.4-4, a slab can be modelled as a grid, some strip
of which (particularly the outer strips) are not only bent but also twisted. Consequently,
the total load on the slab is carried out only by bending moments in two directions,
but also twisting moments. For this reason, bending moments in elastic slabs would
be smaller than that computed for sets in unconnected strips loaded by g, and g,

FIGURE 74-4. Grid model of two-way slab

This subsection gives the requirement to fire resistance and durability, and bend-
ing and shear forces coeflicient for one-way and two-way spanning slabs on lin-
ier supports, and flat slabs using solid, ribbed and coffered waffled constructions.
The coefficients apply to slabs complying with certain limitations which are stated
for each type.

For those cases where no coefficients are provided the bending moments and shear
forces for one-way spanning slabs may be obtained by elastic analysis [20]. As it was
pointed out in [20], these moments may then be redistributed, maintaining equilib-
rium with applied loads, up to a maximum 30%, although normally 15% is consid-
ered as a reasonable limit.

The treatment of shear around columns for flat slabs (punching shear) and the check
of deflections for all types of slab are given, together with some notes on the use of pre-
cast slabs.

In heavily-loaded slabs, the thickness is often governed by shear of flexure, while
in lightly-loaded slabs, the thickness is generally chosen based on deflection limitations.

Both lightly and heavily loaded slabs are typically dimensioned so that no shear
reinforcement is required, as placing stirrups in slabs is perceived to be difficult
and costly.
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One-way spanning slabs are designed for flexure and shear on per meter width
basis, assuming that they act as a series of independent strips. Thus, one-way shear
in slabs is often referred to as beam shear, and design for flexure and shear is car-
ried out using a beam analogy. It is convenient to think of it as consisting of two sets
of parallel strips, in each of the two directions, intersecting each other (mostly per-
pendicular to each other).

Evidently, part of the load is carried by one set and transmitted to one pair of edge
support, and the remainder by the other.

In the example shown in Figure 7.4-3 b in which the slab is supported on stift
beams on all four sides, and where the aspect ratio in the plan is not much greater than
2:1, some redistribution may be possible due to two-way action. However, in one-way
slabs with an aspect ratio considerably greater than 2:1, redistribution due to two-way
action may be negligible. Furthermore, in one-way slabs supported on stiff supports
along only two sides (Figure 7.4-3 a), no redistribution will be possible and the full
width of the slab may be called upon to resist the full shear.

To obtain internal forces in each way is necessary to compute load for correspond-
ing direction. Because the imaginary strips actually are part of the same monolithic
slab, their deflections at the intersection point must be the same. The line load can
be obtained by means of split factor c_based on assumptions of the identical center
deflection of the short and long strip (g,=q,).

For continuous slabs with a) substantially uniform loading b) permanent (dead)
load greater than or equal to imposed load and c) at least three spans that do not dif-
fer by more than 15%, the bending moments and shear forces may be calculated using
the coefficient given in Table 7.4-2.

TABLE74-2. Bending moments and shear forces for one-way slabs (Table 5.2 from [8])

Simple Continuous
Penultimate | Interior | Interior
End End End End support spans supports
support span support span
Moment 0 0,86-F-1 | -0,04-F-1 | 0,075-FI | -0,086-F. 0,063-F-] | -0,063-F-]
Shear 0,4-F - -0,046-F - 0,6-F - 0,5-F
Notes: F is the total design ultimate load (1,35-G,+1,5-Q,) for each span; [ is the span.

Allowance has been made in the coefficients in Table 7.4-2 for 20% redistribu-
tion of moments.
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7.4.5.3. Two-way spanning slabs on linear supports.
Analysis with coefficient method

Two-way slabs on linear supports are surface members aching in both directions.
They are supported on all four sides. For this type of slab, the ratio of length to width
of the one slab should be less than 2 otherwise one-way action is obtained, even though
supports are provided on all sides. In many cases the slabs are of such proportions
and are supported in such a way that two-way actions result.

In accordance with [18], the slab preliminary thickness design depends on bound-
ary conditions (support) (see Figure 7.4-5):
e for simple supported at all sides (S), appropriate is:

[ +1
h =11 : (7.4-4)
75
e for fixed support at all sides (F), appropriate is:
[ +1
h =12 - (7.4-5)
105

For other boundary conditions it is reasonable to keep thickness in range between
all fixed (F) and supported (S) edges, but minimum depth is 80 mm.

It should be noted, that the thickness of two-way slabs and plates is typically gov-
erned by deflection limitations.

X

yr> - ! S ]
S” S,f F \\>1/ PN
/

S F

Py

I I,

FIGURE 74-5. Two-way spanning slabs (boundary conditions): a) simply supported edges;
b) fixed support at all sides

The determination of exact moments in two-way slabs with various support condi-
tions is mathematically formidable and not suited to design practice. Various simplified
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methods are therefore adopted for determining moments, shear and reactions in such
slabs. Quite popular and widely used among these methods is one using «moment
coefficient methody, for specifically two-way slabs supported on four sides by rela-
tively stiff beams. The method used Tables of Moment coeflicients for a variety of sup-
port conditions. These coeflicients are based on elastic analysis but also accounts for
inelastic redistribution.

This method provides the values of M and M, along the central strip
of the slab, as demonstrated in Figure 7.4-7 for a slab simply supported on all sides.
As shown in Figure 7.4-6, the maximum moments are less elsewhere. Therefore, other
design values can be reduced according to the variation shown. These variations
in maximum moment across the width and length of a rectangular slab are accounted
for approximately by designing the outer quarters of the slab span in each direction
for a reduced moment.

M_ along 1-1

Variation of M%mx across 1-1

Variation of M across 2-2 M along2-2

Xx,max ymax

FIGURE7.4-6. Variation of moments in a uniformly loaded slab simply supported on all
sides

Bending moment in two-way slabs may be calculated by any valid method pro-
vided the ratio between support and span moments are similar to those obtained by
the use of elastic theory with appropriate redistribution. In slabs where the corners
are prevented from lifting, the coefficients in Table 7.4-3, may be used to obtain bend-
ing moments per unit with (m, and m, ) in the two directions for various edge con-
ditions, i. e.:

My, =P, -q, .lazc; (7.4-6)

mEy = ﬁEy 'qd ’ lazc’ (7‘4_7)
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where: §, and f8, are the coeflicient from Table 7.4-3; q, is the total design ultimate

load per unit area (1,35-G,+ 1,5-Q));

[ is the shortend span.

4 A B
cont. cont.
| —————— dis. - discontinuous end (edge);
<,  cont. - continuous end (edge)
4 c
cont. ]

FIGURE74-7. Plan of typical slab

The distribution of the reactions of two-way slabs on to their supports can be

derived from Figure 7.2-20.

Class A reinforcement in accordance with EN 1992 [N3] is assumed to have suffi-
cient ductility for use with this simplified design method or yield line analysis of two

way slabs.

TABLE74-3. Bending moment coeflicients for two-way spanning rectangular slabs

Long-span
Type of panel and moments Short-span coefficients ,_values of I /1 coefficients
. * ve B, forall
considered 5
values
1,00 1,25 1,50 1,75 2,00 of ly/lx
1. Interior panels:
- negative moment at continuous edge 0,031 0,044 | 0,053 0,059 0,063 0,032
- positive moment at midspan 0,024 | 0,034 | 0,040 | 0,044 0,048 0,024
2. One short edge discontinuous:
- negative moment at continuous edge [ 0,039 | 0,050 | 0,058 | 0,063 | 0,067 0,037
- positive moment at midspan 0,029 [ 0,038 [ 0,043 | 0,047 | 0,050 0,028
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Long-span

Type of panel and moments Short-span coefficients B, values of I /I coefficients
. ¢ B, forall
considered 5
values
1,00 1,25 1,50 1,75 2,00 of ly/lx
3. One long edge discontinuous:
- negative moment at continuous edge | 0,039 | 0,059 | 0,073 [ 0,082 | 0,089 0,037
- positive moment at midspan 0,030 | 0,045 | 0,055 | 0,052 0,067 0,028
4. Two adjacent edges discontinuous:

- negative moment at continuous edge 0,047 | 0,066 | 0,078 0,087 0,093 0,045
— positive moment at midspan 0,036 | 0,049 | 0,059 | 0,065 0,070 0,034

Notes: 1. The reactions shown apply when all edges are continuous (or discontinuous). 2. When
one edge is discontinuous, the reactions on all continuous edges should be increased by 10%

and the reaction on the discontinuous edge may be reduced by 20%. 3. When adjacent edges are
discontinuous, the reaction should be adjusted for elastic shear considering each span separately.

[ Load on AD

45°

45°

\

D

C

FIGURE 7.4-8. Distribution of reactions from two-way slabs onto supports (see Figure

5.2 from [18])

Compared to the idealized «simply supported» slab, Figure 7.4-8 shows a more
«realistic» scenario where a system of beams supports a two-way slab. For this slab,
panel A has two discontinuous exterior edges and two continuous interior edges,
panel B has one discontinuous and three continuous edges, while the interior panel
C has all edges continuous. The design bending moments are zero at discontinuous
ends, negative at continuous ends and positive at midspans.
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7.4.5.4. Flat slabs

Concrete slabs are often carried directly by columns without the use of beams
or girders.

Such slabs are described as Flat Plates (see Figure 7.2-11) and are commonly used
where spans are not large and not particularly heavy.

A very similar construction Flat Slab (see Figure 7.2-12) is also beamless but
incorporates a thickened slab region in the vicinity of columns (called Drop Pan-
els) and often employs flared up column tops (Column Capitals). Both are devices
to reduce stresses due to shear and negative bending around the columns.

In accordance with EN1992 [N3] (Annex I), flat slab should be analysed using
a proven method of analysis, such as grillage (in which the plate is idealized as a set
of interconnected discrete members), finite element, yield line or equivalent frame.
Appropriate geometric and material properties should be employed.

In flat slab analysis, the full load is assumed to be carried by the slab in each direc-
tion. This is in apparent contrast to the analysis of two-way beam-supported slabs,
in which the load is divided. In two-way slabs, as in flat slabs, equilibrium conditions
require that the entire load is carried in each of two principal directions.

The structural analysis of flat slabs can be carried out using computer based struc-
tural modeling, the two widely used methods for this purpose are the semi-empirical
Direct Design Method and equivalent Frame Method.

7.4.5.4.1. Direct design method

If a flat slab has at least three spans or bays in each direction and the ratio of the long-
est span to the shortest does not exceed 1,2, the maximum values of the bending
moments and shear forces in each direction may be obtained from Table 7.4-4. This
assumes a 20% redistribution of bending moments.

345



TABLE 7.4-4. Bending moment and shear force coefficients for flat slab panels of three
or more equal spans (Table 5.4 from [8])

Near .
Outer middle A t ﬁI:St - ‘mld(?le At internal
@ interior of interior
support of the end S, span support

span® pp P
Moment -0,040-F-1 0,086-F-1 -0,086-F- 0,063-F-1 -0,063-F.1
Shear 0,460-F" - 0,600F - 0,500-F
Total column 0,040-F.] - 0,022-F1 - 0,022-F1
moments(4)

Notes: (1) F is the total design ultimate load (1,35-G_+ 1,5-Q,); (2) these moments may have to be
reduced to be consistent with the capacity to transfer moments to the columns; (3) the midspan
moments must then be increased correspondingly; the total column moment should be
distributed equally between the columns above and below; (4) moment at supports may

be reduced by 0,15-F-hc, where hc is the effective diameter of the column or column head.

7.4.5.4.2. Equivalent frame analysis

Where the conditions above do not apply, the bending moment in a flat slab should
be obtained by frame analysis.

The structure should be divided longitudinally and transversely into frames con-
sisting of columns and sections of slabs contained between the centre lines of adja-
cent panels (area bounded by four adjacent supports). The stiffness of members may
be calculated from their gross cross-sections. For vertical loading 40% of this value
should be used to reflect the increased flexibility of the column/slab joints in flat slab
structures compared to that of column/beam joints. Total load on the panel should
be used for the analysis in each direction.

The total bending moments obtained from analysis should be distributed across
the width of the slab. In elastic analysis negative moments tend to concentrate towards
the center lines of the columns.

The panels should be assumed to be divided into column and middle strips (see
Figure 7.4-9) and the bending moments should be apportioned as given in Table 7.4-5.

In the assessment of the width of the column and middle strips, drops should be
ignored if their smaller dimension is less than one-third of the smaller dimension
of the panel.

Where the width of the column strip is different from 0,5-/ as shown in Figure
7.4-9, and made equal to the width of drop, the width of the middle strip should be
adjusted accordingly.
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TABLE74-5. Simplified apportionment of bending moment for a flat slab in accordance
with EN 1992 [N3]

Negative moment Positive moment
Column strip (60-80)% (50-70)%
Middle strip (40-20)% (50-30)%

Note: Total negative and positive moments to be resisted by the column and middle strips
together should always add up to 100%.

L) |

1/4]1/4 I-1 /2
middle strip I

SR S
1/2
|——>
middle
strip
R B

~
.
Stli
|
|
|
|
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|
+
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1
_1.
1
|
[
o
I
1
1
—-
I
1
—+
1

FIGURE 7.4-9. Division of panels in flat slabs (Figure I.1 from EN 1992 [N3]). Note: When
drops of width higher than (I /3) are used the column strips may be taken to be the
width of drops. The width of middle strips should then be adjusted accordingly.

The design moments obtained from analysis of the frames or from Table 7.4-5
should be divided between the column and middle strips in the proportions given
in Tables 7.4-6.

In general, moments will be able to be transferred only between a slab and edge
or corner column by a column strip considerably narrower than that appropriate
for an internal panel. The breadth of this strip, b , for various typical cases is shown
in Figure 7.4-10, and be should not be taken as greater than the column strip width
appropriate for an interior panel.
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TABLE74-6. Recommended distribution of design moments of flat slab (Table 5.5 from
EN 1992 [N3])

Design moment Column strip, % Middle strip, %
Negative 75 25
Positive 55 45

Note: For the case where the width of column strip is taken as equal to that of the drop

and the middle strip is thereby increased in width, the design moments to be resisted by

the middle strip should be increased in proportion to its increased width. The design moments
to be resisted by the column strip may be decreased by an amount such that the total positive
and the total negative design moments resisted by the column strip and middle strip together are
unchanged.
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FIGURE 74-10. Definition of width of effective moment transfer strip, b, on plan
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The maximum design moment that can be transferred to a column by this strip
is given by the following expression:

M =0,17-f, b, -d°, (7.4-8)

where: d is the effective depth for the top reinforcement in the column strip,

and f, <35 MPa.

Where the transfer moment at an edge column obtained from Table 7.4-5, is greater
than M™ a further moment redistribution <10% may be carried out.

Where the elastic transfer moment at an edge column obtained from frame anal-
ysis is greater than M moment redistribution <50% may be carried out.

Where the slab is supported by the wall, or an edge beam with a depth greater
than 1,5 times the thickness of the slab then:

e the total design load to be carried by the beam or wall should include those loads
directly on the wall or beam plus a uniformly distributed load equal to one-quar-
ter of the total design load on the panel;

e the design moments of a half-column strip adjacent to the beam or wall should

be one-quarter of the design moment obtained from analysis.

7.4.5.4.3. Effective shear forces in flat slabs

Generally the critical consideration for shear in flat slab structures is that of punch-
ing shear around the columns. This should be checked in accordance with Section 4.3
except that the shear forces should be increased to allow for the effects of moment
transfer as indicated below.

The design of effective shear forces should be increased to allow for the column
should be taken in accordance with EN1992 [N3] as follows: VEﬁzl,IS-VE ,— foran
internal column with approximately equal spans; V, =1,4-V,, - for edge columns;
V=15V, for corner columns (where V., is the design shear transferred to the col-
umn and is calculated on the assumption that the maximum design load is applied
to all panels adjacent column considered).

Where the adjacent spans differ by more than 25% or the lateral stability
depends on frame action, VEﬂ should be calculated in accordance with EN1992
(clause 6.4.3) [N3].
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7.4.5.4.4. Irregular column layout

Where, due to the irregular layout of columns, a flat slab can not be sensibly analyzed
using the equivalent frame method, a grillage or other elastic method may be used.
In such a case the following simplified approach will normally be sufficient:

1. analyze the slab with the full load, y -G+ y,-Q,, on all bays;

2. the midspan and column moments should then be increased to allow for
the effects of pattern loads. This may be achieved by loading a critical bay (or bays)
with y,-G,+ y,°Q, and the rest of the slab with y -G,. Where there may be sig-
nificant variation in the permanent load between bays, y . should be taken as 1,0
for the unloaded bays;

3. the effects of this particular loading may then be applied to other critical bays
and supports in a similar way.

7.4.6. Yield Line Design

7.4.6.1. General

Yield Line Design is a well-founded method of designing reinforced concrete slabs,
and similar types of elements. It uses Yield Line Design Theory to investigate failure
mechanisms at ultimate limit state [19].

As was shown above, most concrete slabs are designed for moments found by
the methods that are based on essentially elastic theory. On the other hand, rein-
forcement for slabs is calculated by non-liner resistance models for RC-elements
that account for the actual inelastic behavior of members under load. As was stated
in [19] limit analysis not only eliminates the inconsistency of combining elastic anal-
ysis with inelastic (non-liner) design but also accounts for the reserve strength char-
acteristic of most reinforced concrete structures and permits, within limits, an arbi-
trary readjustment of moments found by elastic analysis to arrive at design moments
that permit more practical reinforcing arrangements.

The plastic hinge is defined as a location along a member in a continuous beam
or frame at which, upon overloading, there would be large inelastic rotation at essentially
a constant resisting moment. For slabs, the corresponding mechanism is the yield line.

In accordance with [19] a yield line is a crack in a reinforced concrete slab across
which the reinforcing bars have yielded and, along which, plastic rotation occurs.

350



Yield Line Theory is an ultimate load analysis. It establishes either the moments
in an element (e. g. loaded slab) at the point of failure or the load at which elements
will fall. It may be applied to many types of slab, both with and without beams.

For the overloaded slab, the resisting moment per unit length measured along
a yield line is constant as inelastic rotation occurs; the yield line serves as an axis
of rotation for the slab segment.

7.4.6.2. Upper and lower bound theorems

Plastic analysis methods such as the Yield Line Theory derive from the general theory
of structural plasticity, which states that the collapse load of a structure lies between
two limits, an upper bound and a lower bound of the true collapse load. These lim-
its can be found by well-established methods. A full solution by the theory of plas-
ticity would attempt to make the lower and upper bounds converge to a single cor-
rect solution.

As was stated in [19] the lower bound theorem and the upper bound theorem,
when applied to slabs, can be stated as follows:

Lower bound theorem: if, for a given external load, it is possible to find a dis-
tribution of moments that satisfies equilibrium requirements, with the moment not
exceeding the yield moment at any location, and if the boundary conditions are sat-
isfied, then the given load is a lower bound of the true carrying capacity.

Upper bound theorem: if, for a small increment of displacement, the internal
work done by the slab, assuming that the moment at every plastic hinge is equal to
the yield moment and that boundary conditions are satisfied, is equal to the exter-
nal work done by the given load for that same small increment of displacement, then
that load is an upper bound of the true carrying capacity.

If the lower bound conditions are satisfied, the slab can certainly carry the given
load, although a higher load may be carried if internal redistributions of moment
occur. If the upper bound conditions are satisfied, a load greater than the given load
will certainly cause failure, although a lower load may produce collapse if the selected
failure mechanism is incorrect in any sense.

The yield line method of analysis for slabs is an upper bound method, and con-
sequently, the failure load calculated for a slab with known flexural resistances may
be higher than the true value.
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7.4.6.3 Rules for yield line

When a slab is on the verge of collapse because of the existence of a sufficient number

of real or plastic hinges to form a mechanism, axes of rotation will be located along

the lines of support or over point supports such as columns. The slab segments can

be considered to rotate as rigid bodies in space about these axes of rotation. The yield

line between any two adjacent slab segments is a straight line, being the intersection

of two essentially plane surfaces. Because the yield line (as a line of intersection of two

planes) contains all points common to these two planes, it must contain the point

of intersection (if any) of the two axes of rotation, which is also common to the two

planes. That is, the yield line (or yield line extended) must pass through the point

of intersection of the axes of rotation of the two adjacent slab segments. The terms

positive yield line and negative yield line are used to distinguish between those asso-

ciated with tension at the bottom and tension at the top of the slab, respectively.
Guidelines for establishing axes of rotation and yield lines are summarized

as follows:

1. Yield lines are straight lines because they represent the intersection of two planes.

2. Yield lines represent axes of rotation.

3. The supported edges of the slab will also establish axes of rotation. If the edge
is fixed, a negative yield line may form, providing constant resistance to rotation.
If the edge is simply supported, the axis of rotation provides zero restraint.

4. An axis of rotation will pass over any column support. Its orientation depends
on other considerations.

5. Yield lines form under concentrated loads, radiating outward from the point
of application.

6. A yield line between two slab segments must pass through the point of intersec-
tion of the axes of rotation of the adjacent slab segments.

[lustrations are given in Figure 7.4-11 of the application of the guidelines to

the establishment of yield line locations and failure mechanisms for a number of slabs
with various support conditions.
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FIGURE 74-11. Typical yield line pattern [19]
Once a yield line pattern has been postulated it is only necessary to specity

the deflection at one point (usually the point maximum deflection) from which all
other rotations can be found. These rules are illustrated in Figure 7.4-12.
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Different layouts
! I to a valid patterns
1 Axis of rotation for region B 2
i

Axis of rotation 5 B 6
for region B
HreE \S I 7
A 5 11 6 D
5 I 6
Positive yield lines - = N'egat1ve yield hr/le
with moment, m, C with moment 1y
at continuous support

FIGURE 74-12. Valid patterns for a two-way slab [19]

Figure 7.4-12 from [19] shows a slab with one continuous edge (along 3-4) and sim-
ply supported on the other three sides. The figure shows three variations of a valid
yield line pattern. Successive applications of the virtual work method would establish
which of the three would produce the most unfavorable result.

In this pattern, line 5-6 would be given unit deflection and this would then define
the rotation of all the regions.

On the basis that a continuous support repels and a simple support attracts yield
lines, layout III is most likely to be closest to the correct solution. As region C has
a continuous support (whereas region B has not), line 5-6, must be closer to support
1-2 than support to 3-4.

It is always important to ensure that Rule 4 and Rule 6 (Yield lines between adja-
cent rigid regions must pass through the point of intersection of the axes of rotation
of those regions) are observed in establishing a valid pattern. For the case under con-
sideration, line 1-5, for instance, passes through the intersection of the axes of rota-
tion of the adjacent regions A and B. Similarly line 2-6 passes through the intersec-
tion of the axes of rotation of adjacent regions B and D. Likewise line 5-6 in Figure
7.2-25 this line intersects the axes of rotation of adjoining regions B and C at infinity,
i. e. line 5-6 is parallel to the axes of rotation.

Figures 7.4-13 shows the correct and incorrect application of Rule 4 and Rule 6 to
a slab supported on two adjacent edges and a column.
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FIGURE 7.4-13. Slab supported on two adjacent edges and column [19]: a) valid patterns
for slab; b) an invalid pattern

7.4.6.4. Design methods

Once the general pattern of yielding and rotation has been established by applying
the guidelines just stated, the specific location and orientation of the axes of rotation
and the failure load for the slab can be established by either of two methods.

The first will be referred to as the method of segment equilibrium and will be pre-
sented as follows. It requires consideration of the equilibrium of the individual slab
segments forming the collapse mechanism and leads to a set of simultaneous equa-
tions permitting solution for the unknown geometric parameters and for the relation
between load capacity and resisting moments.

The second, the method of virtual work is based on equating the internal work
done at the plastic hinges with the external work done by the loads as the predefined
failure mechanism is given a small virtual displacement.

It should be emphasized that either method of yield line analysis is an upper bound
approach in the sense that the true collapse load will never be higher, but may be
lower, than the load predicted. For either method, the solution has two essential parts:
1. establishing the correct failure pattern, and
2. finding the geometric parameters that define the exact location and orientation

of the yield lines and solving for the relation between applied load to the correct

solution for the mechanism chosen for study, but the true failure load will be
found only if the correct mechanism has been selected.

It is necessary to investigate all possible mechanisms for any slab to confirm that
the correct solution, giving the lowest failure load, has been found.
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7.4.6.4.1. Analysis by virtual work method

Since the moments and loads are in equilibrium when the yield line pattern has
formed, an infinitesimal increase in load will cause the structure to deflect further.
The external work done by the loads to cause a small arbitrary virtual deflection must
equal the internal work done as the slab rotates at the yield lines to accommodate this
deflection. The slab is therefore given a virtual displacement, and the corresponding
rotations at the various yield lines can be calculated. By equating internal and exter-
nal work, the relation between the applied loads and the resisting moments of the slab
is obtained. Elastic rotations and deflections are not considered when writing the work
equations, as they are very small compared with the plastic deformations.

7.4.6.4.2. External work done by loads

An external load acting on a slab segment, as a small virtual displacement is imposed,
does work equal to the product of its constant magnitude and the distance through
which the point of application of the load moves. If the load is distributed over a length
or an area, rather than concentrated, the work can be calculated as the product
of the total load and the displacement of the point of application of its resultant.

In other words, the external energy expanded (W) is calculated by taking, in turn,
the resultant of each load type (i. e. uniformly distributed load, line load or point load)
acting on a region and multiplying it by its vertical displacement measured as a pro-
portion of the maximum deflection implicit in the proposed yield line pattern.

For simplicity, the maximum deflection is taken as unity, and the vertical dis-
placement of each load is usually expressed as a fraction of unity. The total energy
expended for the whole slab is the sum of the expended energies for all the regions:

W, =) (N-9) (7.4-9)

where N is the load(s) acting within a particular region (in kN); ¢ is the vertical dis-
placement of the load(s) N on each region expressed as a fraction of unity (in m).

for all regions *

7.4.6.4.3. Internal work done by resisting moments

The internal work done during the assigned virtual displacement is found by summing
the products of yield moment m per unit length of hinge times the plastic rotation 0
at the respective yield lines, consistent with the virtual displacement. If the resisting
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moment #, is constant along a yield line of length /, and if a rotation 6 is experienced,
the internal work is:
W.=m, [-06. (7.4-10)
If the resisting moment varies, as would be the case if bar size or spacing were not
constant along the yield line, the yield line is divided into n segments, within each
one of which the moment is constant. The internal work W is then:
W =(my, L +m,,-L+..+m, -1 )-6, (7.4-11)
or:

W =60 my -l (7.4-12)

where: m, is the moment or moment of resistance of the slab per meter run repre-
sented by the reinforcement crossing the yield line (in kN-m/m); 6 is the rotation
of the about its axis of rotation (in m/m); [ is the length of the yield line.

In the other words, the internal energy dissipated (W), is calculated by taking
the projected length of each yield line around a region onto the axis of rotation of that
region, multiplying it by the moment acting on it and by the angle of rotation attribut-
able to that region. The total energy dissipated for the whole slab is the sum of the dis-
sipated energies of all the regions. (see Equation (7.4-10)).

Diagonal yield lines are assumed to be made up of small steps with sides par-
allel to the axes of rotation of the two regions it divides. The «length» of a diagonal
or inclined yield line is taken as the summation of the projected lengths of these indi-
vidual steps onto the relevant axes of rotation.

The angle of rotation of a region is assumed to be small and is expressed as being
8 /length. The length is measured perpendicular to the axis of rotation to the point
of maximum deflection of that region.

For the entire system, the total internal work done is the sum of the contributions
from all yield lines. In all cases, the internal work contributed is positive, regardless
of the sign of m o because the rotation is in the same direction as the moment. External
work, on the other hand, may be either positive or negative, depending on the direc-
tion of the displacement of the point of application of the resultant force.

A fundamental principle of physics is that energy cannot be created or destroyed.
So in the yield line mechanism, W =W.. By equating these two energies the value
of the unknown i. e. either the moment, m,, or the load, Q, can then be established.

If deemed necessary, several iterations may be required to find the maximum value
of moment m (or the minimum value of load capacity) for each chosen failure pattern.
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7.4.6.4.4. The principles

To illustrate the principles, two straightforward examples from [19] are presented.
Consider a one-way slab simply supported on two opposite sides (span L

and width b), supporting a uniformly distributed load of b, in kN/m’ (see Figure
7.4. -14).

llllllllllllllllllll;\qd(m/mz)

FIGURE74-14. A simply supported one-way slab

W=W,or Y.(N-8)= Y (m,-1-).
For simply supported one-way slab (see Figure 7.4-14):

)
2-qd-§-b-%=2-mg'b'9- (7.4-13)

Taking into account, that 0= 5’"% /2)° the following equation is obtained:

quLb max :2-mR'b'2.8mM. (7.4-13 a)
2 2
Canceling gives:
2:q, L _4-my (7.4-14)
4 L
Rearranging gives: ) ,
29, L _q,°L
- = ) 7.4-15
8 16 8 ( :
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The same principles apply to two-way spanning slabs. Consider a square slab
simply supported on four sides. Increasing load will firstly induce hairline cracking
on the soffit, then large cracks will form culminating in the yield lines shown in Fig-
ure 7.4-15.

- L L
L2 . L2
I
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g /]
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FIGURE 7.4-15. Simply supported slab yield line pattern

Diagonal cracks are treated as stepped cracks, with the yield lines projected
onto parallel axes of rotations. Assuming the slab measures LxL and carries a load
2 .
ot el ar.k L (7.4-16)
- -—.— - — . m . o—, R -
3 “TL2
In this case the length of the projected yield line, /, for each region measured par-
allel to the axis of rotation is equal L.

2
2Lody_g,, (7.4-17)
12
or LZ
a0
da = mR . (74—18)
24

7.4.6.5. Orthotropic reinforcement and skewed yield lines

Generally, slab reinforcement is placed orthogonally, that is, in two perpendicular
directions. The same reinforcement is often provided in each direction, but the effec-
tive depths will be different. In many practical cases, economical designs are obtained
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using reinforcement having different bar areas or different spacings in each direction.
In such cases, the slab will have different moment capacities in the two orthogonal
directions and is said to be orthogonally anisotropic, or simply orthotropic.

Often yield lines will form at an angle with the directions established by the rein-
forcement. For yield line analysis, it is necessary to calculate the resisting moment,
per unit length, along such skewed yield lines. This requires calculation of the con-
tribution to resistance from each of the two sets of bars.

Figure 7.4-16 shows an orthogonal grid of reinforcement, with angle a between
the yield line and the X direction bars. Bars in the X direction are at spacing S,
and have moment resistance m r, PET unit length about the Y axis, while bars in the Y
direction are at spacing u and have moment resistance m, _per unit length about the X
axis. The resisting moment per unit length for the bars in the Y and X directions will
be determined separately, with reference to Figure 7.4-16 b and c, respectively.

For the Y direction bars, the resisting moment per unit length along the a axis
provided by the Y direction bars is therefore.

_ My, -5, -cosa

=T =My, -cos” (7.4-19)

m
3
v S, [cosa

For the bars in the X direction, the resisting moment per bar about the Y axis
ismy S, and the component of that resistance about the « axis is m, S -sina. Thus,
the resisting moment per unit length along the « axis provided by the X direction
bars is

My, - S, -sina

=—2 2  —y,  -sin’a. (7.4-20)

m
R, . R,
» S, /sina Y

Thus, for the combined sets of bars, the resisting moment per unit length meas-
ured along the « axis is given by the sum of the resistances from Equation (7.4-17)
and Equation (7.4-18):

_ 2 . 2
Mg o =My *COS™ A+ 1, -SIN” Q. (7.4-21)

For the special case where m, = m, = m,,with the same reinforcement provided
in each direction:

My, =m-(cos’ a+sin’ o) = m,. (7.4-22)

The slab is said to be isotropically reinforced, with the same resistance per unit
length regardless of the orientation of the yield line.
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FIGURE 7.4-16. Yield line skewed with orthotropic reinforcement: a) orthogonal grid and
yield line; b) Y direction bars; ¢) X direction bars

The analysis just presented neglects any consideration of strain compatibility along
the yield line and assumes that the displacements at the level of the steel during yield-
ing, which are essentially perpendicular to the yield line, are sufficient to produce
yielding in both sets of bars.

7.4.6.6. Fan patterns at concentrated loads

If a concentrated load acts on a reinforced concrete slab at an interior location, away
from any edge or corner, a negative yield line will form in a more or less circular pat-
tern, as in Figure 7.4-17, with positive yield lines radiating outward from the load
point. If the positive resisting moment per unit length is 1, and the negative resisting
moment m,, the moments per unit length acting along the edges of a single element
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of the fan, having a central angle §, the arc along the negative yield line can be rep-
resented as a straight line of length f3-r.

Figure 7.4-17 shows the moment resultant obtained by vector addition of the pos-
itive moments m, acting along the radial edges of the fan segment. The vector sum
is equal to m,-B, acting along the length 8-, and the resultant positive moment, per
unit length, is therefore m. This acts in the same direction as the negative moment m,,
as shown in Figure 7.4-17 d. Figure 7.4-17 d also shows the fractional part of the total
load P that acts on the fan segment.

Taking moments about the axis a — a gives:

(mR +mR/)'r'/3_/3.P.r:Oa (74_23)
from which: 2.7
P=2-m-(my+my ). (7.4-24)

The collapse load P is seen to be independent of the fan radius . Thus, with only
a concentrated load acting, a complete fan of any radius could form with no change
in collapse load.

a)

—/g\/ o 21
) g d) L /

myrf

FIGURE74-17. Yield fan geometry at concentrated load [19]

7.4.6.7. Standard formulae for slabs design

Standard formulae that may be used for yield line solutions for common types of slab
are presented in [19]. It may be regarded as a quick reference for common solutions.

The failure patterns produced by the yield lines in slabs depend on the nature
of both the loading and support conditions.
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7.4.7. Analysis of slabs by Finite Element (FE) Method

7.4.7.1. General

As was stated in [17, 20] before any analysis is carried out using computer software
it is always good practice to develop some simple hand calculations that can be used
to verify that the results are reasonable.

It is particularly important to do this when using FE analysis, and not treat
the computer as «a black box». Simple calculations can be carried out to determine
the «free bending moment», i. e. calculate g-I’/8 for a span and then check that the FE
results give the same value between the peak hogging and sagging moments. A dis-
crepancy of 20% is acceptable; outside of this limit further investigation should be
attempted to determine the reason. Calculate the total load on the slab and compare
these against the sum of the reactions from the model.

A recommended approach in accordance with [20] process of design using
FE analysis is given in Figure 7.4-18.

The finite element method is commonly used to design the reinforcement in con-
crete slabs.

In order to simplify the analysis and to be able to use the superposition princi-
ple for evaluating the effect of load combinations, linear analysis is generally adopted
even though concrete slabs normally have a pronounced non-linear response in ulti-
mate limit states this can be justified since concrete slabs normally have good plas-
tic deformability.

Theoretically, the design is based on the lower bound theorem of plasticity. Con-
sequently, since the design is based on a moment (and force) distribution that fulfils
equilibrium, the load carrying capacity will be sufficient provided that the structure
has sufficient plastic deformation capacity. In Serviceability Limit States, the use of lin-
ear analysis is based on the assumption that the redistribution of moments (and forces)
due to concrete cracking is limited.

For slabs, a linear analysis is normally performed in order to determine the load
effects that will further be used for the detailed design of the structure. However
in order to obtain a relevant basis for design a proper modelling and subsequently
a proper interpretation and use of the FEM analysis results is required.

At support for instance, the sectional forces and moments are needed in the sec-
tions where a failure mechanism may occur.

For concrete slabs monolithically cast together with a supporting wall, the relevant
moments in the slab are those at the face of the supporting wall. This consideration
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will influence the way in which the actual support is represented in the FE-model,
the mesh density around the support point and the choice of relevant remits points.
Punching shear and deflection control are usually the governing criteria for flat

slabs. Punching shear should be checked using code rules (see Chapter 4).

START

| Use hand methods to determine slab depth |

Carry out hand calculations to verify results
to be obtained from the FE analysis

Linear analysis?

1. Use long term elastic modulus E, -=E /6
for storage & plantloads & E_, .=E_ /4
for office & residential loads where E_ =short

term elastic modulus E_ can be obtained from
Table 3.1 of BS EN 1992-1-1.

Non-linear analysis.

Initially assume A=A

v

Calculate the tensile strenght
and creep coefficients

¥

Create model and run iterative cracked
section analysis. A stiffness matrix
is required for both ULS and SLS

2. Alternatively check serviceability ¥
using span-to-effcive-depth ratios. Check deflections are reasonable
¥ ¥
| Create model and run analysis | Determine preliminary reinforcement
¥ layout and apply to model
| Carry out verification checks | ¥
¥ Run analysis again for both SLS and ULS
Determine area of steel required ¥

at ultimate limit state

¥
Check deflection.

1. Refine E, if necessary and re-run
analysis, or
2. Increase area of mid-span bottom
reinforcement as required to meet
the span-to-effective-depth ratios.
]

Check transfer moments at edge
and corner columns

¥
Check punching shear |

Check deflections and stress
in reinforcement - revise model
and run analysis again if necessary

FINISH

FIGURE74-18. Design process using FE analysis (Figure 1 from [20])
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At was shown in Chapter 5, deflection concrete structures is a complex phenome-
non, which is dependent on the final tensile and compressive strength, elastic modu-
lus, shrinkage, time and duration of loading, and cracking of the member. Deflection
prediction is based on assumptions and is therefore an estimate — even when using
the most sophisticated computer software.

It should be noted, that deflection in a reinforced concrete slab is dependent
on the age at first loading and the duration of the load because it will influence the time
point at which the slab has checked (if at all) and is used to calculate the creep factor.
A typical loading sequence in according with [20] is shown in Figure 7.4-19, which
shows that in the early stages relatively high loads are imposed immediately after
casting the slab above. Once a slab has cracked, it will remain cracked and the stiff-
ness is permanently reduced.

In addition, in linear models, unrealistic concentrations of moments and shear
forces will occur due to necessary simplifications in the model. In order to obtain an
economical design these concentrations need to be distributed over a certain width,
denoted as distribution or strip width [20]. Thus, three aspects of particular impor-
tance should be analyzed (reviewed) taking into consideration:

e modelling of support conditions;
e choice of result sections;
e choice of distribution width.

14
12 h
b g 1
I
10 c f I
N U
a
=4 e J Ll_lI Loading sequence
?g 6 a) Slab struck e) Floor finishes applied ]
— 4 b) 1st slab above cast  f) Partitions erected |
c) 2st slab above cast  g) Quasi-permanent variable actions
2 d) 3st slab above cast  h) Frequent variable actions -
. | | | |
0 50 100 150 200 250 300

Duration (days)

FIGURE 7.4-19. Loading history for a slab (Figure 2 from [20])
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7.4.7.2. Element types

When carrying out FE analysis, the selection of a particular type of element is no longer
necessary as most commercially available software packages for slab design do not
offer an option. For reference, it is usual to use a «plate» element; this will provide
results for flexure, shear and displacement. In the future it is likely that membrane
action will be modelled and considered in the design, in which case a «shell» element
would be used.

Plate and shell elements are generally triangular or quadrilateral with a node
at each corner (see Figure 7.4-20). However, elements have been developed that include
an additional node on each side; this gives triangle elements with six nodes and quadri-
lateral elements with eight nodes. By introducing more nodes into an element the accu-
racy of results is increased; alternatively, the number of elements can be reduced for
the same number of nodes, so reducing computational time.

A0

3 nodes 6 nodes 4 nodes 8 nodes

FIGURE 7.4-20. Types of finite elements (FE)

The term «mesh» is used to describe sub-division of surface members into ele-
ments, with a finer mesh giving more accurate results.

As was stated in [17] where a very coarse mesh was used (up to 5000 mm) it took
just 30 seconds to analyze; although it is analytically correct it does not give suffi-
cient detail. Conversely, when a much finer mesh was used (up to 500 mm) it took
15 minutes to analyze and results in the shape of bending moment diagram that
would be expected. However, a mesh up to 1000 mm took just four minutes to analyze,
gave very similar results and is considered to be sufficiently accurate for the purpose
of structural design. On the other hand, the 500 mm mesh produced a higher peak
moment; this is due to «singularities» or infinite stresses and internal forces that occur
at the location of high point loads. This is due to assumptions that have been made
in the model. Definite advice cannot be given as to the ideal size mesh size, but a good
starting point is for elements to be not greater than span/10 or 1000 mm, whichever
is the smallest. Elements should be «well conditioned», i. e. the ratio of maximum
to minimum length of the sides should not exceed 2 to 1.
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7.4.7.3. Modelling of support conditions

7.4.7.3.1. General aspects

The support conditions in a finite element model of structure often have a decisive
influence on the analysis results. Consequently, the modelling of the supports needs
to be paid special attention.

In reality, the support from foundations or from other structural parts provides
stiffness with respect to both translation and rotation. In the structural model, this
is often simplified to free or fixed translations or rotations at the supports. In many
situations these simplifications can be reasonable. However, in other cases such sim-
plifications may have a critical influence on the analysis results. In such cases the sup-
porting structure, or its supporting stiffness through translation or rotation springs,
should be included in the model.

It also important to ensure that support conditions are introduced in the model
at their correct locations and in correct directions. Note that constrained degrees
of freedom in the model will control the deformation and rotation distribution
in the analysis. Consequently, a small shift in the direction or position of a con-
straint may shift the deformed shape, and hence the internal distribution and mag-
nitude of internal stresses, moments and forces.

For slabs supported by bearings or columns, the support conditions are often mod-
elled as concentrated at single nodes. The effect of this is that a singularity is intro-
duced in the solution, with the sectional forces and moments tending to infinity upon
mesh refinement. There are two principally different ways to deal with this problem:
either the modelling of the support is improved so that the singularity is avoided
or the results are evaluated in the failure-critical sections adjacent to the supports.

In most cases it is sufficient to model supports or connections to other struc-
tural parts in single points or lines. From the point of view of reinforcement design,
the peak values that occur right at the connection are not of interest. Instead, design
rules are needed in critical sections adjacent to the supports. For instance, if a slab
is monolithically connected to a column, the effects of the singularity in the slab may
be disregarded.

7.4.7.3.2. Modelling of supports at single points or lines

Generally, for analyses used as the basis for detailed design, it is recommended
to model supports through prescribed boundary conditions in single points or along
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single lines. In this way unintended rotation restraints in the numerical model allows
different ways to model a wall support for a continuous one-way slab (Figure 7.4-21)
and then compare the results with simple beam calculations.

The wall provides vertical support but the connection cannot transfer any moments,
i. e. it is a <hinged» support.

A L A

A: support modelling

RECOMMENDED
a) Pin support at the centre of the wall b) Pin support with stiff
a;) b,)
'\- Stiff

a)) b,) '

] E : Stiff ! t Stiff

GIVE INCORRECT RESULT
¢) Pin support of all nodes d) Elastic support of all nodes
above the support above the support

CUAAATT TR

FIGURE 74-21. Different ways to model a «hinged» line support for a slab modelled with
linear shell elements, adapted from [17]

The pin support (a) is recommended. The pin support with stiff couplings (b) also
gives good results while the other alternatives give incorrect results [17].
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For the case of monolithic connection between the wall column and the slab, two
modelling alternatives are shown in Figure 7.4-22.

support wall

___iZL___

- ~
Y ! I TN Y Y
L / . A\ — ]
: | !
\ /
\ - /
N : /
S ii2ad
- L, e L >
A: support modelling/
a) Stiff coupling only b) Stiff coupling over the entire
at the column top connection zone

49

FIGURE 7.4-22. Different ways to model a monolithic connection between the slab and
the supporting wall/column [17]

Modelling alternative (a) (see Figure 7.2-35) involves a stiff coupling (rigid link)
applied at the column top over a length equal to half slab width. This modelling alter-
native gives results in good agreement with the continuum (solid) model if the slab
thickness t and the wall (column) width a fulfil the following conditions:

a<min(l ;1 ,);
a (7.4-25)

—<2,
¢

where: [ and [, represent the distances from the column center to joint of zero
moment on either side of the column. These distances can be evaluated for a load case
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involving the permanent load only. In the case, the slab thickness is much smaller
than the span, i. e. a<<min(/ ;[ ), the stiff coupling can for simplicity be left out
and the wall or column be extended up the center of the slab.

Modelling alternative (b) (see Figure 7.4-23) gives higher moments at the supports
and in consequence lower moments within the span. In addition, one should be care-
ful not to introduce over constraint out of the plane that can cause too high moments
and membrane forces for temperature loading.

Apart from the alternatives presented in Figure 7.4-21 there are several other ways
to model the monolithic connection. One possibility would be to use alternative (b)
but not extend the rigid coupling over the whole width a of the wall (or column) while
another possibility would be to increase the thickness of the slab over the connections
zone thus accounting for the increase in stiffness within this region.

If the width a of the wall (or column) and the thickness ¢ of the slab do not respect
the support conditions, so that the stress model should bedescribed in a more realis-
tic way (a modelling alternative avoiding singularities at the supports).

An alternative solution to model the support given by a column or bearing in a sin-
gle point, and evaluate the results in adjacent critical sections, is to replace the point
reactions by surface loading as shown in Figure 7.4-23.

At least 2 linear elements
over the width a
/_H

AN

T g
L -t a
IR Mid surface-shell LL,|

A elements

FIGURE 7.4-23. Point reactions replaced by surface loading (Figure 2.4 from [17])

For elastomeric bearing, the surfload q can be approximated according to: g=R/S
where R is the support reaction force and S is the equivalent surface of the bearing.
For more rigid supports and monolithic connections the support pressure will be
concentrated towards the edges of the support surface.

This can be taken into account after evaluation of the support pressure distribution.
Alternatively, equally distributed pressure can be used as a conservative approxima-
tion. At least two firot order elements should be used over the width a. For supports
that are wide compared to the slab thickness, more elements are needed.
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In accordance with recommendation [17], the general analysis procedure

is as follows:

e to computations are first performed with a point support at the centre of the bear-
ing in order to determine the reaction force;

o the surface pressure is then computed and applied upwards at the support;

e the analysis is then performed once again, now adding the computed surface pres-
sure at the support, in order to determine the actual reaction force at the support
point, that should become (approximated) zero.

The solution presented above is not the only possible solution. An alternative
approach is to model the bearing or support by springs according to the principle
shown in Figure 7.4-24.

Note that the modelling alternative presented in Figure 7.4-24 does not introduce
any spurious rotational restraints in the model. The stiffness properties of the springs
can be determined from the stiffness properties of support, e. g. a bearing. Note also
that the spring stifftness must be different in the middle, on the side and at the cor-
ner of the support plate if discrete spring elements connecting the nodes are used to
describe e. g. a constant surface stiffness.

& @ & @
Spring elements
Mid surface-shell connecting
elements the mid-surface
and the stiff plate

Stiff plate which can rotate
around the support point

FIGURE 7.4-24. Bearing support modelled by spring elements (Figure 2.5 from [17])

The modelling alternative described in Figure 7.4-24 should also be adopted
if the support has a large minimum width compared to the span length and/or slab
thickness. Typically, this situation occurs if wide columns are monolithically con-
nected to the slab. In this case the column should be included in the model and the stiff
plate in Figure 7.4-24 should be rigidly connected to the column top.

The stiffness of the columns should be modelled by using rotational spring stiff-
ness. For a pin-ended column the stiffness can be taken as k=3-E-L/[ and for a fully
fixed column k=4-E-L/I (see Figure 7.4-25).

However, for columns supporting the upper storeys, edges and corners the end
condition will not be fully fixed and cracking can occur that will reduce their stiffness.
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FIGURE 7.425. Modelling column stiffness (Figure 8 from [20]): a) far end fixed; b) far
end pinned

The rules for governing the maximum moment that can be transferred between
the slab and column are given in EN1992 [N3] (Annex I: 1.2(5)). These rules are appli-
cable even when using FE analysis. If the maximum transfer moment is exceeded
the design sagging moment should be increased to reduce the hogging moment
at the critical support.

7.4.7.4. Mesh density at support region

As was shown in [17, 20] and stated above, when performing a linear finite element
analysis of a concrete slab, cross-sectional forces and moments become high at a con-
centrated support, and will tend to infinity upon mesh refinement. However, when
using the analysis as a basis for reinforcement design, the peak values are of interest.
Instead, the cross-sectional forces and moments in critical sections adjacent to the sup-
port are headed for design. When designing the slab reinforcement, averaged values
of the bending moments over certain distribution widths perpendicular to the rein-
forcement direction will normally be used, see Chapter 4. The influence of the mesh
density around a column on these averaged moment values will be much smaller than
on the moment value at the critical section right at the edge of the column. Based
on this observation, it is recommended that the mesh density around the point sup-
port node in a slab (e. g&. a column or an abutment), should be chosen such that there
is at least one shell element regardless of order, between the support node and the critical
cross-section. Figure 7.4-26 illustrates an example of such a mesh refinement around
column supports.
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FIGURE 7.426. Example of mesh refinements around column supports of a bridge slab
(Figure 8 from([17])

For situations where a slab is supported by a line support, there is no problem
with singularities. However, the element mesh needs to be fine enough to give accu-
rate results in the adjacent critical sections. Also, here, it is recommended to provide
at least one element length between the line support node and the critical cross-sec-
tion, regardless of the shell element order.

Alternatively, the maximum moment and shear force at the line support can be
used as a conservative approximation.

EN1992 [N3] gives some specific guidance in Annex I on how to deal with load-
ing for unusual layout. When designing EN1992 [N3] the combination of the full fac-
tored dead load over the whole slab together with the factored live loading on alternate
bays should be used (see Figure 7.4-27). These should be considered separately in each
orthogonal direction. Note that a «chequer-board» pattern loading is an unlikely pat-
tern and may not give the most unfavorable arrangements.

As stated in [17, 20] all software will allow a number of load cases to be consid-
ered, and the engineer must assess how to treat pattern loading. It requires engineer-
ing judgement to determine the most unfavorable arrangement of design loads for
a floor slab with an unusual geometry. However, EN 1992 [N3] gives some specific
guidance in Annex I on how to deal with loading for unusual layout.

Where pattern loading is to be considered the maximum span moments for all flat
slabs designed to EN 1992 [N3] can be obtained by using the combination of the full
factored permanent (dead) load over the whole slab together with the factored vari-
able (live) loading at alternate bays (see Figure 7.4-27). These should be considered
separately in each orthogonal direction. Note that a «chequer-board» pattern load-
ing is an unlikely pattern and may not give the most unfavorable arrangements [20].

For non-linear cracked section analysis, two stiffness matrices will be required,
one each for the ULS and SLS. This is because the material properties will be different
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from those at the ULS. The load should be assigned to both cases with appropriate
partial factors.

i
.
.
.

Load afrangeinent 1

Load a.rrangeinent 3 Load a.rrange.ment 4

Key
Eurocode 2

[ 1w
- Y6 GitVo Q

Note: y, is always the same value
throughout slab.

Load arrangement 5

FIGURE 7.4-27. Load arrangements for flat slabs [20]

7.4.7.5. Choice of result sections

7.4.7.5.1. Result sections for moments

(1) General

The exact loading on the slab and the maximum moment will depend on the load-
ing on the distribution of the support pressure towards the bottom of the slab (see
Figure 7.4-28). At the location where the maximum bending moment occurs a verti-
cal bending crack will develop and eventually the reinforcement in this section will
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start to yield, possibly limiting the capacity with respect to bending. The same prin-
ciple applies for a two-way slab; the critical sections for bending are situated at loca-
tions where the maximum moment occurs.

T
1

I Y Y Y Y Y Y Y Y Y Y YYYYYYYY
k

FIGURE7.4-28. Bending moment variation and critical section for the bending moment
in a slab with distributed support pressure [17]

If the supports are modelled to describe the support pressure in a more realistic way,
as it was shown in the section above, the result sections for the moments are the sec-
tions where maximum moments are obtained in the FEM analysis. If, on the other
hand, the supports are modelled in a simplified way, in single points or along discrete
lines, the maximum bending moments obtained from the FEM analysis will over-
estimate the real moments. At locations where the slab is supported at single points
it will even tend to infinity upon mesh refinement. Here, the locations of the result
section where FEM results should be evaluated depend on the design and the actual
stiffness of the slab-support connection.
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(2) Monolithic connections modelled in single points or lines

If the slab is monolithically connected with its supports, columns or walls, it can be
shown that the maximum stresses do not occur inside the connection region but
instead appear at the border of the connection.

It should be noted, that the cross-sectional moments and forces in the slab are
defined as integrals of the stresses over the cross-section and do not have a clear inter-
pretation inside a connection region [17]. A critical bending crack will form no closer
to the theoretical support point then along the surface of the column or the wall. This
is also where the tensile reinforcement will start to yield.

Consequently, the critical cross-section for bending failure in the slab is along
the surface of the column or wall (see Figure 7.4-29).

a’2

s
FIGURE 74-29. Result section for bending moments, for a monolithic connection model-

led as a connection in a single point or along a discrete line between structural finite
elements (typically beam and shell elements (Figure 7.4-29 from [17]).

In [17] it was recommended to model monolithic connections between a slab
and its supporting walls and columns along discrete lines and in single points.

For a monolithic connection modelled in this way the result section for moments
can be taken as the section along the surface of the column or wall, see Figure 7.4-29.
This corresponds to the recommendations given in Eurocode 2 (EN 1992 [N3], clause
5.3.2.2), provided that the support width is smaller than the slab thickness.

The width a of the column, in Figure 7.4-29, is the side length of a quadratic
or rectangular column cross section. For a circular column, the real geometry can
be approximated by an equivalent quadratic cross-section with:

Vr-o

2

, (7.4-26)

where: @ is the diameter of the column.
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(3) Simple supports modelled in single points or lines

If the slab is simply supported on a wall or a column and the support transfers com-
pression stresses only, the position of the critical section depends on the stiffnes
of the support.

In the case of a slab resting on a rigid support, the resultants of the support stresses
for each support half will shift towards the edge of the support. As an approximation,
the support resultants can be assumed to act at the face of the support. On the other
hand, if the support is very weak, the support pressure will tend to approach a uni-
formly distributed support stress. These two cases can be seen as extremes regarding
the support pressure distribution (see Figure 7.4-28). In the case of column supports,
the support pressure for rigid supports will tend to shift more towards the support
edges than to the wall. As a conservative approximation, case (b) can be assumed.

a/2 a/2

FIGURE 7.4-30. Result section for bending moments for a simple support modelled
in a single point or along a discrete line between structural finite elements (typically
beam and shell elements): a) rigid support; b) weak support

According to clause 5.3.2.2 EN 1992 [N3], the design support moment, calculated
with center-to-center distance between support points, can be reduced with:

am, =R

Ed — >
8

(7.4-27)

where: R is the support reaction and a is the support width.

It is shown that the maximum support moment according to EN 1992 [N3]
assumption can be conservatively approximated from the theoretical moment dis-
tribution (with discrete supports at the support center) as the moment a distance
0,25-a from the support point. Similarly, it is shown that the assumption of sup-
port resultants at the edges of the support in the theoretical moment distribution
(i. e. 0,5-a from the center support point). A weak support for a concrete slab could
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typically be a masonry wall or column. However, not even for this support condition
would we obtain an equally distributed support pressure.

For a concrete support of a one-way concrete slab that transvers both compres-
sive and tensile strains, in [17] was shown that the support resultant for each support
half be at 2/3 of the distance from the centre towards the edges, and for a steel sup-
port that transfers only compressive forces the support resultant should be at 95%
of the distance towards the edges.

Without any detailed evaluation of the real support pressure, a distributed sup-
port pressure can be assumed as a conservative approximation. This mean that, for
simple supports modelled in single points or lines, the result section for moments can
be taken as the section at half the distance between the center and edge of the column
or wall (see Figure 7.4-30).

This corresponds to the recommendation given in EN 1992 [N3] (see clause 5.3.2.2).

(4) Bearing supports modelled in single points or lines

A bearing consists principally of an elastomeric material between two steel plates.
The steel plate that is in direct contact with the concrete slab is usually very stiff. For
this case the result section can be assumed to be along the edge of the bearing top
plate (see Figure 7.4-31 a).

On the other hand, if the steel plate can not be regarded as stiff, the support
pressure will change towards a more distributed support pressure. For this case,
and as a conservative assumption in general, the result section for moments can be
taken as the section at half the distance between the centre and the edge of the bear-
ing top plate (see Figure 7.4-31 b).

Concrete slab Concrete slab
a’2 _al4
:_ A 7 | :_ A 7 |
| SRR t; .............. - —— - .I I ..... - t; .......... Sy R e S b il S _l
| \ | Y |
1
i i
. c:z _ | | Stiff steel plate - c{z | |Flexible steel plate

s b mere il sl o O DI | P

FIGURE 7.4-31. Result section for bending moments, for a bearing support modelled
in single points or along a discrete line (beam and shell models): a) rigid bearing top

plate; b) flexible (or no) bearing top plate
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7.4.7.5.2. Result section for shear force

The location of result sections for shear forces at supports depend on where failure-
critical shear cracks may occur.

The shear force in a slab section is caused by the part of the vertical load that
is transferred towards the support across this section. Consequently, the shear force
obtained from the slab analysis in the section at a distance z - cott) (where z is the inter-
nal lever arm), is the shear force that needs to be transferred across the critical
shear crack (see Figure 7.4-32). Any load that is acting on the slab top surface closer
to the support than this will be transferred directly to the support. The self-weight
of the slab can be treated as a load acting on the top of the slab.

It can be concluded that the critical result section in a slab with respect to shear
forces are not located closer to the support edge than z - cot) (see Figure 7.4-32). This
is independent of the design and stiftness of the slab-support connection. For slabs
without shear reinforcement, the critical shear crack can generally be assumed to have
an inclination 6 not steeper than 45°. In this case z - cotd =z = d.

a/2+d - without shear reinforcement
a/2+z-cotf — with shear reinforcement

s

FIGURE 7.4-32. Critical section for shear force (independent of the design and stiffness
of the slab-support connections) [17]

In slabs with shear reinforcement, the risk for shear compression failure must
also be checked in accordance with provisions given in Chapter 4.2. For this case,
the entire shear force at the support edge must be accounted for.
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7.4.7.6. Intepreting results.
Redistribution of sectional forces and moments

The results from FE analysis will generally be in the form of contour plots of stresses
and forces, althougth a «section» through the contour plots (either bending moment
or areas of steel) can usually be obtained. These will show very large peaks in bend-
ing moment at the supports. The temptation to provide reinforcement to resist this
peak moment should be avoided. This potential error stems from a lack of under-
standing of the assumptions made in the modelling. The reinforcement in the con-
crete will be distributed across a larger area; it is not therefore necessary to design
to resist this peak moment. However, a method is required for distributing this peak
moment across a larger area.

7.4.7.6.1. Design moments adjustment

As it was stated in [17] where high peak moments occur the concrete will crack
and the reinforcement may yield if it’s the elastic limit is exceeded. The forces are then
shed shed to the surrounding areas. Even if slab were designed to resist this moment
it is unlikely that it would actually acluve this capacity for the following reasons:

e the construction process often leads to construction stage overload;

o the reinforcement is unlikely to be placed at exactly the point of peak moment.

It is therefore necessary to acknowledge that some of the peak moments to adja-
cent areas will occur due to the material properties of concrete, and not attempts
to design against it.

In fact a recent paper by Scott and Whittle [17], concluded redistribution occurs
even at the SLS because of flu mismatch between the uniform flexural stuffness
assumed and the variation in actual stuffness that occurs because of the variation
in the reinforcement.

When using FE, especially for slabs with irregular geometry, it is not usually pos-
sible to carry out redistribution of the moment;

e Itis not simple to determine where to distribute the hogging moment;
e If the software is to carry out the design there is usually no method for changing
the analysis output.
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7.4.7.6.2. Effect of simplification in the modelling in accordance with [17]

As already pointed out, unrealistic concentrations of cross-sectional moments
and shear forces will generally occur in linear FEM analyses due to simplifications
in the modelling. Geometrical simplifications are typically simplified modelling of sup-
ports and connections between structural elements, or simplified modelling of con-
centrated loads e. g. wheel pressures on bridge slabs [17]. The material simplifications
are mainly related to the assumption that reinforced concrete behaves like a linear
elastic and isotropic material. In reality however, reinforced concrete has a highly
non-linear behaviour involving both cracking and crushing of concrete and yield-
ing of reinforcement.

Simplifications made in the geometrical modelling often lead to very high concen-
trations of moments and shear forces at least locally. This occurs, for example, when
a slab modelled with shell elements is supported by columns modelled with beam
elements or by bearings modelled with boundary conditions applied at a single node.

The singularities that may occur are local disturbances of the moment and force
fields, and do not influence the cross-sectional moments and shear forces a short dis-
tance from the support point where the singularity appears. In accordance with [17],
as long as the results in the critical sections are used and the finite element mesh is dense
enough, modelling of support conditions in discrete points or lines does not influence
the designing cross-sectional moments and shear forces.

However, not even the high stress obtained in the critical sections normally exist
in reality. The concrete will crack already for service loads, leading to redistribution
of moment and forces. In the ultimate limit state, the reinforcement will start to yield,
leading to even large redistributions.

The material simplification introduced the assumption of linear elastic response
will lead to higher cross-sectional moments that in reality, e. g. around a column
or concentrated support, since cracking and subsequent yielding in the reinforce-
ment is not included in the model.

7.4.7.6.3. Sectional forces and moments for reinforcement design

As was shown in [17] in an ultimate limit state, the forces in each main reinforce-
ment layer thanks its inner lever arm will result in a bending reinforcement moment
resistance. This reinforcement moment resistance must balance the complete linear
moment field, including torsional moment. The reinforcement moments m_ and m,
for design of reinforcement in two perpendicular directions x and y can be defined
according to Equation (7.4-28) and Equation (7.4-29):
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mrx,pos(neg):myi‘/l'|mxy|; (74-28)
M, ey =M (7.4-29)

where: m_ and m_are the linear bending moments in the x and y direction,
i. e. moments generated by the normal stress in sections acting in x and y directions,
respectively (and leading to reinforcement in the x and y directions, respectively).

Furthermore, m,, is the torsional moment and y is a factor that can be chosen
with respect to practical consideration, usually close to 1. In the above equations,
the indices «pos» and «neg» refer to the top and bottom of the slab, respectively
with the positive z direction pointing to the top.

In addition to the reinforcement moments, associated membrane forces can be
evaluated as follows:

nrx,pas(neg)znyi—#.lnxyl; (74-30)
1
nry,pos(neg):nyi;.lnxyL (74-31)

And included in the computation of the reinforcement areas. In Equation (7.4-30)
and Equation (7.4-31), n, n and n_ are the membrane forces at the mid-surface
of the slab. The indices «pos» and «neg» refer in this case to tension and compres-
sion, respectively.

If the reinforcement directions x and y are not orthogonal, Equation (7.4-26)
and Equation (7.4-27) are replaced by Equation (7.4-28) and Equation (7.4-29):

1 | m-sin’(y-8)+m,-cos’(y-8)+
mrx,pos(neg) = . 2 . . 5 (7.4'32)
sin’y | |m, -sind - sin(y - 8)- m, - cosd - cos(y - 9)
1 m, -sin’8 +m, -cos’8 £
mry,pns(neg) = —2 : . . . (74—33)
sin“y i|m1 -sind -sin(y - 8)-m, -cos8-cos(1//—8)|

In Equation (7.4-30) and Equation (7.4-31) m, and m, denote the principal moments
at the considered location and the angles § and y are defined in Figure 7.4-33.
Equation (7.4-28) and Equation (7.4-29) are modified in the same manner giving:

) _ 1 n, -sin’(y - 8)+n, -cos’ (v -8) _ (74-34)
e sin’y | £|n, -sind - sin(y - 8)- 1, - cosd - cos(y - O) ’
1 n, -sin’d +n, -cos’ £
niy,pos(nzg) =—2 + e L l _ _ .2 . _ : (74_35)
sin’y | £|n, -sind - sin(y - 8)- 1, - cosd - cos(y - O

In Equation (7.4-32) and Equation (7.4-33) n, and n, denote the principal mem-
brane forces at the considered location and the angles § and y have the same signifi-
cance as defined in Figure 7.4-33 (i. e. § is the angle between x and the direction of ,
and y is the angle between x and y).
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Reinforcement direction x‘mm, n,.)

FIGURE 7.4-33. Direction definition for skew reinforcement

In addition to the moments, the FE analysis of the slab will also provide shear
forces in two directions. Any necessary shear reinforcement area should be computed
for the resultant shear force defined as:

Vv, =4JV2 +v§ . (7.4-36)

7.4.7.7. Redistribution of reinforcement moments

Owing to the capacity of plastic redistributions in concrete structures, the reinforce-
ment moments (as well as the shear forces) can be redistributed over a certain width,
here denoted w. The average value of the moment m_ can then be used to compute
the necessary reinforcement which is normally placed within the distribution width.

The procedure can be illustrated for the simple example depicted in Figure 7.4-34.
Considering a slab supported by four columns monolithically connected to the slab.
The diagram at the bottom left shows (see Figure 4.2 b) the variation of the rein-
forcement moment m_ along line L, in a direction parallel to the moment’s direction
(in this case the x direction).

The diagram in Figure 7.4-34 shows the distribution of m__along L, (length w)
in the direction orthogonal to the moment direction (in this case the y direction).
The distribution of the moment m__along line L, is replaced by a constant distri-
bution with the average value m__ computed according to the equation in Figure
7.4-34 c. In this equation the intégral is nothing else than the total moment over
a strip of width w. The averaging procedure aims then to design the reinforcement
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in the slab strip of width w for the total moment within the strip and distributing
the reinforcement uniformly over the width of the strip. Note that the averaging
procedure described above always takes place in a direction normal to the direction
of the moment.

a) b)
T T mrx,mux mrx mYX,ﬂV
[ i
i Y i
i i
[ i
) 1 X ! >
line L2<y> 1 ! line L,
A i line Ly H M
- .W _______________________________
. =
T T
)
m’X
line L,
X
\\/ >

FIGURE 7.4-34. Redistribution of the reinforcement moment m_ over a width w

As an alternative, the averaging over the strip width can instead be made after cal-
culating the corresponding required reinforcement (as continuous fields over the slab),
thus giving: w

1
Ao ==[Ady. (7.4-37)
w 0

Which approach that is preferred is a question of what is most convenient,
for example depending on which approach that is implemented in the software used
for the structural analysis.

As a general remark it should be noted that the distribution width (strip width)
used for reinforcement design is, at least for ultimate limit states, limited to the width
over which yielding of the reinforcement can distribute without exceeding the rotational
capacity in the point with the largest rotation. Consequently, what limits the distribu-
tion width is the rotational capacity of the slab.

The recommendation given in [17] apply reinforcement moments and associated
membrane effects and are based on the provisions given in EN 1992 [N3] but, since
no specific guidelines are given for redistribution of moment and forces from linear
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FE analysis, and more detailed advice is based on what has been found in special litera-
ture, software manuals and on practical considerations from engineering practice [17].

The recommendation found in literature is generally based on the assumption that
reinforced concrete slabs have good capabilities for plastic redistributions in ultimate
limit state, but that the reinforcement needs to be concentrated to regions with con-
centrated supports with response in service state.

For flat slabs, the reinforcement is typically arranged in support strips over the col-
umns with a middle strip in between, in the two main directions.

The recommendation given in [17] is belived to be conservative. This implies
that there is a potential to improve them and to find more liberal provision based
on improved knowledge on the response of concrete slabs.

7.4.7.71. Ultimate limit states

The distribution widths at a support (column or bearing) can be chosen according to
the recommendation [17] as below:

w =min(3- h;f—a), (7.4-38)

3;‘ =0,45 (0,35 for concrete strength classez >C50/60);
w =min(5- h;?“), (7.4-39)

9;” =0,30 (0,23 for concrete strength c%sses >C50/60);
w=-c, (7.4-40)

4
3;” =0,25 (0,15 for concrete strength classes >C50/60);

w= L? (7.4-41)
);‘ =0,15 (0,10 for concrete strength classes >C50/60);

L
w= min(5~h;?“), (7.4-42)

~=0,0.

In the above equations, 4 is the height of the section, x_ is the depth of the neu-
tral axis at the ultimate limit state after redistribution and d is the effective depth
of the section. L_is the characteristic span width, determmed dlfferently for different
categories of slabs in the following sections. For values of ¢ in between the limits
above w can be determined by linear interpolation. d

Regardless of the ductility requirements or any other of the limitations defined
in the remainder of this report the value of the distribution width should never
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be taken less than (2-h+a), i. e. w>w__=(2-h+a), where a is the dimension of the sup-
port in the considered direction.

The following limitations apply for the distribution width determined using Equa-

tions (7.4-36)-(7.4-40):

L.

The ratio of the averaged and maximum reinforcement moments (see also Figure

m
7.4-34) should be restricted to 6 = —=2>(,6.
mrx,max
If the column has a capital (or a drop panel) the distributions width should be
chosen as shown in Figure 7.4-35. In addition, before redistribution, the reinforce-
ment moments and associated membrane forces must be transformed so that they

are defined with respect to the same reference line.

System lines (variable) Reference line for redistribution

FIGURE 7.4-35. Distribution widths for capitals (or drop panels) (Figure 4.4 from [17])
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If the capital (drop panel) extends continuously over a line of columns or bear-
ings it can be dimensioned as a beam. The beam forces (normal forces, bending

moments and shear forces) can be obtained by integration from the shell (slab)

results.

If the distribution width exceeds the distance between points of zero moment w,

in the direction normal to the direction of the considered moment (i. e. the direc-
tion of redistribution) then the average value should be computed according to

the principle illustrated in Figure 7.4-36. This principle is illustrated for the rein-
forcement moment in the x direction, i. e. m_ but the same applies for m,.



X rx,av
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w

FIGURE 7.4-36. Definition of the average value for cases where the distribution width
exceeds the distance between points of zero moment (Figure 4.5 from [17])

5. For supports placed near the edge of the slab, the distribution width should
be evaluated according to the principle illustrated in Figure 7.4-37. This amounts
to choosing a w according to Equations (7.4-36)-(7.4-40) and then evaluating
an effective width w,; as indicated in the figure. This effective value should further
be used in evaluating the averaged moment values.

FIGURE 7.4-37. Support near the edge of the slab [17]

7.4.7.7.2. Simplified approach in accordance with EN 1992 [N3]

EN 1992 [N3] deal with the peak in bending moment for flat slabs by averaging it over
the column strip and middle strip (Annex I), with the column strip slab-divided into
inner and outer areas. This method can be used for designing reinforcement using
the results of an FE analysis. A section is taken across the bending moment diagram
(i. e. in the y — direction for moments in the x — direction).

At the face of the column (see Figure 4.7-38). The total bending moment is the area
under the blue line (i. e. the integral), which can be apportioned according to rules
given EN 1992 [N3].

The rules in EN 1992 [N3] (Annex I Table I.1) allows more flexibility in appor-
tioning the total moment for the bay width to the column and middle strips. However
EN 1992 [N3] is more rigid in terms of how much reinforcement should be applied
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to the inner column strip. In accordance with EN1992 [N3] (clause 9.4.1(2)) requires
that the half the total reinforcement area for the bay width is placed in a strip that
extends to a quarter of the bay width and is centered over the support.

600
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- |
0 | | ] ] ] ]
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Distance (m)
Key

Section though bending moment diagram from FE output
—-=-=-—-=- Design bending moment to EN1992
—————— Averaging of bending moment

FIGURE 7.4-38. Design bending moments compared with FE output (Figure 13 from [20])

In accordance with EN 1992 [N3], this allows the design moment to be taken
at the face of the support, indeed EN 1992 [N3] indicates this should be done. How-
ever, it may be prudent for the design moment at edge columns to be taken at the cen-
tre of the support. This is because of uncertainties in the modelling and because
it is critical that the moment is transferred from the slab to the column in these loca-
tions, if this has been assumed in the design.

An alternative method is to simply average the bending moment over a width
of slab. However, the requirements of EN 1992 [N3] (clause 9.4.1(2)) should be adopted.
The widths of these strips can be determined by the designer (an example is shown
in Figure 7.4-38).

This method has the advantage that it can be used where a slab width is not
required. It can also be used with area of steel results, removing the need to calculate
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the reinforcement areas by hand. It will be seen that both methods give a similar dis-
tribution of reinforcement when applied to the same strip widths.

An alternative way to determining design bay width is to use the method set out
in [20]. This method has been developed for post-tensioned concrete design, assum-
ing the analysis is at the serviceability limit state and for a homogeneous elastic plate.
However, the principle that the bay width is taken as being the distance between
the lines of «zero shear» may still be applied (see Figure 7.4-39).

This principle is particularly useful for unusual geometries where using the lines
of zero shear give a good basis on which to determine the bay width.

,

\

lines of zero shear

FIGURE 7.4-39. Extract of shear diagram indicating lines of zero shear (Figure 14
from [20])

Whichever method is chosen, engineering judgment should be applied for unusual
design situation, making sure that there is sufficient reinforcement to resist the applied
moment, without being overly - conservative.

A useful rule of thumb for verifying the results is that top reinforcement in the col-
umn strip will be in the order of twice the area of the bottom reinforcement (i. e. not
the same as, or 4 times much as, the bottom reinforcement).

7.4.7.7.3. Serviceability limit states

(1) Distribution width for serviceability limit states design

This method has been developed for post-tensioned concrete design. However, the prin-
ciple that the bay width is taken as being the distance between the lines of «zero shear»
may still be applied. This principle is particularly use full for unusual geometries where
using the lines of zero shear give a good-basis on which to determine the bay widths.
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A useful rule of thumb for verifying the results is that top reinforcement in the col-
umn strip will be in the order of twice the area of the bottom reinforcement (i. e. not
the same as, or 4 times as much as, the bottom reinforcement).

The choice of an appropriate distribution width for serviceability limit states
is by far more intricate than for ultimate limit states and there are very few (if any)
recommendations in the literature. This is mainly due to the fact that for serviceabil-
ity limit states it is very difficult to determine the degree to which moment redistri-
bution will take place. When a slab starts to crack, moments will redistribute from
cracked areas to un-cracked areas (from support to field sections or vice versa). When
the whole slab is cracked, the stiffer parts of the slab will attract larger moments. This
means that the parts with larger maximum moments will contain a higher amount
of reinforcement and hence become relatively stiffer after cracking. Consequently
these parts will attract larger parts of the total moment after cracking than before.

In EN1992 [N3], it is pointed out that the reinforced distribution should reflect
the behavior of the slab under working conditions, with a concentration of moments
over the column. Unless rigorous checks are made for serviceability, half of the total
top reinforcement should be concentrated into a column strip with the width:

weh b (7.4-42)

8 8
where: | and [, are the distances from the column of the strip to the adjacent columns,
in the direction perpendicular to the reinforcement. This leads generally to a larger
concentration of reinforcement to the column strip than what is given by a linear
analysis.

Given the above reasons the distribution width for serviceability limit states should
be chosen more conservatively than for ultimate limit states. Thus, for serviceabil-
ity limit states the distribution width should be chosen between the limits given by:

L L
min(3- h;ﬁ) <w <min(5- h;?c). (7.4-43)

(2) Approach to deflection calculation

Deflection is influenced by many factors, including the tensile and compressive
strength of the concrete, the elastic modulus, shrinkage, creep, ambient conditions,
restraint, loading, time, duration of loading, cracking.
Of the influences listed above, the three most critical factors are the values of ten-
sile strength, elastic modulus, and creep, their effects have been discussed previously.
There are several situations where deflection is critical:
e deflection of the slab perimeter supporting cladding brackets/fixing on the slab
perimeter prior to installation of the cladding;
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o deflection of the slab after erection of the partions;
o where it affects the appearance.

The accuracy of the deflection calculation can be refined where the age of loading
can be confidently predicted and the type of aggregates to be used is known.

This is more likely to be the case where the designer is working for a contractor.
The time of striking and the time when additional formwork loads from the slab above
are applied will have a major influence on the deflection.

This is because the slab is most likely to crack under these conditions and this
will greatly influence the subsequent stiffness of the slab. The elastic modulus can be
more accurately predicted when the type of aggregate in concrete is known, and this
is more likely to be the case when the source of concrete has been determined.

When the loading sequence is known, the critical loading stage at which cracking
first occurs can be established by calculation k for each stage, where:

/.
k=—"=, (7.4-44)
(g-{p)

where: fc - tensile strength of the concrete; g — loads applied at the stage; 8 - 0,5 for
long-term loads.

The critical load stage is where k is at its minimum and is usually when the slab
above is cast (i. e. construction stage overload), and the tensile strength should
be calculated for this stage.

The following methods can be used to carry out serviceability limit state design.
They are listed in order of increasing

Sophistication:

e span-to-effective depth ratios — compliance with code;
e linear finite element analysis with adjustment of elastic modulus;
e non-linear finite element analysis.

(3) Linear FE deflection analysis

In accordance with [17], the linear FE-method should be used only to confirm that
deflection is not critical and not a tool to estimate deflection. This method involves
calculating the elastic modulus and slab stiffness by hand and adjusting the param-
eters used in the analysis. A cracked section analysis is carried out to determine
the stiffness of the slab. The cracked section properties vary with the reinforcement
size and layout, so this is an iterative process and should ideally be carried out for
each element of slab. However, for initial sizing it is not unreasonable to assume that
the cracked section stiffness is half the gross section stiffness [20], or to use a cracked
section stiftness for a critical area of the slab and apply it globally, provided that it is not
used to estimate deflection.
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Changing the slab stiffness in an FE-model can not usually be carried out directly
because most finite element packages calculate section properties from the thickness
of the elements. The overall depth of the concrete should be used, as this gives the cor-
rect torsional constant.

However, to allow for reduction in slab stiffness, the elastic modulus can be
adjusted by multiplying by the ratio of the cracked and uncracked slab stiffness, R,
to model the correct slab thickness. So an appropriate long-term elastic modulus
is determined as follows:

. _RE,
T (1+¢)

In general, the long-term elastic modulus is usually between a third (for storage
loads) and a half (for residential loads) of the short-term value [20].

Therefore, allowing for the need to adjust for cracked stiffness, the long-term
elastic modulus should be in the range one sixth to a quarter of the short-term elas-
tic modulus.

(7.4-45)

(4) Non-linear FE deflection analysis

When using non-linear software, several analyses will often be required to obtain
a final result. The software will carry out an iterative analysis to determine an initial
deflection; this will be based on initial, assumed areas of reinforcement.

As discussed previously an important aspect to achieving a realistic estimate
of deflection is to consider the loading history for the slab; once the slab has cracked
(and hence has reduced in stiffness) this will affect the deflection throughout the life
of the slab. This should be considered in the model.

The crack may not be cracked everywhere; rather it may be fully cracked
in the zones of maximum moment, and in other planes it may be only partially cracked
or not cracked at all. An accurate assessment of deflection can only be made where
the appropriate section properties are calculated for each element in the slab. Software
giving the most accurate deflection calculations will consider the shrinkage effects.

7.4.7.8. Punching shear

Although an FE model will produce shear stresses, where the columns are modelled
as pins they have no effective shear perimeter and the shear force is infinite. In this
case the simplest way to check punching shear is to take the reaction from the model
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and carry out the checks in the normal way using provisions in the Chapter 4. This
can be automated by using a spreadsheet for the design of reinforced concrte.

If the area of the column has been modelled, then realistic shear stresses can
be required in using them because there will be peaks which may exceed the design
limits in the codes.

Some software can undertake the punching shear checks and design of the rein-
forcement, and the user should ensure that openings within the shear perimeter are
considered in the software.

7.4.7.9. Validation

As with any analysis it is necessary to validate the results in order to avoid errors
in the modelling and input of data. There is a risk of engineers assuming that because
the computer can accurately and rapidly carry out complex calculations it must be right.

There are a number of simple checks of analysis that can be carried out
and the results of these checks should always be included when the calculations are

presented [17, 20]:

1. Are the supports correctly modelled?

2. Is the element size appropriate — particularly at locations with high stress con-
centrations?

3. Is there static equilibrium? Calculate by hand the total applied loads and compare
these with the reactions from the model results;

4. Carry out simplified calculations, by making approximations if necessary (This
could be investigated);

5. Do the contour plots look right? Are the peak deflections and moments where
they would be expected? Sketch out by hand the expected results before carring
out the analysis;

6. Isthe span-to-effective depth ratio in line with normal practice.
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7.5. Detailing

7.5.1. Two-way slabs on linear supports

Longitudinal reinforcement must resist dimensioning bending moments. In the per-
formed analysis, there were neglected torsion moments in the corners of a concrete
slab. This simplification must be accounted for in the arrangement of longitudinal

reinforcement according to detailing rules (see Figure 7.5-1):

394

longitudinal reinforcement can be reduced in border zones to zones to design
area in the middle of span;

in the corners where simple supports meet each other must be reinforcement
transferring torsion moments. The minimum area of this reinforcement (in each
way) is a maximum from values A  and A in mid-span;

top reinforcement is not reduced anywhere. Slab has to be reinforced by top sur-
face in fixed or partial fixed supports (length of reinforcement is depicte above);
in the corner where simple supports meet each other must be reinforcement trans-
ferring torsion moments. The minimum area of this reinforcement (in each way)
is a maximum from values A and A_ in mid-span;

in a corner where simple support meets fixed support it is necessary one half of max(
A ;A ) is placed parallel with fixed support;

in corners where fixed support meets fixed support reinforcement for torsion
moments is not needed (this case is not in scheme above);

all reinforcement must be accompanied by distribution reinforcement;

no surfaces can be without any reinforcement due to volume changes of concrete
(shrinkage). Thereby the surfaces without reinforcement should be accompanied
by welded wire mesh.
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FIGURE 75-1 — Reinforcement arrangement (detailing rules for two-way spanning slab):
a) top reinforcement; b) bottom reinforcement
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7.5.2. Flat slabs

Column and middle strip should be reinforced to withstand the design moment
obtained from Chapter 7.4.

In general two-thirds of the amount of reinforcement required to resist the negative
design moment in the column strip should be placed in a width to half that of the col-
umn strip symmetrically positioned about the centerline of the column.

The area of reinforcement in each direction should not be less than 0,00014.f;”-b-h
or 0,0015-b-h (where: h is the overall depth of the slab (taken as d/0,87); b is the width
for which the reinforcement is calculated).

TABLE75-1. Alternative requirements to control crack width to 0,3 mm for members
reinforced with high bond bars (Table 5.6 from [N3])

Maximum bar Stress range Maximum bar Stress range
diameter (mm) (MPa) spacing (mm) (MPa)
40 150-165 300 <160
32 165-190 275 160-180
25 190-210 250 180-200
20 210-230 225 200-220
16 230-260 or 200 220-240
12 260-290 175 240-260
10 290-320 150 260-280
8 320-360 125 280-300
100 300-320
75 320-340
50 340-360

Notes: The stress in the reinforcement may be estimated from the relationship:
st | 920G | (A |1
' Ys 1’S.Qk-‘-l’35.Gk As,prov d ’

where: y, should be obtained from EN1990 [N1] for the particular type of loading considered;

S

—— may be taken as 435 MPa for 500 MPa reinforcement; Amqis the area of tension reinforcement

required at the section considered for the ultimate limit state; A ,is the area of the elastic ultimate

s,pro

moment at the section considered (§<1); § is the ratio of the elastic ultimate moment at the section

considered (6<1).
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If control of shrinkage and temperature cracking is critical, the area of reinforce-
ment should not be less than 0,0065-b-h or 20% of the area of main reinforcement.

The area of tension or compression reinforcement in either direction should not
exceed 4% of the area of concrete.

Main bars should not be less than 10 mm in diameter. To control flexural cracking
the maximum bar spacing or maximum bar diameter of high-bond bars should not
exceed the values given in Table 7.5-1, corresponding to the stress in the bar. In any
case bar spacing should not exceed the lesser of 3-h or 500 mm.
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ANNEX A
Worked examples

A.1. Ultimate limit states checking
A.1.1. Bending and Bending with axial force
A.1.1.1. Rectangular cross-section

Example 1

The reinforced concrete slab with a thickness of 4 = 250 mm and unit bandwidth
b = 1,0 m is loaded with a bending moment with a design value M, = 100 kNm.
Assuming concrete class C20/25 and reinforcing steel grade RB500. Please calcu-
late the area of reinforcement for bending. Taking into account the calculations, that
the slab will be used in the environment classified as exposure classes XC1 and struc-
tural class S4.

The general design procedures for flexural design of reinforced concrete beams
with singly and doubly reinforced rectangular cross-section is given in Figure A.1-1
and table A.1-1.

a) Input date:

Concrete C20/25;

f,. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
f.,=20/1,5 = 13,33 MPa - design value of compressive strength of the concrete;

fc = 2,2 MPa — mean value of axial tensile strength of concrete;

E_ =30 GPa - modulus of elasticity;

Ci
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Calculation of steel area - rectangular cross-section

Assumptions
Concrete fc » reinforcement steel Class fy - the largest diameter used aggregate dg; exposure class;
strucural class

Calculation of moments M, ’

Determination of the thickness of concrete coverc, =c . +Ac,
¢, =max {c ,10 mm}

. sC
min, b’ min,dur

Effecttive depth of the section - d=h-a,
a=c+®/2 or a =c+Ps+P/2

M
coefficient « o E >
f.bd

Compression zone range feﬁ.: 1-+/1- 20, .

Limit range of compression zone Eeﬁ",lim: 0,8%

0,0035+ 224
E

s

N /A N U Y AN A

Q
:
C
(
(
(
C
:

checking ¢ <

eff,lim

YES NO
- Compressed reinforcement is not necessary - Compressed reinforcement is necessary
Eeﬂgfeﬂ,lxm Eeﬁ> feﬂ,lim
maximal flexural capacity
internal lever arm z=(1-0,5¢ )d € gim
¢ off My, :fej]:lzm I_T dzbfm
M, M, —-M
Steelarea A, =—7" Steel area in compresion A, = —— 0P

2f, fold—a,)

MRd,pz

A =0 26f[lbd A Steel areain tension A =

s,min s,min

— —+A
—0,0013bd fyd(d_az) s2

vk

Minimum flexural steel area

A =0,26@bd A

s,min

Maximum flexural steel area As,min: 0,04bd =0,0013bd

s,min

vk

Assumed steel area A

. Maximum flexural steel area A . =0,04bd
The spacing of bars s min

[ Minimum flexural steel area

NS A D A
YOS Y

Assumed steel area A
The spacing of bars

N A 7 WA A S

FIGURE A.1-1. Design procedure for determination of steel area for rectangular cross-
-section
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TABLE A.1-1. Coeflicientsused in design

Sop - ©eff S - Ceff
0,020 0,990 0,020 0,329 0,990 0,275
0,030 0,985 0,030 0,340 0,985 0,282
0,040 0,980 0,039 0,350 0,980 0,289
0,049 0,975 0,048 0,360 0,975 0,295
0,060 0,970 0,058 0,369 0,970 0,301
0,069 0,965 0,067 0,382 0,965 0,309
0,080 0,960 0,077 0,390 0,960 0,314
0,089 0,955 0,085 0,400 0,955 0,320
0,100 0,950 0,095 0,410 0,950 0,326
0,110 0,945 0,104 0,420 0,945 0,332
0,120 0,940 0,113 0,429 0,940 0,337
0,129 0,935 0,121 0,440 0,935 0,343
0,140 0,930 0,130 0,450 0,930 0,349
0,150 0,925 0,139 0,460 0,925 0,354
0,160 0,920 0,147 0,469 0,920 0,359
0,169 0,915 0,155 0,480 0,915 0,365
0,180 0,910 0,164 0,490 0,910 0,370
0,190 0,905 0,172 0,500 0,905 0,375
0,200 0,900 0,180 0,510 0,900 0,380
0,210 0,895 0,188 0,520 0,895 0,385
0,220 0,890 0,196 0,531 0,890 0,390
0,229 0,885 0,203 0,540 0,885 0,394
0,240 0,880 0,211 0,553 0,880 0,400
0,250 0,875 0,219 0,560 0,875 0,403
0,260 0,870 0,226 0,571 0,870 0,408
0,269 0,865 0,233 0,580 0,865 0,412
0,280 0,860 0,241 0,590 0,860 0,416
0,290 0,855 0,248 0,600 0,855 0,420
0,300 0,850 0,255 0,610 0,850 0,424
0,310 0,845 0,262 0,621 0,845 0,428
0,320 0,840 0,269 0,631 0,840 0,432
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Reinforcement steel RB500;

[, = 500 MPa - characteristic yield strength of reinforcement;
f,a=500/1,15 = 435 MPa - design yield strength of reinforcement;
the largest diameter used aggregate d = 16 mm;

exposure class XC1 and structures S4;

@16 mm - diameter of the bar;

b =1 m - the width of the cross section;

h,= 0,25 m - the height of slab;

M,,= 100 kNm - design value of the bending moment.

b) Determination of the thickness of concrete cover:

¢, =16mm - due to the diameter of the rod
= 15 mm - due to the exposure class (XC1)
=10 mm
Coom = Coin T AC,,, Ac, - for monolithic elements is 10 mm

assumed Ac, =10 mm
€..n=16+10=26 mm

assumed a, = 26+16/2 = 34 mm
c) Effective depth of the section:

d:h—a1=250—34=216mm

d) Coefhicient:

M
a — Ed -
mel f bed
0,1IMNm

— U

@ = 5
"™ 13,3MPa-1m-(0,217m)
e) Inrectangular cross section the resultant of compressive stress block is located
in the centre of gravity of such block that is equal to

£y =1-J1-2a, , =1-1-2:0,16 =0,175

f) Limit range of compression zone:

0,0035

£y =0175<E,, =0, B =0,493,

0,0035+-2
and internal lever arm is equal to:
z =(1- OSfﬁ =(1-0,5-0,175)0,216m = 0,198m

g) Sectional area of the tensile reinforcement is equal to:
_M,, _ 0,IMNm
¥ z.f4 0,198m-435MPa

=0,00116m° =11,6cm’
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Assumed A =12,06 cm’ (6D16).

sl, prov
h) Minimum flexural tension steel area:
2,2MP
A= o,%ﬁ bd =0,26=-""21m-0,217m = 0,000248m’ =
' i 500MPa
=2,48cm’ <A, ., =12,06cm’
A =0,0013bd =0,0013-1m -0,217m =0,000282m’ =

s1,min

=2,82cm’ < A =12,06cm’

s1,prov

where: b — mean width of the cross-section, d - effective depth of the section,
f..n — mean concrete tensile strength, f - characteristic yield stress of steel (charac-
teristic strength of steel).

Calculation of spacing between the bars:
s= b = @ =16,7cm
number of thebars 6
The spacing of bars should not exceeds = -no more than - 2h =225 cm =50 cm

according to EN 1992-1-1 clause 9.3.1.

ax, sl

s=16cm< S o, slabs = 50 cm.
We can assume Asl,pmv = 12,06 cm’ (6D16) every 16 cm.
(=)
Q
bbb b b ) eans
| 1000
/|

FIGURE A.1-2. Arrangement of steel bars in Example 1

Example 2

Design the required reinforcement for bending in a reinforced concrete beam
with a rectangular cross section bxh = 250 x 450 mm, loaded with a bending moment
with the design value M, = 200 kNm. Assuming concrete class C20/25 and reinforc-
ing steel grade RB500. Taking into account the calculations, that the slab will be used
in the environment classified as exposure classes XCl1 and structural class S4.
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The general design procedures for flexural design of reinforced concrete beams
with singly and doubly reinforced rectangular cross-section is given in Figure A.1-1
and table A.1-1.

a) Input date:

Concrete C20/25;

f.. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
fc ,=20/1,5=13,33 MPa - design value of compressive strength of the concrete;
., = 2,2 MPa — mean value of axial tensile strength of concrete;

E_ =30 GPa - modulus of elasticity.

Reinforcement steel RB500;

[, = 500 MPa - characteristic yield strength of reinforcement;

f,a=500/1,15 = 435 MPa - design yield strength of reinforcement;

the largest diameter used aggregate d = 16 mm;

exposure class XC1 and structures S4;

@16 mm - diameter of the bar;

@ =8 mm - diameter of the stirrup;

b = 0,25 m - the width of the beam;

h = 0,45 m - the height of the beam;

M, , =200 kNm - bending moment.

b) Determination of the thickness of concrete cover:

c,. =20- due to the diameter of the rod;
= 15 - due to the exposure class (XC1);
=10 mm;
Coom = Cpin T AC,,, Ac,, - for monolithic elements is 10 mm;

assumed Ac oy = 10 mmy

Coom = 20+ 10 = 30 mmy

assumed a, = 30+8+20/2 = 48 mm.
c) Effective depth of the section:

d=h-a,=450-48 = 402 mm

d) Coefficient:
MEd

o =
m,eff
fb-d
0,2MNm
“ =
meff - 13,3MPa-0,25m-0,402m>

=0,367

e) Inrectangular cross section the resultant of compressive stress block is located
in the centre of gravity of such block that is equal to:

£, =1-1-2a, . =1-1-2:0,367 = 0,484
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f) Limit range of compression zone:
0,0035
£, =0484<,, =0,8———=0,493,and

0,0035+&
E

N

g) Internallever arm is equal to:
z = (1-0, SEEﬁ)d =(1-0,5-0,484)0,402 m = 0,3047 m

h) Sectional area of the tensile reinforcement:

M 0,2 MN
A, =t _-0,001489 m >=14,89 cm’
zf. 0,3047 m-435 MPa
Assumed A | =1571 cm’ (5020).

Check, if it necessary to make two rows in reinforced bars:
a, = 2-30+2-8+5:20+4-21 = 260 mm>b = 250 mm
The bars should be in two rows, calculation of new a.:

o= 4-(30+8+10)+1(30+8+20+21+10)

, 5 =56,2mm
Recalculate steel area with new a,
d=h- a,= 450-56,2 = 393,8 mm
0,2MN
m - 0,387

(04 = 2
mefl1,0-13,3MPa-0,25m-0,394m

£y =1-\1-2a, , =1-11-2.0,387 =0,525

z,= (1-0,5¢ )d= (1-0,5-0,525)0,394m = 0,29m

M 0,2MN
A =k M 0,001585m =15,85cm’

2 zf, 0,29m-435MPa
The assumption of steel area is correct Asl’pm =18,85 cm’ (6D16).
i) Minimum flexural tension steel area:

2,2MP
- 0,26Mbd —0,262°12
500

vk

A 0,25m-0,394m = 0,00011m’

s1,min

MPa

=1,13cm’ < A =18,85cm?

s1, prov
where: b — mean width of the cross-section, d - effective depth of the section,
f..n — mean concrete tensile strength, f - characteristic yield stress of steel (charac-

teristic strength of steel).
j)  Maximum flexural tension steel area:

A, oy = 0,04bd = 0,04:0,25 m0,394 m = 0,00394 m* =394 cm* > A =18,85cm’

sl,max 10
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The percent of reinforcement beams

A, 0,001885m’
p: Lp .100%: m '100%:1991%
b, -d 0,25m-0,394m
2012

I
~

-
(=)
n
<t
o 0 o
“x
5016
250

FIGURE A.1-3. Arrangement of steel bars in Example 2

Example 3

Design the necessary reinforcement for bending in a reinforced concrete beam
with a rectangular cross section b x h = 250 x 450 mm, loaded with a bending moment
with the design value M, , = 300 kNm. Assuming concrete class C20/25 and reinforc-
ing steel grade RB500. Taking into account the calculations, that the slab will be used
in the environment classified as exposure classes XC1 and structural class S4.

The general design procedures for flexural design of reinforced concrete beams
with singly and doubly reinforced rectangular cross-section is given in Figure A.1-1
and table A.1-1.

a) Input date:

Concrete C20/25;

f.. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
fc ,=20/1,5=13,33 MPa - design value of compressive strength of the concrete;
.., = 2,2 MPa — mean value of axial tensile strength of concrete;

E_ =30 GPa - modulus of elasticity;

Reinforcement steel RB500;

[, = 500 MPa - characteristic yield strength of reinforcement;

f,a=500/1,15 = 435 MPa - design yield strength of reinforcement;
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the largest diameter used aggregate d, = 16 mm;
exposure class XC1 and structures S4;

@20 mm - diameter of the tensile bar;

@14 mm - diameter of the compressive bar;

@ =8 mm - diameter of the stirrup;

b = 0,25 m - the width of the beam;

h = 0,45 m - the height of the beam;

M, =300 kNm - bending moment.

b) Determination of concrete cover

c. ~=20mm- due to the diameter of the rod;
= 15 mm - due to the exposure class (XC1);
=10 mm;
c.,.=¢. +Ac, Ac,, - for monolithic elements is 10 mm;

assumed Ac, =10 mm;

Coom = 20 + 10 = 30 mm;

assumed a,=30+8+20/2 = 48 mm;
a, = 30+8+14/2 = 45 mm;

c) Effective depth of the section:

d=h-a,=450-48 = 402 mm
d) Coefhicient
_ MEd
am,eﬁ'— 2
f,b-d
L - 0,3MNm
™ 1,0-13,3MPa-0,25m-0,402m’
e) Inrectangular cross section the resultant of compressive stress block is located
in the center of gravity of such block that is equal to

£y =1-J1-2a, , =1-1-2:0,558 <0

because the value under the root is negative, it means that necessery to we have to do
compression steel area.
f) Limit range of compression zone

=0,558

0,0035
£y <Eyum=0,8—————=0,493,and

0,0035+&
E

S

Compression reinforcement is necessary.
g) Maximal flexural capacity
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fej];lim
MRd,pz = geﬁflim (1 _T dzbfcd =

0,493

= 0,493(1 - )0,402m2 -0,25m-13,3MPa = 0,199MNm =199,6kNm
h) Steel area in compressive zone
My —Mgy,.  0,3MNm-0,199MNm

A, = = =0,000641m’ = 6,41cm’
fu(d—a,)  435MPa(0,402m—0,040m)

i) Steel area in tensile zone

My, 0,3MN
A= R oL +0,000641m’ = 29,17cm’
(1-0,58 ,)df,,  (1-0,5-0,493)0,402m -435MPa

Assumed A | =31,40 cm” (100205 A4, =616 m’ (4014).
j)  Minimum flexural tension steel area
2,2MP,
A in = o,zsﬁbd =0,26 2 0,25m-0,402m =0,000115m’ =
yk a
=1,15cm’ <A, = 25,14cm’
A, . =0,0013bd = 0,0013-0,25 m-0,402 m = 0,00013 m’ =

=13cm’<A,  =2514cm’

where: b — mean width of the cross-section, d - effective depth of the section,
f.n — mean concrete tensile strength, f — characteristic yield stress of steel (charac-
teristic strength of steel).

Maximum flexural tension steel area

A, e = 0,04bd = 0,04-0,25 m:0,402 m = 0,00402 m* = 40,2 cm* > A =25,14 cm’
The degree of reinforcement beams
At prov 0,002514m’
p =0 0005 = ———=2T0 1609 =2,5%
b, -d 0,25m-0,402m

Check if it is necessary to make two rows in reinforced bars
a, = 2-30+2-8+8-20+7:21 = 383 mm > b = 250 mm.
The bars should be in two rows, calculation of new a;:

0= 5-(30+8+10)+5(30+8+20+21+10)

1
10
Recalculate steel area with new a,

d= h—al =45-6,85 = 38,15 cm.

=68,5mm
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k) Coeflicient M

oa = Ed
m de bdz
_ 0,3MNm
13,3MPa-0,25m-(0,3815m)’

o

m

=0,619

) In rectangular cross section the resultant of compressive stress block is located
in the centre of gravity of such block that is equal to

£y =1-\1-2a, =1-1-20,604 <0

because the value under the root is negative, it means that we have to do compres-
sion steel area.
m) Limit range of compression zone

0,0035
=0,8——M

f,

0,0035+22%
E

é;‘e[f < efflim =0,493, and

s

Compression reinforcement is necessary.
n) Maximal flexural capacity

o 0,493
My, =8 piom (1— Z’ &’bf, =0,493| 1—- : 0,3815m’ -0,25m-13,3MPa
=0,18MNm =180kNm

0) Steel area in compressive zone
A - My, —Mgy,,  0,3MNm—0,18MNm
? fuld-a,)  435MPa(0,3815m—0,040m)

=0,000808m” = 8,08cm’

p) Steel area in tensile zone
My, 0,3MNm

A = =
2 (1-0,5,5,)df,,  (1-0,5-0,493)0,3815m- 435MPa
- =0,003699m" = 36,99cm’

+0,000808m’ =

Assumed A | =37,68 cm” (12020); A4, =9,24 m’ (6014).
The degree of reinforcement beams
At prov 0,003768m’
= T 1009 = — 0 100% = 3,96%
b,-d 0,25m-0,38m
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FIGURE A.1-4. Arrangement of steel bars in Example 3

Example 4

Check the flexural capacity of the bending reinforced concrete beam with cross section
b x h =400 x 700 mm. Assuming a bending moment M, = 0,530MNm. The dimen-
sions and steel reinforced are shown in the picture. The calculations should be made
alternatively with the assumption of an individually reinforced and doubly reinforced
section. Assuming concrete class C30/37 and reinforcing steel grade RB500. Taking
into account the calculations, that the slab will be used in the environment classified
as exposure classes XC1 and structural class S4.

The general procedures for flexural capacity of reinforced concrete beams
with singly reinforced rectangular cross-section is given in Figure A.1-5 and dou-
bly reinforced rectangular cross-section is given in Figure A.1-6 and table A.1-1.

a) Input date:

Concrete C30/37;

f.. = 30 MPa - characteristic compressive cylinder strength of concrete at 28 days;
f.,=30/1,5 =20 MPa - design value of compressive strength of the concrete;

fc o = 2,6 MPa — mean value of axial tensile strength of concrete;

E_=31GPa- modulus of elasticity;
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Flexural capacity - single reinforcement

Assumptions
Concrete f, ; reinforcement steel Class f ; the largest diameter used aggregate d ; exposure class;
strucural class

Determination of the thickness of concrete cover - c=c,_ +c,

Effecttive depth of the section — d=h-a,
a=c+®/2 or a=c+® +P/2

A, J
Compression zone range chf g Ay &,
beﬁ'd fm
_ 0,0035
Limit range of compression zone ¢, fim 0’87f4
' 0,0035+ 15%

N Y VY N
AN NN

s

Checking Eeﬁr<£eﬂlim

( NO - reinforcement A | is not fully used ) C YES - reinforcement A__ is fully used

AN

4 Flexural capacity Flexural capacity
2
Eeﬁzgcﬁ,lim am,eﬂ'>am,ﬁﬁjlim MRd: am,cﬁlimd bde
2
\_ M, = & s efflim d’bf,, M= As1Ceﬁdfyd )
@ No Yes h
Ultimate limit Ultimate limit

_ state is exceeded state is satisfaid )

FIGURE A.1-5. Design procedure for flexural capacity of singly reinforced rectangular
cross-section
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Flexural capacity - double reinforcement

Assumptions
Concrete fc » reinforcement steel Class fy 5 the largest diameter used aggregate dg; exposure class;
strucural class

Determination of the thickness of concrete cover
¢ =c  +Ac
nom min dev
¢ . =max {c ,10 mm}
min

. 5C
min,b”~ min,dur

Effecttive depth of the section — d=h-a,
a=ct® +® /2 and a,=c+D +D,/2
A

s1 yd_ASZ yd

—a
bdﬁd meff

Compression zone range §, =

Y XY Y XY Y
— NN A AN

— _ 0,0035
Limit range of compression zone E@Ehnf A
0,0035+2%
ES
checking & <€ .
4 L N [ ~N
NO . reinforcement Asl YES - reinforcement Asl is fully used
is not fully used £ SE
6 Sf ) eﬁ> eff,lim
\ eff — Jeffilim / \ /
EEﬁSZaZ/d
é Flexural capacity h
£ =t o Sa YES - Flexural capacity NO - Flexural capacity
e Aj{ﬂ"i o m,edefm,eﬁ,hm MRd: Asl(d_az)-fyd MRd: am,eﬁdzhfcd-" Asz(d_az)fyd
\ Rd eff,lim cd / \
4 No ) Yes )
Ultimate limit Ultimate limit
_ state is exceeded ) state is satisfaid )

FIGURE A.1-6. Design procedure for flexural capacity of doubly reinforced rectangular
cross-section

Reinforcement steel RB500;

[, = 500 MPa - characteristic yield strength of reinforcement;
f,a=500/1,15 = 435 MPa - design yield strength of reinforcement;
the largest diameter used aggregate d = 16 mm;

exposure class XC1 and structures S4;

M,,= 0,53 MNm = 530 kNm - bending moment.
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FIGURE A.1-7. Rectangular reinforced concrete beams in Example 4

b) Determination of the thickness of concrete cover

c. ~=20mm- due to the diameter of the rod;
= 15 mm - due to the exposure class (XC1);
=10 mm;
c.,.=¢. +Ac, Ac,, - for monolithic elements is 10 mm;

assumed Ac, =10 mm;
€om =20+ 10 =30 mm;
assumed

4-(30+8+10)+4(30+8+20+21+10)
al = 3
a,=25+8+20/2 = 43 mm.

=68,5mm

c) Effective depth of the section:
d=h-a,=700-68,5=631,5mm

d) OptionI
Compression zone range

A S 0,002514m’  435MPa

" b-d f, 0,40m-0,6315m 20MPa

.y =0,216

From table (eﬁ: 0,895.
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Limit range of compression zone

0,0035
f =0,216<¢ ... =0,8 =0,493, and
itim 435MPa
: 0,0035+ ———
Flexural capacity 200GPa

My, = AL df,, =0,002514m’ -0,895-0,6365m - 435MPa = 622,98kNm
M,, =530kNm < M, = 622,98kNm

Ultimate limit state is satisfied.
e) Option II
Compression zone range

Agtf,a—Aaf,e  0,00254m’ -435MPa —0,001257m’ -435MPa

b-d-f, 0,25m-0,6315m-20MPa

From table (eﬁ,z 0,915, &, .= 0,155.
Limit range of compression zone

o = =0,17

0,0035
f =0,216<¢ ... =0,8 =0,493, and
efplim 435MPa
0,0035+ =2
200GPa
2a, 2-0,043
£y =0,915> = zﬁ&sm: 0,135, and
5 m

Flexural capaczty ,
My, =a,  d°bf,+A,(d-a,)f, =0,155-(0,6315m) -0,25m-20MPa +
+ 0,002514m’ (O,6315m - 0,043m) -435MPa =0,9526Mm = 952,6kNm

., =530MNm < M,, =952,6kNm
Ultimate limit state requirement is satisfied.

A.1.1.2. T-shape (flanged) section
Example 5

Design reinforcement in a reinforced concrete beam in monolithic slab-beam ceil-
ing, whose cross-cut is shown in the drawings (Figure A.1-8). The ceiling beam,
with a length of span I = 6,0 m. Assuming concrete class C30/37 and reinforcing
steel grade RB500. Taking into account the calculations, that the slab will be used
in the environment classified as exposure classes XC1 and structural class S4. The beam
will be loaded with a calculated bending moment M, , = 150 kNm.
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The general design procedures for flexural design of reinforced concrete beams
with singly and doubly reinforced T-shaped (flanged) cross-section is given in Fig-
ure A.1-9 and table A.1-1.

a) Input date:

Concrete C30/25;

f, =30 MPa;

f.,=30/1,5 = 20,0 MPa;

Reinforcement steel RB500;

£, =500 MPa;

fyd =500/1,15 = 435 MPa;

the largest diameter used aggregate d = 16 mm;
exposure class XCl;

diameter of the bar @ = 20 mm;

diameter of the stirrup @ = 8 mm.

b) Determination of the thickness of concrete cover:
20 mm - due to the diameter of the bar;

¢,., 15mm - due to the exposure class (XC1);
10 mm;
¢, =¢ . +Ac Ac,, - for monolithic elements is 10 mm;

assumed Ac, =10 mm;
Coom = 20 + 10 = 30 mm;
Assumeda,=c _+ @+ ®/2=30+8+20/2 = 48 mm.
c) Effective depth d = h - a, = 450-30-8-20/2 = 402 mmy;
20 mm - due to the diameter of the bar
s> 16 mm + 5 mm - because of the diameter of the aggregates }s >21 mm
20 mm
Assumed spacing reinforcing bars s = 21 mm.
d) Determination of the effective width of flanges

) 1800 )
1 1
| 74 /|
2 8
<t
12501 1750 1250 | 1750 | 2501
L 2000 L 2000 L

FIGURE A.1-8. Main dimensions for T-shape section
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Calculation of steel area — T-shape cross-section

Assumptions
Concrete f, ; reinforcement steel Class f ; the largest diameter used aggregate d ;
exposure class; strucural class

Calculation of moments M,

Determination of the thickness of concrete cover ¢, =c_ . +Ac

m min dev

Effecttive depth of the section - d=h-a; a=c+®/2 or a =c+Ds+P/2
by = by +b,<b, +b +b,

by, =0,2b,+0,11, 0,21,

Effecive flange width b_ in the T-shaped beams

M
coefficient o, = —=L
f.bd
Compression zone range feﬁ =1-.1 -2a,
L . 0,0035
Limit range of compression zone = 0’87)‘
0,0035+2%
E

7YY XY XY XYY Y
N AN NN NN N

. hy
checking §,, < ﬁz;

4 YES - rectangular cross-section N .
. ) NO - compressive zone has true T-shape
(comprerssive zone is a rectangle) h

hy &> B=—+

Eejf < ﬁ:g E d
o AN J
4 N The flexural capacity )

internal lever arm z[=(1—0,5§'cﬂ)d (only the wings of the flange)
\_ ) U MRd,lzhf(buﬁ'_bw)fai(d_O’Shf) Y,
4 N (7 ceefficient N
M, —-M
Steelarea A, _ My @, = E L =1-1-2a,;
Z.f o4 bd’f., -
L JAR zcwz(l—O,SEeﬂ)d )
4 Minimum flexural steel area N The tenslie steel area )
— @ — — _ .fud My, - MRd,l

A, =0,26""bd A, =0,0013bd A =h(b,—b,) 5+
\_ K JAN fyd fydztw )
4 N [ Minimum flexural steel area N

Maximum flexural steel area A = =0,04bd A= 0,26&&1 A, . =0,0013bd
N AN I J
[ Assumed sFeel area A, ] [Maximum flexural steel area A =0,04bd ]
The spacing of bars s:min
Assumed steel area A
The spacing of bars

FIGURE A.1-9. Design procedure for determination of steel area for flanged (T-shaped)
cross-section
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by =b,+ D by, <b,+b+b,
beﬂ =0,2+2-0,8=1,8m<0,25+1,0+1,0 =2,25m
by, =0,2b,+0,11, <0,21,
by, =0,2:1,0+0,1-6,0=0,8m <0,2-6,0 =1,2m
Assumed the compressive zone has not true T — section coeflicient:
LMy 0,15MNm
" furby-d®  20MPa-1,80m-(0,402m)

=0,025

f., — design value of compressive strength of the concrete; b — the width of the cross
section; d — height of the effective depth;

£y =1-\1-2a, , =1-11-2.0,025=0,025

h, 0,06
£,=0,025<f=-L=—"""0=0,149,and

d 0,402m
the compressive zone has no true T - section.
e) Limit range of compression zone

0,0035
£;=0025<¢ = O’S—f =0,493, and
0,0035+2%
E

N

internal lever arm is equal to z, = (1— O,SEeﬁ, )d =(1-0,5-0,025)0,402m = 0,397m

f) The tensile steel area we compute analogically, as for simple rectangular section

from the formulas:

M 0,15MN
L=t 2 —0,000868m’ = 8,68cm’
z.f,, 0,397m-435MPa
There were 5 bars @20 mm of the cross sectional area AS’PW =943 cm’.

Check if it is necessary to make two row in reinforced bars

a, =230+2-8+320+2-21 = 178 mm<b = 250 mm.

g) Minimum flexural tension steel area

2,2MP
A, = 0,26fﬂbd =0,2622""20,25-0,402 = 0,000115m> =1,15cm’< A,
' i MPa "
A, m =0,0013bd =0,0013-0,25m-0,402m = 0,000131m’ =1,31cm’< A

s,prov

where: b — mean width of the cross-section, d — effective depth of the section,

f..n — mean concrete tensile strength, f - characteristic yield stress of steel (charac-
teristic strength of steel).
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L 1800 L

450

D8

39020

250

FIGURE A.1-10. Arrangement of steel bars in Example 5

h) Maximum flexural tension steel area

A = 0,04bd = 0,04-0,25m -0,402m = 0,00402m’ = 40,2cm’> A

s1,max s, prov
The degree of reinforcement beams

Ag prov 0,000943m’
p =L 100% = — "0 100% = 0,94%.
b -d 0,25m-0,402m

w

Example 6

Design reinforcement in a reinforced concrete beam in monolithic slab-beam ceiling,
whose cross-cut is shown in the drawings (see Figure A.1-11). The beam, with a length
of span I = 4,0 m. Assuming concrete class C16/20 and reinforcing steel grade RB500.
Taking into account the calculations, that the slab will be used in the environment clas-
sified as exposure classes XCI and structural class S4. The beam is loaded with a design
bending moment M, , = 500 kNm.

The general design procedures for flexural design of reinforced concrete beams
with singly and doubly reinforced T-shaped (flanged) cross-section is given in Fig-
ure 7.1-9 and table 7.1-1.

a) Input date:

Concrete C16/20;

f, =16 MPa;

f.,=16/1,5 = 10,66 MPa;

Reinforcement steel RB500;

£, =500 MPa;

fyd =500/1,15 = 435 MPa;

the largest diameter used aggregate d = 16 mm;
exposure class XCl;
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diameter of the bar @ = 20 mm;

diameter of the stirrup @ = 8 mm.

b) Determination of the thickness of concrete cover
20 — due to the diameter of the bar;

C o 15 - due to the exposure class (XC1);
10 mm;
¢, =¢ . +Ac Ac - for monolithic elements is 10 mm;

assumed Ac = 10 mm;
Coom = 20+ 10 = 30 mm;
Assumeda, =c  + @+® /2 =30+8+20/2 = 48 mm.
c) Effective depth d = h - a, = 450-30-8-20/2 = 402 mmy;
20 mm - due to the diameter of the bar
s> 16 mm + 5 mm - because of the diameter of the aggregates} s 221 mm
20 mm
Assumed spacing reinforcing bars s = 21 mm.

) 1800 )
1 1
| 74 A
Q8
<t
12501 1750 1250 | 1750 | 2501
) 2000 ) 2000 )

FIGURE A.1-11. Main dimensions for T-shape section

d) Determination of the effective width of flanges

by =b,+Y b, <b, +b+b,
beﬁ =0,2+2-0,8=1,8m <0,25+1,0+1,0 =2,25m
b,y =0,2b,+0,11, <0,21,
by, =0,21,0+0,1-6,0=0,8m <0,2:6,0 =1,2m
e) Assumed the compressive zone has not true T - section coefficient
Lo My 0,5MNm

"I fuby-d® 10,66MPa-1,80m-(0,407m)

=0,157

f.,— design value of compressive strength of the concrete;
b — the width of the cross section;
d - height of the effective depth.
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£y =1-J1-2a, ; =1-1-2:0,219 =0,250

h, 0,06m
f >
=0,250>B=-L=
S B d 0,402

the compressive zone has true T - section.
f) The flexural capacity (only the wings of the flange

My, =, (0, -8.) ., (d-0.5h, ) -
=0,06(1,80m —0,25m)10,66MPa (0,402m —0,5-0,06m ) = 368,79kNm

=0,149, and

My, -My;  0,5MNm-0,37MNm
"I bd'f,  0,25m-(0,402m) -10,66MPa

Ey=1-1-2a, , =1-11-2-0,302 =0,371

z,, =(1-0,5, )d = (1-0,5-0,371)0,402m = 0,327m

=0,302

g) The tensile steel area
Asl = hf (beff - bw )E—F MEd MRd,f
fyd fydzcw
10,66MPa N 0,5MNm —0,37MNm _
435MPa 435MPa-0,327m
=0,003123m” = 31,23cm’

A, =0,06m-1,8m—0,25m

There were 11 bars 20 mm of the cross sectional area A | = 34,54 cm’,
Check if it is necessary to make two rows in reinforced bars

a, = 2-2542-8+10-20+9-21 = 455 mm>b =250 mm.

L 1800 L

[ : |
2

D8

10920

250

450

FIGURE A.1-12. Arrangement of steel bars in Example 6
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h) Minimum flexural tension steel area

2,2MP
A= 0,26fﬂbd = 0,262°-20,25m-0,402m = 0,000115m’=1,15cm’ <A
’ 500MPa

s1, prov
yk

A =0,0013bd =0,0013-0,25m-0,402m = 0,000131m* =1,3lcm’<A

sl,min s1,prov

where: b — mean width of the cross-section, d — effective depth of the section,
fc ., — mean concrete tensile strength, fy L characteristic yield stress of steel (charac-
teristic strength of steel).

i) Maximum flexural tension steel area

A e = 0,04bd =0,04-0,25m-0,402m = 0,00402m" = 40,2cm” < A,
The degree of reinforcement beams
At prov 0,00314m’
= LI 100% = — " .100% = 3,12%,
b,-d 0,25m-0,402m
Example 7

Check the flexural capacity of the bending reinforced concrete beam. The dimen-
sions and steel reinforced are shown in figure A.1-13. The calculations should be made
alternatively with the assumption of an individually reinforced and doubly reinforced
section. Assuming concrete class C20/25 and reinforcing steel grade RB500. Taking
into account the calculations, that the slab will be used in the environment classified
as exposure classes XC1 and structural class S4.

The general procedures for flexural capacity of reinforced concrete beams
with singly reinforced T-shaped (flanged) cross-section is given in Figure A.1-14
and doubly reinforced T-shaped (flanged) cross-section is given in Figure A.1-15
and table A.1-1.

a) Input date:

Concrete C20/25;

f.. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
f.,=20/1,5 = 1,33 MPa - design value of compressive strength of the concrete;

fc = 2,2 MPa — mean value of axial tensile strength of concrete;

E_ =30GPa - modulus of elasticity;

Reinforcement steel RB500;

fy . =500 MPa - characteristic yield strength of reinforcement;

f,4=500/1,15 = 435 MPa — design yield strength of reinforcement;

the largest diameter used aggregate d, = 16 mm;

exposure class XC1 and structures S4;
A =29,45 cm’ (5025);
A = 1,57 cm’ (2010).
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FIGURE A.1-13. T-shaped reinforced concrete beam in Example 7

b) Determination of the thickness of concrete cover

c,.. =25-duetothe diameter of the rod;
= 15 - due to the exposure class (XCl1);
=10 mm;
Coom = Coin T AC,,, Ac, - for monolithic elements is 10 mm;

assumed Ac, =10 mm;
Coom = 25+ 10 = 35 mm;

assumed
a,= 35+8+25/2 = 55,5 mm;

a,=35+8+10/2 = 48 mm.

c) Effective depthd = h - a, = 550-55,5 = 494,5 mm.
d) OptionI
Compression zone range
; _ Ay fu_ 0,002945m®  435MPa 096
T by-d f, 0,75m-0,494m 13,3MPa

From table X, 5= 0,229.
Limit range of compression zone

0,0035

£ .=026<&, =08——————=0,493, and
eff eff ,lim f
0,0035+ 2%
ES
0,08m
=0,26>f=— =0,16, and
S P 0,494m
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Compression zZone range
5 A ‘&_ﬁ<beff_bw>=
a d fa b,
_0,002945m>  435MPa _ 0,16(0,75m —0,30m)
~0,30m-0,494m 13,3MPa 0,30m

From table X, = 0,326.

=0,41

)

Flexural capacity — T-shape - single reinforcement )
<

Assumptions
Concrete f_; reinforcement steel Class f ; the largest diameter used aggregate d ;
exposure class; strucural class )

Determination of the thickness of concrete cover rmination of the thickness of concrete cover
Effecive flange width b ; in the T- shaped beams
Effecttive depth of the section - d=h-a,

a,=c+®/2 or a =c+Ps+P/2

pre-assume that the cross-section of the beam is apparently T-shaped
the compression zone is rectangular b=b

bejfd fa el

o . 0,0035
Limit range of compression zone ¢ 0,8

ejj‘;lim: f
yd

0,0035+

—
S
o |

j
A
Compression zone range ~ §,, =—* & —>a j

s

checking & >

the cross section is actually T-shaped ]

apparently T-shaped cross-section

The correct value X,

Compression zone range
Flexural capacity A, fu Bby-b,)
M, = ‘xm,cﬁlimdzbﬂﬁ-fcd b = b,d 'Tm_ b — &

Correction of values X

w

Flexural capacity

meff
M,= [B1-0,58)(b b )+a, b 1df,,

meff ~ w

No Yes
Ultimate limit state Ultimate limit state
is exceeded is satisfied

R YSR YR YR

FIGURE A.1-14. Design procedure for flexural capacity of doubly reinforced flanged cross-
-section
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( Flexural capacity — T-shape - double reinforcement
be

AN

Assumptions
Concrete class f, ; reinforcement steel class f ; the largest diameter used aggregate
dg; exposure class; strucural class

AN

4 Determination of the thickness of concrete cover ¢, =c . +Ac, ;¢ =max{c 10 mm}
Effecive flange width b ;in the T- shaped beams
Effecttive depth of the section - d=h-a,

\_ a=ct+®/2 or a =ct+Ps+P/2
[ pre-assume that the cross-section of the beam is apparently T-shaped

.
¢ +Ac c

min,b> "~ min,dur’

the compression zone is rectangular b=b
of

A~1 d A 2J yd

. s1J y s2J y

Compression zonerange  §, =———————>a, ,
b@ﬁdﬁd

A NAN

4 N ( YES - the cross section h
NO - rectangular cross-section is actually T-shaped
Correct value Yo Correction of value x
- AN of
EeﬂSZaZ/d
4 " ( Compression zone range )
_ Asl yd _Asl yd
YES - Flexural capacity NO - Flexural capacity Eeﬂ B W_
MRd: As] (d_“z)fyd MRd: Hegiiim dzbfcd+ Asz(d_az)fyd ﬂ(beﬂ - bw)
- —a,,
- J 2N " J
é ) é Flexural capacity )
M, = [ﬂ(1—0,5ﬁ)(beﬂ—bw)+
S ) S +ocm}eﬂ]dzfcd+ Asz(d—az)fyd )
@ No h ( Yes A
Ultimate limit Ultimate limit

_ state is exceeded ) L state is satisfaid )

FIGURE7.1-15. Design procedure for flexural capacity of doubly reinforced flanged cross-
-section
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Flexural capacity
MRd = [ﬁ(l_O’Sﬁ)(beff _bw)+Meﬂbw]d2ﬁd
M,, =[0,16(1-0,5-0,16)(0,75—0,30) +0,326-0,30 ] 0,494 -13,3 = 532,42kNm
e) Option II
Compression zone range

_Aufu—Axfa  0,002945m” -435MPa —0,000226m” - 435MPa

Ep = =0,24
by -d-f 0,75m-0,494m -13,3MPa
From table X, 5= 0,21
80
=0,24>3=—=0,16,and
, S P 494
Compression zone range
6 :Asl yd_ASZ yd_ﬁ(bEﬂ_bw)
7 bej:f ’ d ’ .fcd bw
¢ 0,002945m”435MPa—0,000226m *-435MPa 0,16(0,75m~0,30m) _ o
& 0,75m-0,494m -13,3MPa 0,30m ’

From table & .= 0,164.
Flexural capacity

My, =[ B(1-0,56) by —b, )+, b, |d* £+ A, (d-a,) £,
M,, =[0,16(1-0,5-0,16)(0,75—0,30)+0,164-0,30 |0,49* -13,3 +
+0,00022(0,49-0,039)435 = 411,79kNm

Example 8

Construct the interaction diagram for the cross section shown in the Figure A.1-16
with f, =25 N/mm” (C20/25) andfyk =500 N/mm’ (S500). The bending causes max-
imum compression on the face adjacent to the steel area A .

For a symmetrical cross section, the moment about the centre-line of the concrete
cross section will cause both steel reinforcement at the yield stress. This is no longer
true for the unsymmetrical steel areas, as at yield, theoretically, the moment should
be calculated about an axis referred to as the «plastic centroid». The ultimate axial
force N, acting through the plastic centroid causes a uniform strain across the sec-
tion with compression yielding of all of the reinforcement and, thus, there is zero
moment of resistance M " With uniform strain the neutral axis depth x, is at infinity.
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d,=60 mm

I

350 mm

A~982mm’ A_=1610 mm

S
N

d=390 mm
h=450 mm

st

FIGURE A.1-16. Non-symmetrical section «M-N» interaction example

The location of the plastic centroid is determined by the taking moments of all
the stress resultants about an arbitrary axis such as A-A  in Figure 1.1-16, so that:

F -h
2( “2 +Fsc'dl+Fst'd)
X = N
g Y (E +F +F,)
N[y A 450/24 f <A 60+ [, -A, -390

n'.f;d'Acc+f .Asc+fyd'Ast

0,8- 25 450 3SO+@ 1610-60+982-390
L5 2 L15 —

0,8~§~350~450+£(;~ 1610+982

] ]

(E 8-1)

=212 mm from axis A -A.

The fundamental equations for calculating points of the interaction diagram
with varying the depth of the neutral axis are:
1. compatibility of strains (used in Table A.1-2, columns 2 and 3):
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-d
e, =0,0035-(x ‘);
X

d_x) (E8-2)
— )

£, = 0,0035-(

or, when the neutral axis depth extends below the bottom of the section (x>h):

. _ /
e, =0,ooz-%;
(7'.’(:_6'1)) (E 8-3)
e =0,002.——>"%
¥ (7-x—=3-h)

2. Stress-strain relation for the steel reinforcement shown in Figure A 1.1-16 (Table
A.1-2, columns 4 and 5): f
vk

gst(sc) = gsy fyd = ;

1,15 (E 8-4)
‘gst(sc) < ssy ost(sc) = Es 'sst(sc)'
3. Equilibrium equations (Table A.1-2, columns 6 and 7):
NRd = EC +P‘sc +F;t’
for A-x<h N, =n-f,b-08x+0,_-A_+0,-A,,
for A-x>h N, ,=5-f,-b-h+o_-A_+0, -A,. (E 8-5)
F is negative, when o, isa tensile stress.
TABLEA.1-2. «M, -N, » interaction values for example [6]
X, mm e,% [ e,% | o, [N/mm?] (3 [N/mm’] N, [kN] M, , [kN-m]
1 2 3 4 5 6 7
d 0 | >217 0 fn -189 121,0
2,634, 2,17 | >2,17 fa £ 899 275
x,, = 0,617-d ]
o >2,17 | 2,17 £ £, 1229 292
d =390 >2,17 0 fd 0 2248 192
i
h =450 >2,17 0,47 fyd 93,3 2580 146
0 2,17 | 2,17 £ fyd 3361 0

These equations have been applied to provide the values in Table A.1-2 for a range
values of x. Then «M, -N, » interaction diagram has been plotted in Figure A.1-17
from the values in Table A.1-2 as a series of straight lines. Of course, M, ,and N,
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could have been calculated for the intermediate values of x to provide a more accu-
rate curve, as it is presented in Figure A.1-17.

Ny, kKNA

Npg,=3361 kN

192 kN-m
2248 kN

292 kN-m
1229 kN

275 kN-m
899 kN

>
e M, kKN-m
+121 KN'm
~189 kN

FIGURE A.1-17. «M, ~N, » interaction diagram for the non-symmetrical section [6]

Example 9

An internal column in a multi-storey building is subjected to an ultimate axial load
(N, of 1600 kN and bending moment (M, ) of 60 kN-m including effect of imper-
fections. Design the column cross-section assuming f, = 30 N/mm’, =500 N/mm®
and Ac, = 5 mm.
a) Cross-section.

Since the design bending moment is relatively small, use equation to size
the column:

n,=ltw=1+A-f /A f, (E9-1)

Clause 9.5.2 of EN 1992 [N3] stipulates that the percentage of longitudinal rein-
forcement, A , should generally lie within the following limits:

greater of 010Ny, and 0.002A <A, <0.04A. (E9-2)

yd
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Assuming that the percentage of reinforcement is equal to, say, 2%, gives:
A_=002-A.
Substituting this into the above equation gives:

1.6-10° _ 1, 002-4,-(500/1.15)
A, -(0.85-30/1.5) A, -(0.85-30/1.5)

Hence, A_= 62267 mm’. For a square column b=n= \J62267 = 250mm. Therefore
a 300 mm square column is suitable.
b) Longitudinal steel. Design moment, M, .

Minimum eccentricity, e, = £ = @ =10mm = 20mm.

30 30

Minimum design moment, ¢, - N, =20-107-1.6-10° =32 kN-m < M.

Hence, M, ,= M = 60 kN'm assuming A</\Hm.
¢) Design chart.

Minimum cover to links for exposure class XCl, C iy = 15 I,

Assuming diameter of longitudinal bars (®) = 25 mm, minimum cover to main

steel for bond, Cpinp = 25 MM and the nominal cover,

Cpom = Coninpy T ACy, =25+5=30 mm.

nom

Assuming diameter of links, (&) = 8 mm = minimum cover to links

Coom — P —Ac,,, =30-8-5=17 mm>c,, , =15mm
d, 42,
Therefore, d, =30+25/2=42,5 mm,—= = 425 _ 0,142.
h o 300

Round up to 0,15 and use chart no. 1 [Fig. 4.1-26].

d) Longitudinal steel area.

N 6-10°
Ed__ _ 1.6-10 =0,593;
b-h-f, 300-300-30
M 60-10°
213d _ . =0,074;
b-h’-f, 300-300°-30
A,- A -500
fyk _ s =(.28 (Fig- X)

b-h-f, 300-300-30
= A, =1512 mm’.
Provide 425 S500 (1960 mm?).
%A /A, =1960/(300-300) = 2.2% (acceptable)
e) Links.
Diameter of links is the greater of:
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() 6 mmy;
1 1
(i) =-®==-25=6,25 mm.
4 4
Spacing of links should not exceed the lesser of:
(i) 20-® = 20-25 = 500 mm.
(i;) The least dimension of column is equal to 300 mm;
(jii) 400 mm
Therefore, provide @8 links at 300 mm centres.

P8-300 - 425 S500

FIGURE A.1-18. Classification of a column in accordance with EN 1992 [N3]

Determine if column GH shown in Figure A.1-19 should be designed for first
or second order effects assuming that it resists the design loads and moments in b).
Assume the structure is non-sway and f, = 25 N/mm”’.

a) b)
1420 kN
3§ o
[—— 275x275
3500
275x550 275x550 N
Beam A G Beam B
|—— 275x275 3500 Z
. HL S 294kNm ‘H
5000 7000 1412 kN

FIGURE A.1-19. To Example 9

f) Slenderness ratio of column GH.
Effective height.
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275-550°

k =2(EI/L), =2E =1,525-10°E;
beam A ( )A (12.5.103)
275-550°
k =2(EI/L), =2E(~————-)=1,089-10° E;
beam B ( )B (12.7.103)
275-275
kcnlumnGH = (EI/L)GH = E(12'3’5.103 ) = 1’362.105 E;
K ot 1,362-10° E
k. = bamn Gl _ - —=0,05220,1.
Kyopr +kyry 1,525-10° E+1,089-10° E
k,, = 0,1 (since column is assumed to be fully fixed at the base).
k k
I, =0,5 |1+ ——)-(1+——=—);
0,45+k, 0,45+k,
0.1 0,1
I, =0,5-3500,[(1+ )-(1+ )=0,59-1=2068 mm.
0,45+0,1 0,45+0,1

Radius of gyration.
Radius of gyration, i, is given by:

i=Ja7A)Y =\[(b-1 112)1 (b-h)] =k /12 =275/12 =79,4 mm.

Slenderness ratio.

Slenderness ratio, A, is given by:
I, 2067 26

i 794

g) Ciritical slenderness ratio, )Lh.m.
A=0,7B=15C=17-r, =1,7—(M, | M;,)=1,7-(=29,4/58,8) = 2,2;
n=N,/A,-f,=1402-10° /275-275-(0,85/1,5)-25= 1,31
A, =20-A-B-C/\n=20-0,7-1,1-2,2//1,31=29,6

Since A< Alim, only the first order effects are needed to be considered.

Example 10

Determine if column PQ should be designed for second order effects assuming
the design loads and moment shown in Figure A.1-20. Further assume the structure
is non-sway and f, = 25 N/mm’.
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a) b)

696 kN
275x550 275x550 N \
Beam A P Beam B > P
-~ 275x275 7000
A QU A UsNmiQ
5000 7000 716 kN
FIGURE A.1-20. To Example 10
a) Slenderness ratio of column PQ.
Effective height. \
275-550
Kyprn =2(EI/ L), = 2E(m) =1,525-10° E;
275-550°
Ky =2(EI/ L), = 2E(m) =1,089-10° E;
275-275°
kcolumnPQ = (EI /L)PQ = E(m) =6,8085 104 E;
oo Koo 68085-10'E
P Kyt Fhpms 1,525-10° E+1,089-10°E
kQ = 0,1 (since column is assumed to be fully fixed at the base).
k k
I, =0,5-1 |1+ ——)-Q+———);
0,45+k, 0,45+k,
0.1 0.1
I, =0,5-7000, |(1+ )-Q+ )=0,59-1=4136 mm.
0,45+0,1 0,45+ 0,1

b) Radius of gyration.
Radius of gyration, i, is given by:
i=J/A) =\[(b-F 112)1 (b-1)] = h/12 =275/12 = 79,4 mm.
Slenderness ratio.
Slenderness ratio, /\lim, is given by:
h_4136_
i 79,4

¢) Critical slenderness ratio, A, .

lim
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A=0,4B=11C=17-r, =1,7—(M, /| M,)=1,7—(-27,5/55)=2,2
n=N,, /A, f,=696-10°/275-275-0,567-25=0,6493;

A, =20-A-B-C/\n=20-0,7-1,1-2,2//0,6493 = 42.
Since A>A, column will need to be designed for second order moments.

Example 11
Design the columns in Example 9 and Example 10. Assume the effective creep coef-
ficient, P is 0,87 and Ac, =5mm.
a) Column GH.
Longitudinal steel. Design moment, M.

l 1 2068
e =(0 -Y)=(—)-(—)=52mm.
, (,2) (200)(2)
.. .. h 275
Minimum eccentricity, e, = (5) = (%) =9,2 mm > 20 mm;

Minimum design moment, €, N, =20-107-1402 =28 kN-m;

First order end moment, M, = M +e¢,-N,, =58,8+ 5,2-107-1402 = 66,1 kN -m;

Hence, design moment, M = 66,1 kN-m.

Longitudinal steel area.

Assume: diameter of longitudinal steel, @ = 32 mm; diameter of links, ® = 8 mm;
minimum cover for durability, ¢, 4, =25 mm>c . =P—-@ =32-8=24 mm=
=c+Ac,, =25+5=30 mm.

, d 4
Therefore, d, =®/2+® +¢,,, =32/2+8+30=>54 mm;z2 :25—75 =0,196.

Use graph with d,/h = 0,2 (see Figure 4.1-26):
N 1,402-10°
2= =0,742;
b-h-f, 275-275-25
M 66,1-10°
S = >— =0,127;
b-h’-f, 275-275"-25
A fi A -500
b-h-f, 275-275-25
= A, =2647 mm’.

nominal cover to reinforcement, ¢

nom

=0,7 (see Figure 4.1-26),

Provide 4932 S500 (3220 mm>).
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Links.
Diameter of links is the greater of:
(1) 6 mm;

1 1
i) = P=—-32=8 mm.
@ ®=7

Spacing of links should not exceed the lesser of:
() 200 = 20-32 = 640 mm;

(j) least dimension of column is equal to 275 mm;
(iji) 400 mm.

Therefore, provide @8 at 275 mm centres.

Z ~——— 2032 S500

N

®8-275 - Longitudinal bars 4932 S500

~——— 2032 S500

FIGURE A.1-21. Arrangement of the steel bars in Example 11

b) Column PQ.

First order end moments, M, M ,.
l 1 4136
e, =0 -2)=(—)-(—)=10,34 mmy;
.= (0, 2) (200)( 5 )

e,-N,, =10,34-107°-696=7,2 kN-m;
My =M, +e-Ny =-27,5+7,2=-20,3 kN-m;
M, =M,+e N, =55+7,2=62,2 kN-m;
Equivalent first order moment, M .
M, = M,, =(0,6-M,, +0,4-M,) >0,4-M,, =0,4-62,2=24,9 kN-m;
M,,, = M,, =(0,6-62,2+0,4-(~20,3)) = 29,2 kN-m > 0,4- M, = 24,9 kN-m;

Nominal second order moment, M.,
Assume: diameter of longitudinal steel, (®) = 20 mm; diameter of links,(®) = 8 mm;
minimum cover for durability, c,,,, ,,, =30 mm>c, ., =(P)— (P )=20-8=12 mm=>

minb
nominal cover to reinforcement, ¢, ,, =c+Ac,, =30+5=35 mm.
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Thus: '
d=h—((D)/2+(P)+c,,,)=275—(20/2+8+35) =222 mmy;

1 & (500/1,15)/200-10°
n o 045-d 0,45-222

=2,176-10";

&
p= 0 4y; P =0,35+ f, /200— /150 =0,35+25/200—52/150 = 0,1283;

K(p = 1+ﬁ~(pef =1+0,1283-0,87=1,111>1,0.
Assume K =0,8:

Ly K, K, -(ljz 0,8-1,111-2,176-10° =1,934-10;

r h

1 .
e, =(=)-I; /10=1,934-107 -4136” /10 = 33,1 mmy;
T

M,=N,,-e, =696-33.1-10° =23 kN-m.
Design moment, M, .

M, = maximum of {M,, +M,;M,,; M, +0,5-M,};

M, = maximum of {29,24+23=52,2 kN-m; 62,2 kN-m;-20,3+0,5-(-23) =

=31,8 kKN-m}.
Longitudinal steel area. '
d, =(P)/2+(P ) +c,,, =20/24+8+35=53 mm;

d
2= e =0,193.
h 275
Use graph with d,/h = 0,2 (see Figure 4.1-26):
N -10°
s 096-10 _0,368;
b-h-f, 275-275-25
M 2-10°
W __622:10°

b-h*-f, 27527525
Ac-fr A -500
b-h-f, 275-275-25
Provide 4020 S500 (1260 mm?).
Checking of the assumed value of K.
n,=1+A-f,, /A, - f,=1+1260-(0,87-500)/(275-275-0,567 -25) = 1,51;
n=Ng /A -f,=696-10"/(275-275-(0,85/1,5)-25) = 0,65;
K - n,—n _ 1,51-0,65
n,—n, 1,51-0,4

=0,3= A, =1134mm’.

=0,775.

Therefore assumed value is acceptable.
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Links.
Diameter of links is the greater of:
(1) 6 mm;
G l-(13 =l-20 =5mm.
4 4
Spacing of links should not exceed the lesser of:
() 200 = 20-20 = 400 mm;
(j;) least dimension of column is equal to 275 mm;
(ji;) 400 mm.
Therefore, provide @6 links at 275 mm centres.

P6-275 - 420 S500

FIGURE A.1-22. Arrangement of the steel bars in Example 11

Example 12

Check the column (see Figure A.1-23) using the procedure in EN 1992 [N3].
Relative eccentricities.
The column is subject to an axial load, N,,=1250 kN, a moment about the major
axis (y-y), M, by = 35 kN-m and a moment about the minor axis (z-z), M, , =25 kN-m.

M -10°
e, = Ed: _ 2510 - =20 mm;
N, 1250-10

(ey Ih)=+(e,/b)=(28/275)+(20/275)=1,4>0,2.
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Z

2025 8500

[}

AN

275x275 - - ®8-275

- 2925 8500

FIGURE A.1-23. Arrangement of the steel bars in Example 12

Therefore, check column for bi-axial bending.
Design ultimate moment of resistance, M, .

d,=35+8+25/2=555mmandd, /h=555/275=0,2;
A fi  1960-500

b-h-f, 275-275-25

N, 1250-10°

bhef, 27527525

=0,518;

> >

M
PR thdf ~0,105 (see Figure A.1-23) = M,, = 54,6 KN-m
: " Jck

Exponent, a.
Ne = A [+ A - f,,=[275"-(0,85-25/1,5)+1960-(500/1,15)]-10~ =
=1071,35+ 852,17 =1923,5 kN;
Ny 1250
Ny 19235

=0,65, a =1,46.

Resistance check.

M a M a . 6 1,46 . 6 1,46
Aue | Doy | g [ 2209 ) [ 0 g5 050-0,84<1.
My, )\ My, 54,6-10 54,610
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A.1.2. Shear

Example 13

The two span reinforced concrete beams is assumed to be uniformly loaded over
the full length of the beam with design load g, = 13,2 kN/m. The corresponding
shear force diagram has been computed and is plotted in Fig. A.1-24. The dimen-
sions of the rectangular beam are shown in sections 1-1 and 2-2. The bottom rein-
forced at the support zone consists of two 20 mm bars (in section 1-1) and three 20
mm bars (in section 2-2). The class of concrete is C20/25 and reinforcing steel grade
RB500. Using the standard method design the required area reinforcement in sectors;
(a) - near support A, (b) — near support B. For calculation of effective depth assume
that the nominal concrete cover is equal to 25 mm.

The general design procedures for shear design of reinforced concrete beams
is given in Figure A.1-25.
a) Input date:
Concrete C20/25;
f.. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
f.,=20/1,5 = 1,33 MPa - design value of compressive strength of the concrete;
fc = 2>2 MPa — mean value of axial tensile strength of concrete;
E_ =30GPa - modulus of elasticity.
Reinforcement steel RB500;
[, =500 MPa — characteristic yield strength of reinforcement;
fy .= 500/1,15 = 435 MPa - design yield strength of reinforcement;
the largest diameter used aggregate d = 16 mm;
exposure class XC1 and structures S4;

concrete coverc, = 25 mm;

A = 6,28 cm’ (2920 mm);

A =943 cm’ (3020 mm);

A, =6,28 cm’ (2020 mm).

Extreme support V,, = 29,7 kN

b) The design shear resistance of the member without shear reinforcement in cross-
section 1-1.

1
Viae = |:CRd,c -k-(100-p, .fck)3j|.bd

1
Viae = [0,12-1, 74-(100-0,0087-20)* }-0,2-0,359 =0,0388MN = 38,85kN
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with a minimum of
Vide = Vo Tk -0, ) b-d
Vige =(0,35+0)0,2-0,359 =0,02513MN = 25,13kN
where: d - effective depth d = h - a, = 400-(25+6+20/2) = 359 mm, b - is the small-

est width of the cross-section in the tensile area [mm]; b = 200 mm, f, —is in MPa
fck=20MPa,d—inmm.

1-1 2-2
2920 3020
1 2[4,,=13,2 kKN/m ¢ ¢ ¢
OITTIT T I I I I I T I I I T I TIIT] -
1L, 212 =
Ap 6m Ay 6m Ay o
3 @6 D6
49,5 kN
T
[kN]
‘ ~] & P R L DY
29,7 kN 200
49,5 kN
FIGURE A.124. The beam under shear and flexure
200
= < 2,0
d

/2
=1+ ﬂ=1,74<2,0
359

p, —degree of tensile reinforcement

PL= ]
A, 0,000628m’
b,-d 0,20m-0,359m

p= =0,0087

A, - is the area of the tensile reinforcement, which extends 2 (/,, + d) beyond the sec-
tion considered;

Gc — stress: N
P = _Ed < 0’2.]"“1
A

[4

&P

N, -is the axial force in the cross-section due to loading or prestressing; N. =05
Ac — is the area of concrete cross section,

Crae ™ coefficient:
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v . —isequal (N/mm>):
v,, =0,035-k2- f,2
3 1

v, = 0,035-1,747 -20% =0,35N/ mm’
V. =29,7kN <V, =38,85kN

There is no need to design the shear reinforcement
We have to assume the shear reinforcement as vertical two lags stirrups.
The spacing between the stirrups is according to 9.2.2 EN 1992-1-1:2004 as formula

s, =0,75d = 0,750,359 m = 0,269 m

s = 0,27 m = 27 cm is the spacing of the stirrups.
Middle support V, = 49,5 kN
¢) The design shear resistance of the member without shear reinforcement in cross-

section 2-2.

1
Vide = |:CRd,c k-(100-p, - fu ) }'bd
1
Vede = |:0,12'1,74'(100'0,0131-20)3 }-0,2 -0,359 =0,04456 MN = 44,56kN

with a minimum of

VRd,c = (Vmin +k1 'O.cp) bd
Vi, =(0,35+0)0,2-0,359 = 0,02513MN = 25,13kN

where: d - effective depth d = h - a, = 400-(25+6+20/2) = 359 mm, b - is the small-
est width of the cross-section in the tensile area [mm]; b = 200 mm,ﬁk— is in MPa

fck=20MPa, 200
k=1+,—<2,0
\j d
’200
k=1+,—=174<2,0
359

p, — degree of tensile reinforcement:

=—1-<0,02
pL b 'd

w

A, 0,000943m’

= =0,0131
b,-d 0,20m-0,359m

P
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A - is the area of the tensile reinforcement, which extends 2 (I, + d) beyond the sec-
tion considered;
0 — stress:
? Nt 5. 1.
A [

(3

4

N,, - is the axial force in the cross-section due to loading or prestressing; N, , = 0,
A_-is the area of concrete cross section,

Cpy . — coeflicient: 0,18 0,18
Rd, CRdc =2 :—:0,12
g 2 15
v . —is equal (N/mm®): 2 !

Yy =0,035-k2 - f,2
31
Vi = 0,035-1,742 -20% =0,35N/ mm’
Vi =49,5kN < Vy, - =44,56kN

There is need to design the shear reinforcement.

For members with vertical shear reinforcement, the shear resistance Vew
s is the smaller value of:
Asw .fywd

Vegs =—+2z-cotl
’ s

_0,0000566m” - 435MPa
s 0,27m

-0,9-0,359m-1,0 = 0,0294MN = 29,46kN

fywa — 18 the design yield strength of the shear reinforcement, f =435 MPa,

A_, - is the cross-sectional area of the shear reinforcement (vertical two legs stirrups);
A, =0,566 cm’ (206 mm),

s = 0,27 m = 27 cm is the spacing of the stirrups,
S, = 0,75d = 0,75-0,359 m = 0,269 m according t0 9.2.2 EN 1992-1-1:2004,

0 - is the angle between the concrete compression strut and the beam axis perpen-
dicular to the shear force 6 = 1,0.
no less than:

_ OCCwaZV od
Rdmax = o0 + tand
1,0-0,20m-0,359m-0,6-13,3MP
Vidma = d ; T 2 _0,286MN = 286, 48kN
+

where:
a_, = 1,0 is a coefficient taking account of the state of the stress in the compression
chord,

v is a strength reduction factor for concrete cracked in shear:
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v, =0,6 dla f, <60MPa
Vi, =29,46kN <V, =286,48kN - ok

Rd,max

Ve = 49,5kN >V, =29,46kN

Option 1 - there is needed to change the spacing between the stirrups

ASW‘fW
VRd,s =%'Z'C0t9

_0,0000566m” - 435MPa
s 0,16m

-0,9:0,359m-1,0 = 0,0497MN = 49,72kN

§ =0,16 m = 16 cm is the spacing of the stirrups,
Vi =49, 5kKN <V, =49,72kN

Considering these criteria we can assume the distance s = 16 cm between two legs
vertical stirrups having a diameter of 6 mm.

Option 2 - there is need to design the bent bars

Then, 50% V, of shear forced is given for vertical stirrups and 50% V, for bent
bars.

For members with inclined shear reinforcement, the shear resistance is the smaller
value of

d .
Vieds = ”; 2% z(cotB +cota)sina =

~0,00314m” -435MPa
~ 1,2:0,3%9m
a is the angle between shear reinforcement and the beam axis perpendicular
to the shear force (measured positive as shown in Figure 6.5) a = 45° f - is the design
yield strength of the shear reinforcement, f = 435MPa, A - is the cross-sectional
area of the shear reinforcement (one bent bar), A = 3,14 cm’ (1020 mm),
No less than:

0,9:0,359m(1,0+1,0)0,77 = 78,88kN

t0+ cot 1,0+0,71
Vi = Vfuaby 2 o2 = 0,6-13,3MPa-0,2-0,9-0,359 "~ =
’ 1+cot“8 1+1
=0,44MN = 440,89kN
Vs = 78,88KN <V, = 440,89kN
Vyy =0,5-49,5=24,75kKN <V, =29,46kN
V,, =0,5-49,5=24,75kN < V, ... =78,88kN

Considering these criteria we can assume the distance s = 27 cm between two legs
vertical stirrups having diameter 6 mm and one bent bar having diameter 20 mm.
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Calculation of shear reinforcement

Data: Design value of the applied shear force V,

v

YY)

the design shear resistance of the member without shear reinforcement

e = [Cpac k(100 p; -£,)*1-b,d with a minimum of Ve =

) +k1‘%)’bw'd

min

AN

verification V, <V, -

Design the maximum spacing
of the stirrups
s, ..=0,75d

according t0 9.2.2 EN
1992-1-1:2004

- N [
( not rj lflsirinMilz?e;Sshear NO - Members requiring )
quiring desig design shear reinforcement
\_ reinforcement AN J
é N ( "\ (50% of force is taken as vertical)

100% - Total valume of force
is taken as a vertical shear
reinforcement

- J

shear reinforcement
50% of forced is taken for
inclined shear reinforcement
(the percentage
may be in variable proportions
but in the case of stirrups

\_ not less than 50%) )

FIGURE 7.1-17. Design proce-
dure for shear capacity

4 For members )
with vertical shear reinforcement,
the shear resistance Vs

is the smaller value of:

4 For members )
with vertical shear reinforcement,
the shear resistance V, s

is the smaller value of:

of the stirrups s, | =0,75d
— Aswl > = 0’08 ka
sb, ’ f yk
- bent bars — Design
the maximum spacing

pW

ASW : Wi ASM' : f Wi
Vias = s .z cotf Vias = v 2 cotf
no less than no less than
— acwbwzv cd _ acwbwzv cd
\_ Rdmax 0t 0+ tan @ ) Rdmax— 0t0 + tan )
4 "\ ( For members with inclined )
shear reinforcement, the shear
resistance is the smaller
value of
ificati Vias =
verification V, <V, A, - fywd .
=——""".z-(cotf+cota)sina
s
no less than
cotf+cota
A VRd,max =V cd Wziz
\_ AN l+cot’d )
Y N [ N\
Minimum shear reinforcement
— stirrups — Design
the maximum spacing verification

— vertical shear reinforcement
50% V,, < V.

- inclined shear reinforcement
50% V,, < Vy,.

S, ..=0,6d(1+cota)

m

\/
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Minimum shear reinforcement

— stirrups 1 0,08,/ f,,
Pw = - - pw,min =
Slbw fyk
0,0000566m’ 0,08
p == _000162p, = \/_0 0008
0,17m-0,20m ’
- bent bar
A 0,08
] i O 08\/_0 0008
s,b, sina ’ i
) 14m’ ,08/2
P, = 0.000514mM° 4005152, ,, :MO,OOO&
1,2-0,359m-0,20m-sin 45 ' 500
Example 14

Design shear reinforcement in T-shaped beam. Beam is loaded by the concentrate
design load P, = 295 kN and uniformly loaded with the design load g, = 8,0 kN/m.
The sectional dimensions of the beam and corresponding shear force diagram are
shown in Fig A.1-26. The top longitudinal reinforcement of the beam consist of 6020
mm bars. Assume the class of concrete is C20/25 and reinforcing steel grade RB500.
Check the dimensions of the assumed cross-section and design using the standard
truss method the shear reinforcement.

The general design procedures for shear design of reinforced concrete beams
is given in Figure 7.1-25.
a) Input data:
Concrete C20/25;
f.. =20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
fc ,=20/1,5=1,33 MPa - design value of compressive strength of the concrete;
.., = 2,2 MPa — mean value of axial tensile strength of concrete;
E_ =30GPa - module of elasticity.
Reinforcement steel RB500;
[, = 500 MPa - characteristic yield strength of reinforcement;
f,a=500/1,15 = 435 MPa - design yield strength of reinforcement;
the largest diameter used aggregate d, = 16 mm;
exposure class XC1 and structures S4;
concrete cover ¢, =25 mm;
A, =18,85cm (6(D20 mm);
Asz = 6,28 cm’ (2020 mm).
Extreme support V, = 315 kN

444



—_
[

600

1 4920
|
Lf%%
P6— =32
2500 ll <
1 250
P=295 kN
: q£;=8,0 KN/m ¥
EE NN
V [kN]
V=315 kN V=295 kN

FIGURE A.126. The cantilever beam

b) The design shear resistance of the member without shear reinforcement.

1
Vieae = |:CRd,c k-(100-p, - . ) }'bd

1
Viae = [0,12 -1,74-(100-0,0206-20)° }-0,2 -0,366 =0,06598MN = 65,98kN

ith a mini f
with a minimum o Vi, = W,,, +k, ‘Ucp) -b-d
Vi =(0,35+0)0,25-0,366 = 0,032MN = 32,02kN

where: d - effective depth d = h - a, = 450-(25+8+20+21+20/2) = 366 mm,
b - is the smallest width of the cross-section in the tensile area [mm]; b = 250 mm,

fck—ls in MPafck:ZOMPa, 200
k=1+ 7<2,0
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A 0,001885m’
p=-e M 0,0206
b,-d 0,25m-0,366m

A - is the area of the tensile reinforcement which extends 2 (I, , + d) beyond the sec-
tion considered;

0,~ stress: N,
O'CP :T SO,Z'de

[

N, -1is the axial force in the cross-section due to loading or prestressing; N 0= 05

A_-is the area of concrete cross section,

Cpy . — coeflicient:
, C

0,18 0,18
Crge == =0,12
v, . —is equal N/mm®* EA
v, =0,035-k2-f,’
3 1

Vi =0,035-1,742 -20? = 0,35N / mm’
V,, =315kN <V, =6598kN

There is need to design the shear reinforcement.

Considering large shear force V,, there is need to design vertical four legs stir-
rups having diameter 8 mm and bent bars.

Because the shear force is large in all the distance of the beam it is necessary
to design bent bars in all length of the beam.

Then, 50% V,, of shear force is given for vertical stirrups and 50% V/,, for bent bars.

¢) For members with vertical shear reinforcement, the shear resistance Ve
is the smaller value of:

~0,000201m’ - 435MPa

i -0,9-0,366m-1,0 =0,170MN =170kN
’ 0,17m

f,ua — 1s the design yield strength of the shear reinforcement, f , = 435 MPa,
A - is the cross-sectional area of the shear reinforcement (vertical four legs stir-
rups); A_ = 2,01 cm’ (4®8 mm), S = 0,17 m = 17 cm is the spacing of the stirrups, S,
=0,75d = 0,750,366 m = 0,274 m according to 6.2.2 EN 1992-1-1:2004, 6 - is the angle

between the concrete compression strut and the beam axis perpendicular to the shear
force 6 = 1,0.
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no less than:

VRd max = OCCWbWZVI -
’ cotf + tanf
1,0-0,25m-0,366m-0,6-13,3MP
Vietmae = L : T 2 _0,365MN = 365kN
+

where:

a, =10isa coefficient taking account of the state of the stress in the compression
chord, according to 6.2.3 EN 1992-1-1:2004, v, - is a strength reduction factor for con-
crete cracked in shear, according to 6.2.3 EN 1992-1-1:2004:

v, =0,6 dla f, <60MPa

VRd,stirmps = 1077 26kN < VRd,max = 365kN - Ok
Vg =0,5-315=157,5kN > VRd,Smmps =170kN

d) For members with inclined shear reinforcement (bent bar), the shear resistance
is the smaller value of

e z{cotB+ cota)sina

174 _ Asw f ywd
N

~0,001571m’ - 435MPa
0,44m

0,9-0,366m(1,0+1,0)0,77 =0,787MN = 787,87kN

Rd,s

a is the angle between shear reinforcement and the beam axis perpendicular to
the shear force (measured positive as shown in Figure 6.5) a = 45° f | - is the design
yield strength of the shear reinforcement, f =435 MPa, A - is the cross-sec-
tional area of the shear reinforcement (four bent bars), A = 15,71 cm’(5920 mm),
s = 0,44 m = 44 cm is the spacing of the bent bars, Sy max = 0:0d(1+cota) = 0,6-0,366(1+1) =
= 0,44 m according to 9.2.2 EN 1992-1-1:2004.

No less than:

cot@+cota
\% =vf b z—m=
Rd,max cd”w 1+C0t2 8
1,0+0,71
=0,6-13,3MPa ~O,25'O,9~O,366ﬁ =0,56MN = 561,86kN
+
Vied pent bars = 787,87kN <V, =561,86kN
V,y =0,5-315=157,5kN < V,, ... =787,87kN

Considering these criteria we can assume the distance s = 17 cm between four legs
vertical stirrups having diameter 8 mm and one five bent bars having diameter 20 mm.
e) Minimum shear reinforcement

— stirrups
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_0,08,f,

swl
pw = = Fw,min —
Slbw fyk
0,000201m’ 0,08+/25
po=— T _000472p, = io,ooo&
0,17m-0,25m ’ 500
— bent bar
A 0,084/, 0,08+25
pw2 = SW.2 = Pwmin = fk = FO’OOOS
s,b, sina fyk 500
0,001571m’ 0,08+/25
pw2 = m. 0 :O’OZZ w,min =IO’OOO8
0,44m-0,25m-sin45 ’ 500
1-1
i 600
6020
i} L
~ ~ ) q
NN \ e
NN NN B el B
N \ N . I
150, 440 | 440 | 440 | 440 440 150 250
A Kl Kl Kl
2500
\6(\) L . L \14X\;70\/ L . 4 . 6( (D6
1,

FIGURE A.1-27. Arrangement of shear reinforcement

Example 15

Design the shear reinforcement for the free supported beam shown in Figure A.1-28.
Concrete C25/30 (f, = 25 N/mm?), steel S500 (fyk =500 N/mm>).

Ultimate design load.
P=1,35-g, +1,5-q, =1,35-12+1,5-8 =28,2 kN/m.

Design shear force V.
This should be determined at distance d from fall of the support but for simplic-

ity has been calculated at the centre of supports:
V; =0,5-(P-1)=0,5-28,2-7=98,7 kN
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q;=8 kN/m
4,=12 kN/m

A

HHHHH&Hl’l’?
EEEEEERRR RN

T
=]

| |

[

A,=1260 mm’ I
1020 d=450 A&
\ !A 7 m

i

<275

FIGURE A.1-28. The sectional dimensions of the beam

Shear resistance of concrete, \
0,18 0,18
fi=25N/mm’; C,,, =——=

Rd,c —

)/c 1’5
k :1+,/@ :1+4/@ =1,67<2,0.
d 450

Assuming all the tension reinforcement is taken onto supports and anchored:
_ A, 1260
b,-d 275-450
v, =0,035k"% - 1 =0,035-1,67°7 -25"* =0,378 N/ mm’;
Vege =| Cuge k100, £,)" +k,-0,, |-, -d =
=[0,12:1,67-(100-0,0102-25)" |- 275-450 =
=72994N2>(v,,, +k -0,)-b,-d=0,378-275-450 = 46778 N

Since V,,, <V,
Compression capacity of compression strut, V'

Rd,max:
Assuming, that 6 = 21,8°:
v, =0,6-(1— f, /250)=0,6-(1-25/250) =0,54; f,, =

=0,12 N/ mm’;

) =0,0102<0,02; 0,, = 0;

min

shear reinforcement must be provided.

o - 0,85-25
= ook =14,2 N/ mm”’.

¥, 1,5

Note: o= 1,0 may be used.
VRd,max = OCCW 'bw “Z- Vl ..fcd /(C0t6+tan6) =

= 1-275-(0,9-450)-0,54-14,2/(2,5+0,4) -10~° =294,5 kN >V,, =98,7 kN,

Diameter and spacing of links.
(1) Where V, <V, , provide minimum shear reinforcement, p, ., according to:

0,08\ f, 0,085
Pw,min fyk 500

=8-10™"
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A

SW.

2 —8.107 -275-1=0,22 mm (assuming the use of vertical links).

pw,min = . .
s-b, -sind s

Maximum spacing of links, s s
S, =0,75-d =0,75-450 = 338 mm

Provide ®8 S500 at 300 mm centers and A_ /s = 0,335 mm.
(2) Where V>V, ., provide shear relnforcement according to:

A
Vigs =22+ f,,,,-cotd =98700 N,
N

and: h = 98700 =0,224 mm.
s (0,9-450)-(500/1,15)-2.5

Hence, provide @8 S500 at 300 mm centers (A_ /s = 0,335 mm) throughout.

Example 16: Design of shear reinforcement at beam support.

Design the shear reinforcement for the beam shown in Figure A.1-29, assum-
ing it resists an ultimate design shear force at distance d from the face of support
of F,, = 450 kN.

Concrete C25/30 (f, = 25 N/mm?), steel S500 (fyk =500 N/mm>).

Fy=450 kN

| \ 4

I

I

I

| d=500

| | 4925 $500
! eoée| A,=1960 mm’
1

FIGURE A.129. The sectional dimensions of the beam

a) Shear resistance of concrete, Vede

1 ,1
—25N/mm CRdC— 8: 8—OIZN/mm;
fZO /20 1960
k=1+ =1,63<2,0;p, = — =0,013<0,02;
b, d 300-500
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0, =0v,,, =0,035-k™ - f* =0,035-1,63"" -25"" = 0,364 N/ mm’;
Vige =| Cuge k(100 p, - £,)"° +k, -0, |-b, -d =
:[0,12-1,63-(100-0,013-25)”3]-300-500-10‘3 =

=93,6 KN> (v, +k,-0,)-b, -d=0,364-300-500-10" =54 kN
Since V, d)C<VE , =450 kN, shear reinforcement must be provided.

b) Checking of the compression capacity of compression strut, V,,, .
Assuming, that 6 = 21,8°:

v, =0,6-(1— £, /250) =0,6-(1—25/250) = 0,54;
a,-f, 0,85-25
YC 1’5

min

=14,2 N/mm’.

Note: & = 1,0 may be used.
Vidmas = %y b, -z+v, - [,/ (cotO + tanb) =

= 1-300-(0,9-500)-0,54-14,2/(2,5+0,4) -10° =357 kN.

Since V, d)C<VE p strut angle 6>21,8°.

From Equation (4.2-13):

\% /b -d .107° .
6=0,5-sin"’ Rdmax __w =0,5-sin"' 450-10 ° /300-500 =30,3°
0,153- f, -(1— f, /250) 0,153-25-(1—25/250)

¢) Diameter and spacing of links.
Provide shear reinforcement according to:

A
Vigs =2+ f 4 cotd =450 kN,

s
A .10°
andso:—% = 450-10 —=1,344 mm.
s (0,9-500)-(500/1,15)- cot(30,3°)

Maximum spacing of links, s, is:
S, = 0,75-d = 0,75-500 = 375 mm.

Therefore, @12 S500 at 150 mm centers (A_ /s = 1,507) would be suitable.
Note: If longitudinal reinforcement is fully anchored at support and V,, = 450 kN<
<0,5-b, -d-v-f,, = 0,5-300-500-0,54-14,2:10° = 575 kN, shear force may be reduced
to (a /2-d)-450 = 225 kN. In this case 6 = 21,8° is a good result and shear reinforce-
ment is reduced by over 50%.
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Example 17: Calculation of the shear resistance
of RC-beam according to fib MC 2010.

Concrete C30/37 (fcd =25 N/mm°), y.=1L5.
Steel $500 (f,, = 550 N/mm?), y, = L15, s = 120 mm.
Baseline data:

|ie| | F=S00KN |1 | 11
I ! T
o : | Eoo ‘ o 7 ®30
I 1 ; L IS~
:‘_“2300 : : d=920 -
e : 10000 n z=
;‘ [ 'i /930
! E 385 kN : \
|
v .
AIRRRNRRNNRNNNANED 036" | b 300 _| @36
L |
MEdN\LL :
! I
QI
! 1 885,5 kNm ,

FIGURE A.1-30. The sectional dimensions of the beam and corresponding shear force
diagram

Firstly, to calculate the resistance of the RC member, it is necessary to check
if it can carry the forces without shear reinforcement. To verify if this is possible,
according to fib MC2010 it is necessary to check V. , in this case in the Level III

approximation: \/_
VRd,c = kv ) ka
Ve

d,c®

b,z (E 16-1)

0,40 1300
where: k, = .
(1+1500-¢,) (1000+0,7k,, -z)

1 M,, 1_A-e 4
Y 2.E-A, ( z HMH (2+ z D

, taking into account that:

48 48
W =———=-—=1,5>1,15and
© 16+d, 32
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0,40 1300 B
(1+1500-6,6-10™") (1000+0,7-1,15-828)

v

b

Thus, substituting in Equation (E 16-1):

J30

Viae =0,16~L—5~300.828 =145,12 kN, and as:V,, =145,12 KN <V, =385 kN,
the RC-member needs to be calculated with shear reinforcement according to the same
regulation. But, in this case, Level III of approximation is used and the below formula
is necessary to be implemented:

VRd = VRd,c + VRd,s < VRd,max(emin )’ (E16_2)
where:

VRd,mux (emin) = kc : ka 'bw -z-sinf

min

-cosO,. . (E16.3)

Taking into account, that: b, =300 mm; k. =k, -7, =0,55;

30)" (30)"
where: 7, = (f_j = (5) =105k, =1/(1,2+55-¢)) = 1/(1,2+55:0,0085) = 0,55<0,65;
ck

e =0.000616; ¢ =¢, +(¢,+2-107)-cot’0 =0,0085; 6,,, =20° +10* ¢, =26,16".

Substituting in Equation (E 16-3): V,,, (6min) = 1074,16 kN, and:

27-5°
T g .828-478,26-2,03=1051,7 kN.

A
D -
Vids = oS z-cotf =

w

Thus: —
VRd,c = k ka

v 'T'bw S (E 16-4)

v
where: k, = o1 I =013
(1 +1500- 8x ) VRd,max (Gmin)

And substituting according to Equation (E 16-4):

30

Vige =0,13-7="-300-828 =120,98 kN, thus: V,, =1051,7+120,98 =1172,68 kN.

3

Via = Vedomax (E 16-5)
It can be seen, that Inequality (E 16-5) is not satisfied. So, we must change

the initial value of the 6 in the range 6 = <6<45° and repeat calculation again.
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A.1.3. Punching

Example 18: Lightly loaded slab-column connection.

Check the punching shear strength of the slab around an internal column supporting
a 225 mm thick flat slab having 6 m spans in both directions. The column is 300x400
mm, and the design shear force established from the slab, which has 6,5 m spans
in both directions and supports a designed ultimate load of 9 kN/m?, is 400 kN. Design
of the slab for flexure gave an average value for the reinforcement ratio as 0,0077.
The characteristic concrete strength is 30 N/mm”’. Bending is about the major axis
of the column only, and the moment transferred between the slab and the columns
is 45 kN-m.

Assuming 20 mm cover and 12 mm diameter bars give the average effective depth
as: 225-20-12 = 193 mm.

Table 4.8 of EN 1992 [N3] gives the basic design shear strength as 0,34 N/mm”’
for 30 N/mm” concrete. The critical perimeter is equal to: 2:(300+400)+193-4-3,1416 =
= 3825 mm.

To find the design effective shear stress it is now necessary to calculate S.
For an internal rectangular column, Table 4.3-2 gives:

2 2
W, = ¢ [2+c c +4-c d+16-d +2-mdc .
For the slab and column dimensions considered, this gives:

W, = 400°/2+400-300+4-300-193+16-193°+2-71:193-400 = 1512,6-10%;
¢ /c, = 400/300 = 1,333.

From Table 4.3-1, k = 0,63. This gives:
B = 1+0,63-45-10*3825/(400-1000-1512,6:1000) = 1,17.
The effective design shear stress is as follows:
v,, = 400-1000-1,17/(3825-193) = 0,633 N/mm”.

The depth factor, k, for a slab with an effective depth less than 200 mm is 2,0. Equa-
tion (4.3-12) gives: v, = 0,18/1,5-2,0-(100-0,0077-30)"” = 0,684 N/mm”.
This exceeds 0,633 N/mm’, hence, no shear reinforcement is needed.
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Example 19: Heavily loaded slab-column connection
required shear reinforcement.

The slab-column connection considered in Example 9 will now be designed for
an increased design shear force of 600 kN. All other factors will be assumed to be
as in Example 8.

In calculating v, , W, and c,/c, they will remain as in Example 8, but $ will change
because the eccentricity of the load will reduce. Value of  can now be calculated
as follows: 8 = 1+0,63-45-10°-3825/(600-1000-1512,6-1000) = 1,12.

Value of v, is now given by the following expression: v,, = 600-1000-1,12/
/(3825-193) = 0,91 N/mm”.

As before, v, = 0,684, thus, punching shear reinforcement is required.

It is convenient at this stage to calculate u_, _to establish the extent of punching
reinforcement: u_ = 1,12:600-1000/(0,684-193) = 5090 mm.

This can easily be calculated to be a perimeter at a distance of (5090-1400)/2-7 =
=587 mm or 3,04-d from the column face.

The area of reinforcement required across the failure zone can be calculated for
the first control perimeter and for u_ . At any point in between these, the required
area can be found by linear interpolation. For the first control perimeter, the total area
of reinforcement that must be provided within the perimeter is given by:

A, = 3825193:(0,91-0,75:0,684)/435 = 674 mm”.
At the outer perimeter, the total area is given by:
A, =5090-193-(0,91-0,75-0,684)/435 = 896 mm”.

Figure A.1-31 shows the required steel area for perimeters within this area.

Assuming that the first perimeter of reinforcement is provided at 125 mm from
the column face and then at 150 mm centres as far as necessary, the length of each
perimeter can be calculated, and, hence, from the maximum spacing rules, the min-
imum number of bars which should be provided. For example, the length of a perim-
eter 125 mm from the column face is 2185 mm. The maximum permissible spacing
around the perimeter is 1,5-d = 290 mm. To meet this requirement, 2185/290 = 8 bars
are required. Trial and error suggests that 8 mm diameter bars, which are the smallest
bars generally available, should be used on all perimeters. Table A.1-3 gives the steel
areas supplied on each perimeter in this case.

The areas in Table A.1-3 together with the assumption that reinforcement is only
effective for a particular failure zone when it is at least 0,3-d from the inner edge
of the failure zone permits the total reinforcement provided for any outer perimeter
of a failure zone to be calculated.
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TABLE A.1-3. Calculations for each perimeter of reinforcement in Example 17

Perimeter of reinforcement
1 2 3

Distance from column face (mm) 125 250 375
(Distance from column face)/d 0,65-d 1,3.d 1,9
Perimeter (mm) 2185 2970 3756
Maximum spacing 290 290 290
Number of bars 8 10 13
Bar diameter 8 8 8
Area on perimeter 402 603 553

This is plotted in Figure A.1-31. It will be seen that adequate reinforcement is pro-
vided at all perimeters and that all the detailing rules are obeyed. It will also be seen
that the amount of reinforcement provided is actually defined by the minimum cir-
cumferential and radial bar spacing rules rather than the required strength. This seems
likely to be generally the case. In particular, the radial maximum spacing of 0,75-d
ensures that, in many place, these are, unavoidably, three perimeters of reinforcement

within the failure zone in many situations.

125 125 125

1800
1600
1400
1200
1000
800
600
400
200

Total reinforcement area (mm?®)

u

Area of reinforcement

provided

1

outer

Area of reinforcement
required

0

FIGURE A.1-31. Provision of shear reinforcement in Example 17 (Example 6.3 from [8])
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A.2. Serviceability limit states checking

A.2.1. Deflection control

Example 20

The singly reinforced concrete beam shown in Figure A.2-1. is simply supported
with an overall effective span of 7,3 m. The arrangement of steel bars consists 5020
ribbed bars from steel RB500. The concrete class is C20/25. Control deflection of this

beam using two methods.
The general design procedures for deflection control of reinforced concrete ele-

ments is given in Figure A.2-2.

‘? 2014
Ar
S @8
o 0 o
-~

AN

L a0 )

A A

FIGURE A.2-1. Reinforced concrete beam

a) Input date:
Concrete C20/25;
f.. =20 MPa - characteristic compressive cylinder strength of concrete at 28 days;

f.,=20/1,5 = 1,33 MPa - design value of compressive strength of the concrete;
f.,,, = 2,2 MPa — mean value of axial tensile strength of concrete;
E_ =30GPa - module of elasticity.
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( Calculations of deflection may be omitted basic of span-effective depth ratios )
4 )

Assumption:
M,, - characteristic values of bending moment; Concrete characteristic; Steel characteristic;
S A, - steel area; @ — diameter of the main bar; bxh - Cross- setion, d - effective depth )

p is the required tension reinforcement ratio at mid-span to resist the moment due to the design
loads (at support for cantilevers) beams s

=—1100%
P=%d "

p, is the reference reinforcement ratio p, =,/f, -10~

Y
AN

Span-effective depth ratios

1 P, 1 P
l 32
sz o
P P

0
p' is the required compression reinforcement ratio at mid-span to resist the moment due to design
loads (at support for cantilevers)
K is the factor to take into account the different structural systems according to table 7.4
from EN 1992 [N3]
£, isin MPa units

N /
4 Corresponding to f , other than 500 MPa expresion 1/d should be multiplied by: h
310 500 Agproy
S o, f o A )
4 )

Taking moment about the natural axis
bxg =a,A (d-1)

a, - is the ratio

Stress in steel reinforcement

For flanged sections where the ratio of the flange breadth to the rib breadth exceeds 3, the values
of lid given by 1/d should be multiplied by 0,8.

For beams and slabs, other than flat slabs, with spans exceeding 7 m, which support partitions liable
to be damaged by excessive deflections, the values of lid given by 1/d should be multiplied by 7/leff

- 2Y Y
N AN

For flat slabs where the greater span exceeds 8,5 m, and which support partitions liable to be
damaged by excessive deflections, the values of 1id given by 1/d should be multiplied by 8,5/left

(1/d),,, is the limit span/depth (1/d), =1/250

(1/d) > (1/d),, there is no need to calculate the deflection in RC beams
(I/d) < (1/d),,, there is need to calculate the deflection in RC beams

C XYY )
NN

FIGURE A .2-2. Design procedure for calculations of deflection may be omitted
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Reinforcement steel RB500;

[, =500 MPa - characteristic yield strength of reinforcement;
f,a=500/1,15 = 435 MPa - design yield strength of reinforcement;
the largest diameter used aggregate d, = 16 mm;

exposure class XC1 and structures S4;

concrete cover ¢, =25 mm;

A =770 cm’ (5014 mm);

A, =308 cm’ (2014 mm).

b) Cases where calculations may be omitted

I p 1 o'
Ll=k|1141,5 NI P L 5.
[dj [ AFETINT ffk\/p()]lf’»”" rala
3
2

(isz 11+1,5 fckﬁ+3,2 fck(p—"—) if p<p, 7.2-1b
d P p

where: d - effective depth d = h - a, = 500-(25+8+14/2) = 460 mm;
p, is the reference reinforcement ratio:

-3
Py =~ Jfu 10
Py =/ fy -107 =+/20-107° =0,0045 = 0,45%
p is the required tension reinforcement ratio at mid-span to resist the moment due
to the design loads (at support for cantilevers); p’ is the required compression rein-
forcement ratio at mid-span to resist the moment due to design loads (at support
for cantilevers); p/ = 0 - beam single reinforcement; fc ,is in MPa units.

The degree of reinforcement beams

A 0,000707m’
p=-11100% = —— 2 .100% = 0,51%
b,-d 0,3m-0,46m
p =0,51%>p, = 0,45%;
K is the factor to take into account the different structural systems; K = 1,0 — simply

supported beam according to table 7.4N in [N3].

L =10 11+1,5\/%% ~16,92
d 0,51

>

Expressions (7.2-1a) and (7.2-1b) have been derived on the assumption that the steel
stress, under the appropriate design load at SLS at a cracked section at the mid-span
of a beam or slab or at the support of a cantilever, is 310 MPa, (corresponding roughly
tofyk =500 MPa).

Where other stress levels are used, the values obtained using the Expression should
be multiplied by 310/0, as. It will normally be conservative to assume that:
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m _ @ Aslprav
as fyk Aslreq

where: o_is the tensile steel stress at mid-span (at support for cantilevers) under
the designload at SLS; A is the area of steel provided at this section; A is the area
of steel required at this section for ultimate limit state;

It was used f, = 500 MPa

2
(ijz 16,92 > (ij =73 1587
d d),, 0,46m
(I/d),, is the limit span/depth.
There is no need to calculate the deflection in RC beams.

Example 21

A singly reinforced concrete one-way slab has an overall depth of 250 mm and has
a simply supported span [ = 5,8 m representing an internal structure of a floor in a store
building. The exposure class is XC1 and structure class S4. The slab will be loaded 28
days after concreting. The cross section for this structure is presented if Figure A.2-1.
Estimate the maximum deflection applying the general approach given in Eucorode
2. The concrete class is C20/25 and steel grade is RB400.

Maximum characteristic bending moment is M o= 40,0 kNm

The general design procedures for deflection control of reinforced concrete ele-
ments is given in Figure A.2-2 and A.2-3.
a) Input date:
Concrete C20/25;
f.. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
fc ,=20/1,5=1,33 MPa - design value of compressive strength of the concrete;
., = 2,2 MPa — mean value of axial tensile strength of concrete;
E_ =30GPa - modulus of elasticity;
Reinforcement steel RB500;
[, = 400 MPa - characteristic yield strength of reinforcement;
f,4=400/1,15 = 348 MPa — design yield strength of reinforcement;
E =200GPa - module of elasticity;
the largest diameter used aggregate d = 16 mm;
exposure class XC1 and structures S4;
concrete coverc, = 25 mm;
A, =113l cm”.
b) Cases where calculations may be omitted
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I 1 !
(—sz 11+1,5/f,, Po +—/fx £ if p>p 7.2-1a
d - 12 Po 0
3
2

p—p'
L) P Lo 1| 15
=K|11+1,5/f, Fo+3,2/f, if p<p, 7.2-1b
d p p
where: d - effective depth'd = 224 mm; p is the reference reinforcement ratio:
Po =~ fa 107

Po = Ju 107 :\/%'1073 =0,0045=0,45%

p is the required tension reinforcement ratio at mid-span to resist the moment due
to the design loads (at support for cantilevers); p’ is the required compression rein-
forcement ratio at mid-span to resist the moment due to design loads (at support for
cantilevers); p’ = 0 - slab single reinforcement; f, is in MPa units.

( Checking deflections by calculation )
4 )

Assumption:
M,, - characteristic values of bending moment; Concrete characteristic; Steel characteristic;

\_ A - steel area; @ — diameter of the main bar; bxh - Cross-setion; d — effective depth )
( 1 1 1 )
— = — + 1_ —
(r) ((r)[f ( ()(rjuc
1 1 1/r - is an average curvature
(7) (fj — are the values of curvature calculated for the uncracked case and cracked case

P \T Jue respectively;
\_ Calculation of moments M, )
4 I

(- is a distribution coefficient (allowing for tensioning stiffening at a section) given by
(=0 - for uncracked sections

o

- is a coefficient taking account of the influence of the duration of the loading or of repeated
g g p
loading on the average strain
= 1,0 for a single short-term loading
> = 0,5 for sustained loads or many cycles of repeated loading <

o, - is the stress in the tension reinforcenlent calculated on the basis of a cracked section
o - is the stress in the tension reinforcement calculated on the basis of a cracked section under
the loading conditions causing first cracking

M
*- may be replaced by ]V;' for flexure, where Mcr is the cracking moment
. or J
4 Calculate curvature due to uncracked section )
\ rcs uc E ceff I uc /
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Effective modulus of elasticity of concrete for long-term loads
E

E = cm
o 1+¢(°°’t0)
¢(oo,t,) according to fig. 3.1 EN 1992-1-1:2004 for RH, concrete class, day after loading,
24 notional size k|
h, =——* —is the notional size 2A /u, where A_is the concrete cross-sectional area and u
u is the perimeter of that part which is exposed to drying

3

I - is the second moment of area of the uncracked section J_ = T

Ec,ejff Ics

Y Y

1 M
Calculate the curvature of the cracked section (j =k

cs

A AN

~

Calculate the neutral axis position of cracked section. Taking area moments about the neutral axis:

Xp = d{\/(x: (Pl +PZ)Z +2a, (Pl +%Pz) 0y (Pl +Pz)}

p, - the degree of tensil reinforcement
p, — the degree of compressive reinforcement

. /
é Calculate the second moment of area of cracked section )
b 3
Ju= i + ae,tplbd (d Xy )2 + “e,tpzbd (Xu —4 )2
\ 3 D%
4 Effective modular ration )
E, E,
ae,t: E e = E
\ ceff cm /
4 Cracking moment at bending )
MC?’:-f.C[mM/C
f..,, — mean strength of concrete for tension,
\_ W_ - sectional modulus with regard to bottom tension fiber )
@ Calculate the average curvature A
1 1 1
)
r r cr r uc
N /
4 )

the deflection

1
o= K(ijz
r

K is a constant, the value of which depends on the distribution of bending moments in the member;

\_ L is the effective span )
4 ulimate deflection N
L
(xlim =4
> 250 <
Verification
a<aq, - is satisfaid
S a>aq, — deflection is exceted )

FIGURE 7-2-3. Design procedure for calculations of deflection
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The degree of reinforcement beams

A 0,001131m’
p=5100% = ——— " .100% = 0,5%
b-d 1,0m-0,224m
p =0,50%>p = 0,45%; K is the factor to take into account the different structural sys-

tems; K = 1,0 - simply supported beam according to Table 7.4N in [N3].

H 1,0/ 11+1,5v20 24
d 0,5

}=17,04

Expressions (7.2-1a) and (7.2-1b) have been derived on the assumption that the steel
stress, under the appropriate design load at SLS at a cracked section at the mid-span
of a beam or slab or at the support of a cantilever, is 310 MPa, (corresponding roughly
tofyk =500 MPa).

Where other stress levels are used, the values obtained using the Expression should
be multiplied by 310/c.. It will normally be conservative to assume that:

310 500 Apey

L O
where: 0_is the tensile steel stress at mid-span (at support for cantilevers) under
the design load at SLS; AS) prov is the area of steel provided at this section; AS, eq is the area
of steel required at this section for ultimate limit state;

Used wasfyk =400 MPa 310

170,88
500 11,30cm’

400 11,0cm’
Stress in steel reinforcement.

>

=128

Taking moment about the natural axis:

bx§= a A (d-x)

° E 30 GPa

Where x = 5,11 mm M
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L04MN
o = 0,04MNm =170,9MPa

' ,0511
0,0011314m2(0,2244m—005m)

* 2
L) C170a128=2181< L] =28 o5 g9
d d) ~0,224m

(I/d),, is the limit span/depth.

There is need to calculate the deflection in RC beams.
¢) Checking deflections by calculation

Where a calculation is deemed necessary, the deformations shall be calculated
under load conditions which are appropriate to the purpose of the check.

[F-G)eof2),

1
where: (—j is the deformation parameter considered which may be, for example,
r

a strain, a curvature, or a rotation. (As a simplification, a may also be taken as a deflec-

1 1

tion); (—) , (—j — are the values of the parameter calculated for the uncracked
r), \r

uc

and fully cracked conditions respectively; { - is a distribution coefficient (allowing

for tensioning stiffening at a section) given by { = 0 - for uncracked sections

A

B - is a coefficient taking account of the influence of the duration of the loading
or of repeated loading on the average strain:

= 1,0 for a single short-term loading;

= 0,5 for sustained loads or many cycles of repeated loading;

o, —is the stress in the tension reinforcement calculated on the basis of a cracked sec-
tion; o~ is the stress in the tension reinforcement calculated on the basis of a cracked

o
section under the loading conditions causing first cracking; — may be replaced
O-CV

by ﬂ" for flexure, where M_ is the cracking moment.
d) Calculate curvature due to uncracked section.

1) - M, 0,04MNm —0.004 1
r E I 7,69-1000MPa-0,0013m* m

s Jyc c.eff ~uc
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Method for determining the creep coefficient ¢(co,t,) for concrete under normal
environmental conditions according to 3.1.4 EN 1992-1-1:2004.
24, 2(Im-0,25m)
hy=—== =0,2m =200mm
u 2-Im+2:0,25m
(o, t)) = 2,9 (according to Fig. 3.1 EN 1992-1-1:2004 for RH = 50%, concert
C20/25 loaded in 28 day after concreting, notional size ho =200 mm).

Effective modulus of elasticity of concrete

E, 30
E.,, = = =11,11GPa
1+0(e0t,) 1+2,9

I -is the second moment of area of the uncracked section.

Coefficient _E, 200 "
e,t - =T .=
E., 1L11
E 2
0= =20 _¢ ¢
E_~ 30
P, =0,5%

bxgzoceAs(d—x)

100x§ =6,67-11,31(22,4— x)

Where x = 5,11 mm.
e) Calculate the moment of area of uncracked section

bk’ 1-0,25
L =—= =0,0013m"
12 12
Calculate the curvature of the cracked section.
1 M 0,04MN 1
—| ==& = ___=0,0011—
r.) E. I, 7,69-1000MPa-0,00464m m

Calculate the neutral axis position of cracked section.
Taking area moments about the neutral axis:

Xy = dNaf (p+p,) +2a, (Pl +%sz —a, (p, +p, )]

X, = 0,224-[\/262 -0,005 +2-26-0,005 —26~0,005} =0,088m

Calculate the second moment of area of cracked section.

]cr:

3
bx;,

+ (Xe)[plbd (d — Xy )2 + ‘xe,tpzbd(xn —4a, )2
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1-0,088’
, =———"+26-0,005-1-0,25-(0,224 —0,088)’ =0,00464m"*
Cracking moment at bending
MCY :f;tmv‘/c
fc m = 2,2 MPa — mean strength of concrete for tension; W - sectional modulus
with regard to bottom tension fibre;

bh* 1,0m-0,25m’
M, = f, 7= 2,2Mpa% =0,0229MNm = 22,92kNm

Calculate

M,  22,92kNm

£ =0,573
M 40kNm

Ed

2
M
(= 1—ﬁ(M—"J =1-0,5(0,573) = 0,835

Ed

f) Calculate the average curvature (%)

1 1 1 1 1 1
(—) = ((—) +(1- ()(—j =0,835-0,004—+(1-0,835)0,0011— = 0,0035—

r r), ). m m m
For simply supported span subjected to a uniformly distributed load, the maxi-

mum mid-span deflection is given by the following expression:

1
csz(—jLz
r
5(1 5 1
a=—/|=|) =——0,0035—5,8m° =0,012m =12mm
48\ r 48 m

This value almost exactly matches the allowable value of L/250 and would be con-
sidered acceptable noting the inherent uncertainty of some of the parameters used
in the calculation.

L 5800mm

—_— =23,2mm
250 250

a=12mm<gq, =

The result is satisfactory for this slab.

Example 22: Calculation of deflection.

Estimate the long-term deflection of the beam shown in Figure A.2-4 it spans
9,5 meters and is designed to carry a uniformly distributed load giving rise to a quasi-
permanent moment of M, =200 kN-m. It is constructed with class C25/30 concrete,
is made of normal aggregates and the construction props are removed at 28 days.
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a) Calculate curvature due to uncracked section.
From Equation (5.3-3):

h=700
d=600

([ ] [ ] Y

e o .‘

™~
b=300 5025

FIGURE A.2-4. The sectional dimensions of the beam

(%), - e 20010 =2,86-10° ——
M E g1, 8,15-103-[(300-7003)/12] ’ mm

k
where from Table 3.1-3: E_ =31—N2; from Table 3.1-5, assuming load-
mm

ing at 28 days with indoor exposure, the creep coefficient ¢=2,8, because

2-A /u = [2-(700-300)]/2000 = 210, and, hence, the effective modulus is given by the fol-

E 31 kN
lowing expression: Ec‘eﬁ =—9 _ = =8,15 =
(1+¢) (1+2,8) mm

Note that in the above calculation I _has been calculated on the basis of the gross
concrete sectional area ignoring the contribution of the reinforcement.

To calculate the curvature of the cracked section the I value of the transformed
concrete section must be calculated.
b) Calculate the neutral axis position.

Taking area moments about the neutral axis:

b-x*

=a,-A, (d—x)

300-x° 200
5 X m~2450-(600— x), which has the solution: x = 329 mm.

¢) Calculate the second moment of area of cracked section.
b-x’ 300-329° 200
=T, A (d-x) =T+E~Z45O~(6OO—329)2 =7976-10° mm".

d) Calculate the curvature of the cracked section.
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M 200-10°
(V) == =3,08-10°

E -1, 815-10°-7976-10° mm

e) Calculate M.
From Table 3.1-3, the cracking strength of concrete, f,, , is given as

2,61y ,- Hence, from elastic bending theory and considering the uncracked con-
mm
crete section, the moment that will just cause cracking of the section, M_, is given by:

b-h* 300-700°
=f, ( j=2,6-T=63,7kN~m.

f) Calculate &

5=1—/3-(U/) 1- ﬁ(M/ ) 1- 05 63’7200)=0,95.

g) Calculate the average curvature ( % )

(%):g(%) +(1—f)‘(%)m =0,95-3,08-10° +(1—0,95).2,86.1o6m_1m.

For simply supported span subjected to a uniformly distributed load, the maxi-
mum mid-span deflection is given by the following expression:

- 0,104-(%)12 = 0,104-3,07-10%9500° = 3,03 mm.

This value almost exactly matches the allowable value of L/250 = 38 mm and would
be considered acceptable noting the inherent uncertainty of some of the parameters
used in the calculation.

A.2.2. Crack width control

Example 23

For the reinforced concrete beams shown in Figure A.2-5 calculate the crack width
assuming that the service bending moment is equal to M, = 300 kNm and the beam
is operating in the exposure class XC1 and structure class S4. Using steel class RB500
and concrete class C20/25. Use the direct method of the width calculations. The can-
tilever reinforced concrete T-beam is assumed to be loaded at the concentrate design
load P, = 295 kN and uniformly loaded with the design load q, = 8,0 kN/m. The sec-
tional dimensions of the beam and corresponding shear force diagram are shown
in Fig A.2-5. The top reinforcement is 620 mm. Assume the class of concrete is C20/25
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and reinforcing steel grade RB500. Check the dimensions of the assumed cross-sec-
tion and design the shear reinforcement using the standard truss method.

The general design procedures for cracking control of reinforced concrete ele-
ments is given in Figure A.2-6 and A.2-7.

j

N

2920

P8

700

@ & o o o

A o

L a0 |

A A

FIGURE A.2-5. Reinforced concrete beam in Example 22

a) Input date:

Concrete C20/25;

f.. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
f.,=20/1,5 = 1,33 MPa - design value of compressive strength of the concrete;
fc = 2,2 MPa — mean value of axial tensile strength of concrete;

E_ =30 GPa - module of elasticity;

Reinforcement steel RB500;

fy . =500 MPa - characteristic yield strength of reinforcement;

f,4=500/1,15 = 435 MPa — design yield strength of reinforcement;
E_=200GPa - module of elasticity;

the largest diameter used aggregate d = 16 mm;

exposure class XC1 and structures S4;

concrete coverc, = 25 mm;
A, =1571 cm® (5020 mm);
A= 6,28 cm’ (2920 mm).
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Cracking control of flexural reinforced concrete members

Assumption:
M,, - characteristic values of bending moment; Concrete characteristic; Steel characteristic;
A - steel area; @ — diameter of the main bar; b, — Cross-setion; d - effective depth

Control of cracking without direct calculation
<0,

AR

The maximum bar diameter should be modified as follows:
Bending

Q):@" fCt’eﬂ kzhcr
© (2,9 )2(h-d)

tension (uniform axial tension):

o foaer | Ry
®s_®5(2,9 8(h—d)

NN N

Y

The degree of reinforcement beams
A,
=——100%
P~ bd
Taking moment about the natural axis

bxg =a A, (d—x)

Stress in steel reinforcement
M
o = Ek

" Aﬂ(d—f)
3

N

\

an

®_- is the maximum bar size given in the Table 7.2N from EN 1992 [N3] given steel stresses
and w, maximum width of crack

\
>
h_, is the depth of the tensile zone immediately prior to cracking, considering the characteristic
values of prestress and axial forces under the quasi-permanent combination of actions
h_=0,5h
k,=0,4 is the coefficient taking into account stress distribution prior to craking

J
<

\ <
4 )
J.ip i the mean value of the tensile strength of the concrete effective at the time when the cracks
may first be expected to occur:
fL_Mﬁzf“m or lower
Maximum bar diameters @_for crack control
N /
4 )
@<®_ - is no need to calculated the crak width
®>@ - is needed to calculated the crak width
(8 )

FIGURE 7.2-5. Design procedure for calculations of crack without direct calculations
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Crack width

Assumtion:
M, - characteristic values of bending moment; Concrete characteristic; Steel characteristic;
As1 - steel area; @ - diameter of the main bar; b , - Cross-setion; d - effective depth

Taking moment about the natural axis:
bxg =a,A (d-x)

G D,
. )
[ i

M
o = Ek

A, (d—fJ
3

Effective area of concrete in tension surrounding the reinforcement with the depth h,_

_[2.5(h-4a)
h ;= min
i (h—x)/S

Effective tension area in concrete (typical cases) A, ,

LlLﬁ_bh

Steel reinforced degree

pp ejf
\ A J
(k .is a factor dependent on the duration of the load: it is equal to 0,6 for short term loading, )

and it is equal to 0,4 for long term loading;

s

a, - is the ratio o, =

cm

Y4
AN

The strain difference may be expressed according to Eurocode 2 provision

-fc,e
o, —k =L (1+0¢ ppeﬁ)
Pray 20 605

sm om E =

s s

Calcutaion of spacing between the bars
if s < 5(c+®/2) - general formula; if s >5(c+®/2) - simpilfaild formula

General formula
s - =kctkkk,5— ®

r,max 17274 'Dp off
k=0,8 - for ribbed bars k=34
k2:0,5 — for flexure k4:0,425

@ - diameter of bar
Simplifaid formula
Sr,mule’s(h_x)

Crack width

Wk: (Ssm B scm)sr, max

w, . — for element in exposure class and reinforced concrete type

w,<w, - crack width of the element is satisfied
w>w,  —is needed to change the steel area or cors-sestion of the element

Y Y Y Y Y VY Y
NN AN N AN

FIGURE 7.2-6. Design procedure for calculations of crack width
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b) Cracking moment at bending
Mcr :fctm.W

£, = 2,2 MPa — mean strength of concrete for tension, W_- sectional modulus
with regard to bottom tension fibre.
bh’ 0,3m-0,7m’
M, = fo "= 2,2Mpa% =0,0539MNm = 53,9kNm
M,, =300 kNm>M_ = 53,9 kNm
Cracks will appear in construction.

¢) The degree of reinforcement beams
A 0,001517m’
p=—1.100% = ————"_.100% = 0,85%
b,-d 0,3m-0,657m

d - effective depth d = 657 mm.
M,, =220 kNm - characteristic values of bending moment

E 200
o =—=""=6,67
E_~ 30
A 0,001517m?
o, =, =L =6,67—— 00,0532
bd 0,3m-0,657m
z=0,9d when(x1<0,06;
z = 0,85d when 0,06<« <0,18;
z=0,8d when 0,18<« <0,48.
d) Stress in steel reinforcement
M 0,3MN
0, =a, % =6,67 - 322,95MPa
ZA 0,9-0,657m-0,001571m

Practical simplified approachmay be used by restricting the bar diameter and bar
spacing at the length of the beam w = 0,4 mm for XC1.
e) Control of cracking without direct calculation
<D,
The maximum bar diameter should be modified as follows:
Bending (at least part of section in compression):
o @‘[ fua J kh,
0 2,9 )2(h-d)
2,2MPa) 0,4-0,5-700mm
2,9 )2(700mm—657mm)

CDS =12 mm( =14,82mm
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where: @ _is the adjusted maximum bar diameter; (D: = 12 mm is the maximum bar
size given in the Table 7.2N [N3].

TABLE A.2-1. Maximum bar diameters @ _for crack control (Table 7.2N from EN
1992 [N3])

Maximum bar size [mm)]
Steel stress [MPa]
w,=0,4 mm w,=0,3 mm w,=0,2 mm

160 40 32 25
200 32 25 16
240 20 16 12
280 16 12 8
320 12 10 6
360 10 8 5
400 8 6 4
450 6 5

Notes: 1. The values in the table are based on the following assumptions: ¢ = 25 mm;

fmﬁ: 2,9 MPa; h” =0,5-h; (h-d) = 0,1-h; k1 =0,8; k2 =0,5; kc =0,4; k=1,0; kt =0,4; k4 =1,0.

2. Under the relevant combinations of actions.

h is the overall depth of the section; h_ is the depth of the tensile zone immediately
prior to cracking, considering the characteristic values of prestress and axial forces
under the quasi-permanent combination of actions;

h_=0,5h=0,5:0,7 m = 0,35 m;

d is the effective depth to the centroid of the outer layer of reinforcement; kC =04
is the coefficient taking into account stress distribution prior to cracking.
f) Control of cracking without direct calculation
<D,
®=20mm £ @ = 14,82 mm
There is need to calculate the crack width in RC beams.
Calculation of crack width according to Eurocode 2

E 2
o o B _200GPa
° E_ 30GPa

cm

Taking moment about the natural axis:
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bx§=¢xe ‘A, (d-x)
0,3m-x§ = 6,67-0,001571m” (0,657m — x)

Where x = 0,18 m = 180 mm.
Stress in steel reinforcement

M
o = Ek
As1 (d—xﬂj
3
3MN
o = 0,3MNm —320,17MPa

S

)1
0,001571m2-(0,657m—038j

g) Crack width
)

sm cm

w.=s (e

k rmax

The strain difference may be expressed according to Eurocode 2 provision.

(ssm - scm) - pp’eﬁ 2 0’6_3
ES N
2,2MP
320,17MPa~0,4°; 2(1+6,67-0,0489)
(85141 - 8cm ) = - =
200000MPa
320,17MP
=0,00148 > 06—————= = 0,00096
200000MPa

where: k, = 0,4 - for long-term loading;
Effective area of concrete in tension surrounding the reinforcement with the depth
h__(see figures below).
o A, =bh
ceff ceff
A, ;= 0,30 m0,107 m = 0,0321 m’
Effective tension area in concrete (typical cases) Ad, o

_ {2,5(h—d)
h, o = min
’ (h—x)/3

. |2,5(700mm - 657mm) =107,5mm
h; =min
' (700-180)/3=173mm
AS
pp,eﬂ = A

coff

474



~0,001571m’

=———=0,0489
Poar =0,0321m’
h) The maximum final crack spacing
General formula o
Srmax = ka ctkkok, -
Poey

k, = 0,8 - for ribbed bars; k, = 0,5 - for flexure; @ - 20 mm - diameter of bar; k, = 3,4;
k =0,425;
4 20mm

s =3,4-25mm +0,8-0,5-0,425

r,max

=154,53mm

w, = 154,53 mm-0,00148 = 0,229 mm
w -04mm for element in exposure class XC1 and reinforced concrete;
Wk<wmax
0,229 mm < 0,4 mm
Crack width of the element is satisfied.

Example 24: Calculation of flexural crack width.

Calculate the design flexural crack widths for the beam shown in Figure A.2-8 when
subject to a quasi-permanent moment M, = 650 kKN-m. The concrete is class C25/30,
and the reinforcement is high bond with a total cross-sectional area A_= 3770 mm”.

‘ ‘ IX ;h FEC
B S L. Nsmxal.(____ g
8 § axis
i My, (d-x/3)
=
|
| SN T EAA
b=400
N - 2040
A =3770mm’

FIGURE A.2-8. Crack width calculation example

a) Calculate the main strain, € .

From Table 3.1-3: E_ = 31 GPa for the concrete class C25/30. From Table 3.1.5,
assuming loading at 28 days with indoor exposure, the creep coeflicient (because
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2:A /n = 2-1000-400/2800 = 285), and, hence, the effective modulus is calculated as fol-

E 31
lows: E . =—"_= = 8,54GPa.
W P T g) (e O

b) Calculate the neutral axis depth of the cracked section, x.
Taking moment about the neutral axis:

b~x~§=cxe~AS ~(d—x)

200
400% = —4-3770 . (930 - x), which has the solution x = 457 mm.

¢) Calculate the stress in the tension steel, 0.
Taking moments about the level of the compressive force in the concrete:

M, 650-10° N

% (d—x/3)-A,  (930-457/3)-3770 2

d) Calculate (esm_sff’fl)' 05 - kt 'fct,e)ff /pP,Eff (1+ “epp,e)ff)

& — & = =

sm cm ES
_ 222-0,4:2,6/0,0539-(1+6,45-0,0539) 222-19,97
B 200-10° ©200-10°
222
= 0,001 zo,6$=o,6—3=o,00067
E 200-10

where: k, = 0,4, assuming long-term loading; f, .=f, =26 N/mm®(from Table 3.1-3);

E, 200 A 3770
o =—= =6,45; p o= s = =0,0539;
E, 31 P Ay 2,5-(1000-930)-400

e) Calculate the maximum crack spacing, s

r,max’

Sy = 34CH0,425:k 'k, D/p . =3,4:50+ 04250805 %0 _ »96mm.
0,0539
where: 1000-930-40/2 = 50 mm, cover to main bars; k, = 0,8 for ribbed bars; k, = 0,5
for flexure; @ = 40 mm - bar diameter.
The maximum crack spacings =296 mm, that is less than 5-(c+ @/2) = 350 mm.
f) Calculate crack width, w,. ’

w, = 0,001296 = 0,30 mm, which just satisfies the recommended limit.
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ANNEX B
Design of reinforced conctrete ribbed floor
with one-way slab

CONCRETE STRUCTURES 1

Practical Classes

Subject: Design for reinforced concrete girder slab floor of industrial building
using the following data

Data:

Projection and dimensions of the floor

M T
IN
=
-
aa] -
T
S L S L S L S L S L B L B L
7 1 1 1 7 1

FIGURE B-1. Structure scheme

Assumptions for designer: Slab structure is monolithically jointed with secondary
RC beams.

Secondary beams are supported by two span (continuous) R C main beam.
The support for this main beam is a central column. The external walls are construct
as masonry walls. Dimensioning of the slab should be done according to Eurocode 2.
Main data for the calculations:
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6,6

Reinforced concrete column
/ of the beam

I 8

6,6

Reinforced concrete beam
of the frame

33
6,6

6,6

] Reinforced concrete beam

[m ml

Reinforced concrete slab

\\ 1]
b}

H]

), & ==
|
O
@ e e
2 AL 2 4|, 2 1,984|,1,984|,1,984|,1,984|,1,98
6 9,9
15,9

FIGURE B-2. Layout of structural system

Floor dimensions:

B, =6,0 m;
B, =99 m;
S =6,6 m;

H1 =4,2 m;
H,=42m.

Imposed Load for the slab p = 5,8 kN/m?;

Concrete class C20/25;

Environmental exposure class

478

XC1.



Floor slab
Data:
reinforced concrete frame spacing - 6,6 m;
length of the building - 6,6 x 5 = 33,0 m;
span of beams - L, = 6,0 m;

- L2 =99 m;

1. Loads calculation

Summary of loads on 1 m” of the floor slab:

~—_
% 2 Seamless terrazzo
Q A A S O i 5 Cement screed
S S S S S S, ’ ~— 80 Reinforced concrete slab
’ ’ ’ ’ 4 7 7 4 Z .
S S S S S S S 47 | — 15 Plaster cement - limestone
-

FIGURE B-3. Layers of the floor [mm]

TABLE B-1. Summary of loads on 1 m* of the floor slab

Thickness | Density Characteristic Partial Design
Type of load value factor value
mm kN/m’ kN/m* Yo Yo kN/m*
Permanent load
1 [ Seamless terrazzo 2 22 0,02x22=0,44 | 1,35 - 0,59
2 | Cement screed 5 21 0,05x21 =1,05 1,35 - 1,42
3 flijnforced concrete 80 25 0,08x25=2,00 | 1,35 | - 2,7
g | Flaster cement 15 19 | 0015x19=029 | 135 | - | 039
g, 3,78 g, 51
Imposed load
5 | Imposed load - - 5,80 1,5 8,7
5q, 5,80 3q, 8,7
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2. The initial adoption of the dimensions of the beams

Slab thickness — h = 80 mm;

Beam height - (1/14-1/18)s = (0,47-0,36 m) assumed h = 0,45 m;
width of the beam - (1/2-1/2,5)h = (0,0,2-0,16 m) assumed b = 0,2 m;
L - span of slabs - 1,98/2,0 m.

<L I

Lo ] ey Lo
1 1 1 1
1 1 |

FIGURE B-4. Dimensions of the beam

3. Determination of internal forces using plastic alignment moments

Adoption of the static scheme.

Continuous slabs monolithic combined with ribs is calculated as pivotally sup-
ported. Span of reinforced concrete slabs is taken as dimension plates in the light
of the ribs.

The calculations were performed for plates unidirectional reinforced adopted
band plate with a width of 1 m.

a

BA
M M M M M
1 M 2 2 3 4
— N

S8~ o<l —T%
M, M, M, M, M,
] by | L | by | L, 1 by | L, |

FIGURE B-5. Bending moment diagram

[,=20-02=18m;
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Calculation of moments
for extreme spans and supports:
_ (84149, lezﬁ
Edl — T
(51+8,7)-1,8

=————=4,06kNm

Ed1 11

for intermediate spans and supports:
(g ta) Ly

Ed1 ].6
(51+8,7)-1,8°
M., = I 2,79kNm
Equivalent load: q
— d
qp =& +?
kN

4, = 84 +6{Td=5,1+8,7/4=7,28?

Values of minimum moments in spans: ,
M — _MC _MB + qu eff

Ed,min 2 8
—4,06-2,79  7,28-1,8’
MEd min +
’ 2
Range of supporting moment: R
_(g4+ay) Ly
Apy = 8—
9y
(51+8,7)-1,8
g, =—————=0,71m.

BAT 8728

4. Design of reinforcement in the slab

4.1. Input date:

monolithic reinforced concrete slab;

Concrete C20 / 25;

fc . = 20 MPa;

f,=20/1,5 = 13,3 MPa;

Reinforcement steel RB500;

£, =500 MPa;

£,4=500/1,15 = 435 MPa;

the largest diameter used aggregate d = 16 mm;

=—-0,25kNm
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exposure class XCl;
@6 mm - diameter of the bar 6 mm.

0,08m

SK R /Ss

Asl
b=1,00m

h=

FIGURE B-6. Cross-section of the floor slab

4.2. Determination of the thickness of concrete cover

c,,, =6 mm - due to the diameter of the bar;
= 15 mm - due to the exposure class (XC1);
=10 mm;

Cnum = Cmin + Acdev;

Ac,, - for monolithic elements is 10 mm;
assumed Ac, =10 mm;

C.om =15+ 10=25mm;

assumed a, = 25+6/2 = 28 mm;

Effective depthd = h - a = 80 - 28 = 52 mm.

4.3. Design of flexural members using simplified approach

4.3.1. For extreme spans and support M., = 4,06 kNm
Coefficient

a — MEd

mefl . f b-d?

a — coefficient & = 1,0 in accordance with EN1992 [N3];
f.. = 20 MPa - characteristic compressive cylinder strength of concrete at 28 days;
f.,=20/1,5 = 13,33 MPa - design value of compressive strength of the concrete;
fc = 2>2 MPa — mean value of axial tensile strength of concrete;
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fy . =500 MPa - characteristic yield strength of reinforcement;
f,4=500/1,15 = 435 MPa — design yield strength of reinforcement;
E_ =30 GPa - modulus of elasticity;

b = 1,0 m - width of the cross section;

d = 5,2 cm = 0,052 m - height of the effective depth;

0,00406 MNm
L —=0,1L
" 1m-13,36MPa-(0,052m)
In rectangular cross section the resultant of compressive stress block is located

in the centre of gravity of such block that is equal to
Sop = 1—\/1—2“m,eﬁ =1-4/1-2-0,11=0,12.

Limit range of compression zone

0,0035
£, =012<E,, =0,8—— —

T

internal lever arm is equal to z = (I—O,SEEﬁ)d =(1-0,5-0,12)0,052 = 0,0489 cm
sectional area of the tensile reinforcement

M 0,00406MN
A, =B - M 0,00019m’ = 1,9cm?
z- 0,0489m - 435MPa

=0,493, and
0,0035

yd

Assumed A =1,98 cm’ (706).

s1, prov
Minimum flexural tension steel area

2,2MP
A, = 0,267 b = 0,26 22MP2 1 1 0,052m =
: ’ 500MPa

=0,000058m” =0,58cm” <A, =1,98m’
A, .. =0,0013bd =0,0013-1m-0,052m = 0,000066m" =
=0,66cm’ <A, =1,98m’

sl,prov
where: b - mean width of the cross-section; d - effective depth of the section;
f..n — mean concrete tensile strength; f — characteristic yield stress of steel.

Calculation of spacing between the bars

b 1
s= =—=0,14m
number of the bars 7
The spacing of bars should not exceed s . - no more than - 2h = 2:-80 mm =

=160 mm according to EN 1992-1-1 point 9.3.1.

s=140 mm<s =160 mm

max,slabs

We can assumed A = 1,98 cm’ (706) every 140 mm.

sl, prov
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4.3.2. For middle spans and support M, ,, = 2,79 kNm

Coeflicient
MEd

Foner = a f, b-d*
a — coefficient a = 1,0 in accordance with EN1992 [N3];
f.. =20 MPa - Characteristic compressive cylinder strength of concrete at 28 days;
fc ,=20/1,5=13,33 MPa - design value of compressive strength of the concrete;
., = 2,2 MPa — mean value of axial tensile strength of concrete;
[, =500 MPa — characteristic yield strength of reinforcement;
fy .= 500/1,15 = 435 MPa - design yield strength of reinforcement;
b = 1,0 m - width of the cross section;
d = 0,052 m - height of the effective depth;

_ 0,00279MNm
1m-13,3MPa-(0,52m)’

a, . =0,08
In rectangular cross section the resultant of compressive stress block is located
in the center of gravity of such block that is equal to

gejf =1- [1—2(Xm)eff =1-4/1-2-0,08 =0,08.

Limit range of compression zone

0,0035
£, =0,08<¢

= 0,8—f= 0,493, and
0,0035 2%

internal lever arm is equal to z_= (l—O,SEEﬂ)d =(1-0,5-0,08)0,52 m = 0,499 m
sectional area of the tensile reinforcement

_ M, _ 0,00279MNm

eff ,lim

A, = = =0,000128m’ =1,28cm’
z.-f,, 0,0499cm-435MPa
We canassume A =142 cm’ (6D6).
Minimum flexural tension steel area
2,2MP
A, = 0,26fﬂbd = 0,26—alm-0,52m =0,000058m”* =
: n 500MPa
=0,58cm’ <A, =1,42m’
A =0,0013bd =0,0013-1m-0,52m = 0,000066m*> = 0,66cm* < A =1,42m’

sl,min sl,prov

where: b - mean width of the cross-section; d - effective depth of the section;
f..n — mean concrete compressive strength; f - characteristic yield stress of steel.
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Calculation of spacing between the bars

b 100
5= =——=16cm
number of the bars 6
The spacing of bars should not exceed s . - no more than - 2h = 2:-80 mm =
=160 mm according to EN 1992-1-1 point 9.3.1.
s=160mm=s =160 mm

max,slabs

We assume steel area equal to 606 every 16 cm (A = 1,70 cm?).

4.4. Check flexural capacity in spans due to the negative moments

M <M
min cr

M =144 kNm < M_=2,0 kNm there will not be cracks in the top zone in span

mi

1 1
|Mmin = E(Msupport Mminspan) = 5(4’ 06+ 0’25) = 1’ 44kNm
bh’? 1,0-0,08
M, = [, W, = f =~ =227 ——=0,02MNm =2,00kNm

4.5. Crack control of flexural reinforced concrete members - Extreme span

4.5.1. The characteristic values of bending moment
My, = (g,+q,),; - using Winkler tables

M, = (0,073,78+0,07:5,8)-1,8" = 2,15 kNm

Cracking moment at bending

M, =f,W,
fm = 2,2 MPa - mean strength of concrete for tension; W - sectional modulus
with regard to bottom tension fibre,

bh’ 1,0-0,08°
M, =f,, - 2,27 =0,0023MNm

M, =2,15kNm>M_=2,35kNm

The slab will crack in tensile zone. 0.000198
The degree of reinforcement beams p=—=--100% = ————-100% = 0,4%.
b,-d 1-0,52
M, =215 kNm - characteristic values of bending moment,
E 2
a = =20 ¢
E 30

cm
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A 0,000198
L =a, L =6,67"— =0,039
bd 1-0,52

(44

z=0,9d when a,<0,06,
z = 0,85d when 0,06<a,<0,18,
= 0,8d when 0,18<a <0,48,
z WhEn U,0<4, M,  0,00215MNm

Stress in steel reinforcement o = = =232,2 MPa.
ZA,  0,9-0,52-0,000198

Practical simplified approachmay be used by restricting the bar diameter and bar
spacing at the length of the beam
w _=04m for XCl.

m

4.5.2. Control of cracking without direct calculation
=9,

The maximum bar diameter should be modified as follows:
Bending (at least part of section in compression):

— -fCWfﬁ kchcr
A Y 2(h-d)

2,2MPa) 0,4:0,5-0,08m
2,9 )2(0,08m—-0,052m)

¢, = 23mm( =0,0499m =4,99mm

where: @ is the adjusted maximum bar diameter; @* =23 mm is the maximum bar
size given in the Table 7.2N,

TABLE B-2. Maximum bar diameters @ _for crack control (Table 7.2N from EN 1992 [N3])

Maximum bar size [mm)]
Steel stress [MPa]
w, = 0,4 mm w, = 0,3 mm w, = 0,2 mm
160 40 32 25
200 32 25 16
240 20 16 12
280 16 12 8
320 12 10 6
360 10 8 5
400 8 6 4
450 6 5
Notes: 1. The values in the table are based on the following assumptions: ¢ = 25 mm;
fmﬁ,= 2,9 MPa; b =0,5-h; (h-d) = 0,1-h; k, = 0,8; k, = 0,5; k= 0,4; k = 1,0; k, = 0,4; k, = 1,0; 2.
Under the relevant combinations of actions.
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h is the overall depth of the section, _ is the depth of the tensile zone immediately
prior to cracking, considering the characteristic values of prestress and axial forces
under the quasi-permanent combination of actions,

h_=0,5h=0,5-0,45 = 0,225 m,

d is the effective depth to the centroid of the outer layer of reinforcement,
k_= 0,4 is the coefficient taking into account stress distribution prior to cracking.

4.5.3. Control of cracking without direct calculation
f<9,
f=6mm>f =499 mm
There is need to calculate the crack width in RC beams.

4.5.4. Calculation of crack width according to Eurocode 2
E, 200GPa _

N

6,67

* " E_ 30GPa

cm

Taking moment about the natural axis:

bx% =a,A(d-x)

100x§=6,67-1,98(5,2—x)

Where x = 10,47 mm.

Stress in steel reinforcement
MEkl
o =

A, (d—x”j
3

0,00215MNm

=230,4MPa
0,0147mj

g =

N

0,00198m" (0,52m -

Crack width
e )

sm cm

w.=s (e

k r,max

The strain difference may be expressed according to Eurocode 2 provision

o.—k S (1 + aePp,eff)

t

e o
Ssm - gcm = Pp, z = 0) 6_3
E E

N N
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2,2MP
230,4MPa—0,4° %(1+6,67-0,0085)

g, —€E = =
e 200000MPa

230,4MPa
=0,001699 20,6 ———— = 0,00069
200000MPa

where: k, = 0,4 - for long-term loading
Effective area of concrete in tension surrounding the reinforcement with the depth
hc’ o (see figures below)
Ac,eﬁ': b'hc,eﬁ'
A, ;=1m0,23 m=0,023 m’

Effective tension area in concrete (typical cases) A ,

eff
_|2,5(h—4a)
h. o = min
’ (h - x) /3
L . 2,5(80mm - 52mm) =70mm
= min
o (80-10,47)/3=23,18mm
AS
pp,eﬂ =
Ac,eﬂ
0,00198m’
=—=0(0,0085
Poat =70,023m?
The maximum final crack spacing
Checking of spacing between the bars
s =14 cm = 5(c+®/2) = 5(25+6/2) = 140 mm
General formula
Sr,max = k3 et k1k2k4 .L
Ppﬂff
k1 = 0,8 - for ribbed bars;
k,=0,5 - for flexure;
@ = 6 mm - diameter of bar;
k3 =34;
k,=0,425;
6mm

S, e = 34-25mm+0,8-0,5-0,425

1,n

=205mm;

>

w, =205 mm-0,001699 = 0,34 mmy;
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w__—04mm for element in exposure class XC1 and reinforced concrete;

0,34 mm < 0,4 mm;
Crack width of the element is satisfied.

4.6. Deflection control of flexural reinforced concrete members — Extreme span

4.6.1. Cases where calculations may be omitted
l p 1 o
—| =K|11+1,5 L+ —/ /— :
(d)hm l: ffk P_P/ 12 ka Po 1fP>PO

3
2
(iJ =K|1141,5F, 22 +3,2 fﬂk(&_J if p<p,
d )y, p P

where: ( l/d)h,m is the limit span/depth; p,is the reference reinforcement ratio;

Po= fck 107

po =[x 107 =/20-107° =0,0045 = 0,45%
p is the required tension reinforcement ratio at mid-span to resist the moment due to
the design loads (at support for cantilevers); p’is the required compression reinforce-
ment ratio at mid-span to resist the moment due; to design loads (at support for can-
tilevers); p’ = 0 — beam single reinforcement; fc . in MPa.

A 0,000198
The degree of reinforcement beams p = 7 Sld -100% = ————-100% = 0,4%

p = 0,4%<p, = 0,45%; " 1-0,052
K is the factor to take into account the different structural systems K = 1,3
— extreme span.

3
! 0,45 0,45 )
(EJ =13 11+1,5\/EO58+3,2\/%( —1) =24,93
lim >

0,4

Expressions (7.16. a) and (7.16. b) have been derived on the assumption that the steel
stress, under the appropriate design load at SLS at a cracked section at the mid-span

of a beam or slab or at the support of a cantilever, is 310 MPa, (corresponding roughly
to f,, = 500 MPa).
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TABLE B-3. Basic ratios of span/effective depth for reinforced concrete members with-
out axial compression

Concrete highly | Concrete lightly
Structural System K stressed p, = stressed p, =
1,5% 0,5%

Simply supported beam, one — or two-way

spanning simply supported slab 10 14 20

End span of continuous beam or one-way
continuous slab or two-way spanning slab 1,3 18 26
continuous over one long side

Interior span of beam or one-way or two-way

. L5 20 30
spanning slab

Slab supported on columns without beams (flat
slab) (based on longer span)

Cantilever 0,4 6 8

Notes:1. The values given have been chosen to be generally conservative and calculation may
frequently show that thinner members are possible. 2. For 2-way spanning slabs, the check
should be carried out on the basis of the shorter span. For flat slabs the longer span should

be taken. 3. The limits given for flat slabs correspond to a less severe limitation than a mid-span
deflection of span/250 relative to the columns. Experience has shown this to be satisfactory.

1,2 17 24

Where other stress levels are used, the values obtained using Expression (7.16)
should be multiplied by 3101 as. It will normally be conservative to assume that:

ﬁ _ @Aﬂpmv

O-: f vk Aslreq

where: as is the tensile steel stress at mid-span (at support for cantilevers) under
the design; load at SLS; A | is the area of steel provided at this section; A is the area
of steel required at this section for ultimate limit state; Used was fy .= 500 MPa

(iJ —24,93mm > (iJ _ 2000mm _ 56 5y mm,
- d 52mm

4.6.2. Checking deflections by calculation

Where a calculation is deemed necessary, the deformations shall be calculated under
load conditions which are appropriate to the purpose of the check.

a=_{a, +(1—()a,
where: a - is the deformation parameter considered which may be, for example, a strain,
a curvature, or a rotation. (As a simplification, a may also be taken as a deflection);
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«,q, —are the values of the parameter calculated for the uncracked and fully cracked
conditions respectively; { - is a distribution coefficient (allowing for tensioning stiff-
ening at a section) given by { = 0 - for uncracked sections

(=1—/3(%) ;

B - is a coefficient taking account of the influence of the duration of the loading
or of repeated loading on the average strain:

= 1,0 for a single short-term loading;

= 0,5 for sustained loads or many cycles of repeated loading;
o, - is the stress in the tension reinforcement calculated on the basis of a cracked sec-

tion; o_ ~ is the stress in the tension reinforcement calculated on the basis of a cracked

o
section under the loading conditions causing first cracking; —— may be replaced by
O-CV

— for flexure, where M_ is the cracking moment.

Calculate curvature due to uncracked section.

1) M, 0,00215MNm 00133}
 E_ I, 7,69-1000MPa-0,000021m* " m
Method for determining the creep coefficient ®(co, ¢,) for concrete under normal

environmental conditions according to 3.1.4 EN 1992-1-1:2004
24, 2(1Im-0,08m)

hy=—== =0,074m = 74,07mm
u 2-Im+2-0,08m

r

[

D (oo, t)=29 (according to fig. 3.1 EN 1992-1-1:2004 for RH = 50%, concert C20/25
loaded in 28 days after concreting, notional size 1, = 200 mm).
Effective modulus of elasticity of concrete

E 30
E L =—— = —7,69GPa
1+g0(°°,t0) 1+2)9

I _-is the second moment of area of the uncracked section.
Effective modular ration

_E, 200
E., 7,69
_ Es

2
= 200 =6,67GPa
30

=26GPa

et

(04
‘ Ecm
~0,000198m*
1-0,052

=0,0038=10,38%

L
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Taking moment about the natural axis:
X
bx; =a,A(d-x)

100x§ =6,67-1,98(5,2 - x)
Where x = 10,47 mm.
Calculate the moment of area of the uncracked section

bh> 0,5-0,08
J, =—==2""""_=0,000021m"*
12 12
Calculate the curvature of the cracked section.
1) M, 0,00215MNm 07107
) E. I, 7,69:1000MPa-0,0462m* mm

Calculate the neutral axis position of cracked section
Taking area moments about the neutral axis:

x, =d N o’ (p+p,) 20, (pﬁ%/ﬂz ) —a, (p,+ps )}

x, =0,052:| 267 0,0038> +2-26-0,0038 —26-0,0038 | = 0,0185m
Calculate the second moment of area of cracked section

b’
I~ %-’_ae,tplbd(d_xll )2 +ae,tp2bd(x11 4, )Z

1-0,0185°
J, =———+26-0,0038-1-0,052- (0,052 —0,0185)2 =0,0000077m"

Cracking moment at bending
Mcr = f;tm‘W

c

fdm = 2,2 MPa - mean strength of concrete for tension; W - sectional modulus

with regard to bottom tension fibre,

bh? Im-0,08m?
M, = fo, == 2,2Mpa% = 0,0023MNm = 2,35kNm.

cr ctm

Calculate ¢ M 5 35N
> m

M. 2,15kNm

>
Ek1

c=1—/3(M"

2
2
m j =1-0,5(1,09) =0,4

Ek
1
Calculate the average curvature (%)
1 1 1 1 . 1
—|=¢ =] +(1-0)|=| =0,4-0,0133—+(1-0,4)0,0000077m"* =0,0053—
r r cr r uc m m
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For span subjected to a uniformly distributed load, the maximum mid-span deflec-
tion is given by the following expression:

5 M, +M
“k:ZS.(I_M]

10M,,
M, =0kNm
M, = -3,87 kNm
5 0+3,87
@ =—-| 1- =0,085
48 10-2,15

1 1
a= 0,085(—)L2 =0,085-0,0053—2m* =0,0018m
r m

This value almost exactly matches the allowable value of L/250 and would be con-
sidered acceptable noting the inherent uncertainty of some of the parameters used
in the calculation.

L  2000mm
a=1L8lmm< e, =—=—T—=8mm
250 250
The obtained result is satisfactory and for this slab.
5. Beam of the slab
5.1. Loads calculation
Summary of loads on 1 m” of the beam in Table B-4.
TABLE B-4. Summary of loads on 1 m’ of the beam
I S Density | characteristic value Partial design
area factor value
Type of load
mm kN/m’ kN/m’ Yo Yo kN/m’
Self-weight
self-weight
1 200x450 25 0,2-0,45-25 = 2,25 1,35 - 3,04
of the beam
Reaction
2 | from floor - - 3,782,0 = 7,56 1,35 - 10,206
slab
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LSS Density | characteristic value Partial design
area factor value
Type of load
mm kN/m’ kN/m’ Yo | Yo kN/m’
Plaster
cement- 2-0,015-0,45-19 =
1 1 1, - >
3 limestone > o 0,251 35 0,339
15 mm
4 10,06 > 13,585
Imposed load
Reaction
4 | from floor - - 5,82,0=116 1,5 17,4
slab
T 11,6 % o 17,4

5.2. Substitute load:

Permanent load - g, = G + Q /4 = 13,58+17,4/4 = 17,93 kN/m’
Imposed load - g ,= 0,75 Q, = 17,4-0,75 = 13,05 kN/m>.

5.3. Determination of internal forces. Adoption of the static scheme.

According to EN multi-span beams rigidly connected to the supports they are counted

as continuous regimes pivotally supported.
When the supports of a width b <h is chosen as a range of calculation of ribs span

the axes of supports.

AL YA

L 660 | 660
A A

YA

660 L 660

7Y

|

|
AN
660 L
d

FIGURE B-7. Static scheme

For the calculation of the bending moment we will follow formulas:
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TABLE B-5. Calculation of the bending moment

Section a | b | c 2,=1793kN/m | p_=13,05kN/m | 1,=6,6m
/1 EXTREME span Mmax Mmin
0,0 0,0000 | 0,0000 | 0,0000 0,00 0,00
0,1 0,0345 | 0,0397 |-0,0053 49,51 23,93
0,2 0,0589 | 0,0695 | -0,0105 85,51 40,03
0,3 0,0734 | 0,0892 | -0,0158 108,03 48,35
0,4 0,0779 | 0,0989 | -0,0211 117,06 48,85
0,5 0,0724 | 0,0987 |-0,0263 112,65 41,60
0,6 0,0568 | 0,0884 | -0,0316 94,61 26,40
0,7 0,0313 | 0,0682 |-0,0366 63,22 3,64
0,8 -0,0042 | 0,0381 |-0,0423 18,38 27,33
0,9 -0,0497 | 0,0183 |-0,0680 -28,41 77,47
1,0 -0,1053 | 0,0144 |-0,1196 -74,06 -150,23

SECOND span Mmax Mmin
0,0 -0,1053 | 0,0144 |-0,1196 -74,06 -150,23
0,1 -0,0576 | 0,0140 | -0,0717 -37,03 -85,75
0,2 -0,0200 | 0,0300 |-0,0500 1,43 -44,04
0,3 0,0076 | 0,0563 |-0,0487 37,94 21,75
0,4 0,0253 | 0,0726 | -0,0474 61,03 -7,18
0,5 0,0329 | 0,0789 | -0,0461 70,55 -0,51
0,6 0,0305 | 0,0753 |-0,0447 66,63 -1,59
0,7 0,0182 | 0,0616 |-0,0434 49,23 -10,46
0,8 -0,0042 | 0,0389 |[-0,0432 18,83 27,84
0,9 -0,0366 | 0,0280 |-0,0646 -12,67 -65,31
1,0 -0,0789 | 0,0323 | -0,1112 -43,26 -124,84
CENTRAL span Mmax Mmin
0,0 -0,0789 | 0,0323 | -0,1112 -43,26 -124,84
0,1 -0,0339 | 0,0293 | -0,0633 9,82 -62,46
0,2 0,0011 | 0,0416 |-0,0405 24,51 22,16
0,3 0,0261 | 0,0655 |-0,0395 57,62 2,07
0,4 0,0411 | 0,0805 |-0,0395 77,86 9,65
0,5 0,0461 | 0,0855 |-0,0395 84,61 13,55

For the calculation of the shear force we will follow formulas:
Tmax = (agd-'—ﬂpd)leﬂ;
Tmin = (ocgd—i_ypd)leﬁ;
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TABLE B-6. Calculation of the shear force

Section « | B | y |g,=17293kN/m | p =13,05kN/m | [ =6,6m
x/1 EXTREME span Tmax Tmin
0,0 0,3947 | 0,4474 |-0,0526 85,24 42,18
0,1 0,2947 | 0,3537 |-0,0590 65,34 29,79
0,2 0,1947 | 0,2726 |-0,0779 46,52 16,33
0,3 0,0947 | 0,2039 | -0,1091 28,77 1,81
0,4 -0,0053 0,1471 |-0,1524 12,04 -13,75
0,5 -0,1053 0,1017 |-0,2069 -3,70 -30,28
0,6 -0,2053 | 0,0669 |-0,2722 -18,53 -47,74
0,7 -0,3053 | 0,0419 (-0,3472 -32,52 -66,03
0,8 -0,4053 | 0,0257 |[-0,4309 -45,75 -85,08
0,9 -0,5053 | 0,0169 [-0,5222 -58,34 -104,77
1,0 -0,6053 | 0,0144 |-0,6196 -70,39 -125,00

SECOND span Tmax Tmin
0,0 0,5263 | 0,5981 |-0,0718 113,80 56,10
0,1 0,4263 | 0,5018 | -0,0755 93,67 43,94
0,2 0,3263 0,4141 |[-0,0878 74,28 31,05
0,3 0,2263 | 0,3364 | -0,1101 55,75 17,30
0,4 0,1263 | 0,2697 |-0,1434 38,18 2,60
0,5 0,0263 | 0,2146 |-0,1882 21,60 -13,10
0,6 -0,0737 | 0,1717 |-0,2448 6,07 -29,81
0,7 -0,1737 | 0,1391 |-0,3182 -8,57 -47,96
0,8 -0,2737 | 0,1179 |-0,3916 -22,23 -66,12
0,9 -0,3737 | 0,1063 |-0,4800 -35,07 -85,57
1,0 -0,4737 | 0,1029 |-0,5766 -47,19 -105,72
CENTRAL span Tmax Tmin
0,0 0,5000 | 0,5909 |-0,0909 110,06 51,34
0,1 0,4000 | 0,4944 |-0,0944 89,92 39,20
0,2 0,3000 | 0,4063 |-0,1063 70,50 26,35
0,3 0,2000 | 0,3279 |-0,1279 51,91 12,65
0,4 0,1000 | 0,2604 |-0,1604 34,26 -1,98
0,5 0,0000 | 0,2045 |-0,2045 17,61 -17,61

496




5.4. Calculation of the steel area of reinforcement in beam

Date

Concrete C20/25;

fc . = 20 MPa;

f,=20/1,5 = 13,3 MPa;

Reinforcement steel RB500;

£, =500 MPa;

£,4=500/1,15 = 435 MPa;

the largest diameter used aggregate d = 16 mm;

exposure class XCl;

diameter of the bar @ = 16 m;

diameter of the stirrup @ = 8 mm.
Determination of the thickness of concrete cover
16 mm - due to the diameter of the bar;

¢,.., 15 mm — due to the exposure class (XC1);

10 mm;

c =c . +Ac

nom min dev’

Ac,, - for monolithic elements is 10 mm; assumed Ac w=10mm;c =16+10=
=26 mm; Assumed a, =c,+ @+ @ /2 =26+8+16/2 =42 mm.
Effective depth d = h - a, = 450-26-8-16/2 = 408 mm; 16 mm - due to the diameter
of the bar; s > 16 mm + 5 mm - because of the diameter of the aggregates s > 21 mm;
20 mm.

Assumed spacing reinforcing bars s = 21 mm.

Determination of the effective width of flanges

o
, by | b ,
1 ,| 1
1 1
i N N i
i i
1 1
100 20 100
220

FIGURE B-8. Determination of the effective width of flanges
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For spans extremes:
beﬁ,z bw+2beﬁi£bw+bl+ b,
beﬁ,= 0,2+2-0,761 = 1,722 m < 0,2+1,0+1,0 = 2,2 m
b, = 0,2b+0,11,<0,2],
beﬁi =0,2-1,0+0,1:0,85:6,6 = 0,761 m < 0,2:0,85-6,6 = 1,122 m

For intermediate spans:
by=b,+Ib<b +b+b,
beﬁz 0,2+2-0,662 = 1,524 m < 0,2+1,0+1,0 = 2,2 m
beﬁi =0,2b,+0,11 0,2

beﬁ’i =0,2-1,0+0,1-0,7-6,6 = 0,662 m <0,2-0,7-6,6 = 0,924 m.

5.5. The calculation of steel area for T-shape beam

For spans extremes: M Bl = 117,06 kNm
Assumed the compressive zone has not true T — section

coefficient
M, 0,11706MNm

- fqbyd” 1,0-13,3MPa-1,72m-(0,408)’
a —coeflicient a = 1,0 in accordance with EN1992 [N3]; fc - design value of compres-
sive strength of the concrete; b — the width of the cross section; d - height of the effec-

&, =0,03

tive depth;
£, =1-1-2a, , =1-41-2:0,03=0,03
8
feff= 0,03<p= 7f Y 0,2, and the compressive zone has no true T - section.

Limit range of compression zone

0,0035
g‘fﬂ = qujf,lim = 0’8— = 0’493>

0,0035-1-&
E

and internal lever arm is equal to z = (l—O,SEEff)d =(1-0,5-0,03)0,408 m = 0,4028 m.
The tensile steel area we compute analogically, as for simple rectangular section
from the formulas:
_ M, _ 0,11706MNm
* " zf, 0,4028-435MPa
There were 4 bars @16 mm of the cross sectional area A
Minimum flexural tension steel area

2,2
A = 0,26&bd =0,26 =00 0,20-0,408 = 0,000094m* = 0,94cm’ < A

sl,min

=0,00068m’ = 6,68cm*

= 8,04 cm”.
prov

s, prov

vk
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=0,0013bd =0,0013-0,20m -0,408m = 0,000106m* =1,06cm’ < A

sl,min s, prov

where: b - mean width of the cross-section; d - effective depth of the sect1on
f.., ~ mean concrete compressive strength; f - characteristic yield stress of steel.
Maximum flexural tension steel area

A = 0,04bd = 0,04-0,20-0,408 = 0,003272 m” = 32,72 cm*>A

sl,max s,prov

The degree of reinforcement beams
2
p= Ao 000y = _L000804M 50 0 989
b, -d 0,20m -0,408m

Check if it is necessary to make two rows of reinforced bars a = 2-26+2-8+4-16+3-21
=195 mm>b =200 mm.

For the second span M, = 70,55 kNm

Assumed the compressive zone has not true T - section

coeflicient

, MN
_ W 0,07055MNm 0,021

" fu by -d®1,0-13,3MPa-1,524m-(0,408m)’
o — coefficient a = 1,0 in accordance with EN1992 [N3]; f , - design value of compres-
sive strength of the concrete; b — the width of the cross section; d - height of the effec-
tive depth;

£y =1-\1-2a,, =1-/1-2:0,021=0,021;

h
feﬁ: 0,021< = Ff = % =0,2, and the compressive zone has no true T - section.

Limit range of compression zone

0,0035 . .
€ & = 0,8———————=0,493, and internal lever arm is equal to

fa

0,0035+ 2%

z,= (1-0,5¢ )d = (1-0,5-0,021)0,408 m = 0,4047 m.

The tensile steel area we compute analogically, as for simple rectangular section

from the formulas:
M 0,07055
A,=—2t= =0,000401m” = 4,01cm’
z.f, 0,4047m-435MPa

There were2 bars @16 mm of the cross sectional area A, orov = 4,02 cm?;
Minimum flexural tension steel area

/

=0,26="bd =0, 26 0 20-0,408m =0,000094m* =0,94cm’ < A

sl,min s, prov

yk
A, . =0,0013bd = 0,0013-0,20 m-0,408 = 0,000106 m* = 1,06 cm’<A

1, s,prov

A
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where: b - mean width of the cross-section; d - effective depth of the section;
f - mean concrete compressive strength; f - characteristic yield stress of steel.
ctm yk
Maximum flexural tension steel area

A o= 0,04bd = 0,04:0,20-0,408 = 0,003272 m’ = 32,72 c™>A
The degree of reinforcement beams
At prov 0,000402
= —100% = —————-100% = 0,49%.
b,-d 0,20-0,409

Check if it is necessary to make two rows of reinforced bars a = 2:26+2-8+2-16+1-21
=121 mm<b = 200 mm.

For the central spans M, , = 84,61 kNm

Assumed the compressive zone has not true T - section

coeflicient
0 - wo 0,08461MNm 0,035
P a-fyby-d® 1,0-13,3MPa-1,524m-(0,408m)

a — coeflicient & = 1,0 in accordance with EN1992 [N3]; fc = design value of compres-
sive strength of the concrete; b - the width of the cross section; d — height of the effec-

tive depth;
£y =1-1-2a, , =1-11-2:0,025 =0,025;
feﬁz 0,025< = 7f = % = 0,2, and the compressive zone has no true T - section.
Limit range of compression zone
0,0035 .
§up S &t = O,S—f = 0,493, and Internal lever arm is equal to
0,0035+2%

N

z = (l—O,Sfeﬁ)d = (1-0,5-0,025)0,408 m = 0,4039 m.
The tensile steel area we compute analogically, as for simple rectangular section

from the formulas:

M 0,08461MN
= M 0,000482m? = 4,82cm’
z.f,q 0,4039m-435MPa

There were 3 bars @16 mm of the cross sectional area A prov = 6,03 cm’
Minimum flexural tension steel area
2,2
A i = 0,26fﬂbd = 0,26%0,20m -0,408m =0,000094m’ = 0,94cm’ < A
yk
A =0,0013bd = 0,0013-0,20m -0,408m = 0,000106m* = 1,O6cm2 <A

sl,min

s, prov

s, prov

where: b - mean width of the cross-section; d - effective depth of the section;
f..., ~ mean concrete compressive strength; f - characteristic yield stress of steel.
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Maximum flexural tension steel area

A, o = 0,04:bd = 0,04:0,20-0,408 = 0,003272 m” = 32,72 cm™>A
The degree of reinforcement beams
At prov 0,000603m’
p=—""".100% = PO 100% = 0,74%.
b,-d 0,20m-0,408m

w

Check if it is necessary to make two rows of reinforced bars a = 226+2-8+3-16+2:21
=158 mm<b = 200 mm.

5.6. The calculation of steel area for supporting zone (rectangular sections
of the compression zone)

LTI
4L 20 4LVB’

FIGURE B-9. Bending moment diagram at supporting zone

5.7. The calculation of the bending moments at the edges of the supports:

I=6,60 m;

G, = 13,58 kN/m;
Q,= 17,4 kN/m;
support B — the extreme

b =40 cm - assumed width of support for beam (main beam or frame);
G,+ Q,=13,58+17,4 = 30,98 kN/m;

M, = 150,27 kNm;
v, =1250kN;

Ve =113,8 kN;
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1
M; =150,27 +30,58-0,20” - ——125,0-0,20 = 125,85kNm

bY 1 b
M, =MB+(go+Po)'(5) 'E—VJ'E

1
M? =150,27 +30,58-0,20? - ~113,8:0,20=127,34kNm

Maximum banding moment is M = 127,34 kNm

a = 41 mm;

a,= 41 mm;
Effective depth is d = h-a, = 0,45 m-0,042 m = 0,408 m
coeflicient

0,12734MNm

1,0-13,3MPa-0,20m -(0,408m)’
In rectangular cross section the resultant of compressive stress block is located
in the center of gravity of such block that is equal to

£y =1-1-2a, , =1-/1-2:0,29 =0,35.

Limit range of compression zone

0,0035
fejf =0,35< fefﬂim =0,8———

0,0035+ &
E

&, =0,29

=0,49, and Internal lever arm is equal to

N

z = (1—0,5§eﬁ)d = (1-0,5-0,035)0,408 m = 0,3374 m.

The tensile steel area we compute analogically, as for simple rectangular section

from the formulas:
M 0,12734MN
A,=—H = M 0,000868m” = 8,68cm>
z.fu 0,3374m-435MPa

There were5 bars @16 mm of the cross sectional area AS,W =10,05 cm®.
Minimum flexural tension steel area
2,2
Ay i = 0,265 g = 0,262 -0,20m-0,408m =0,000094m’ =0,94cm’ < 4, ,,
yk
A =0,0013bd =0,0013-0,20m-0,408m = 0,000106m*> = 1,06cm” < A

s1,min s, prov

where: b - mean width of the cross-section; d - effective depth of the section;
f..., ~ mean concrete compressive strength; f  — characteristic yield stress of steel.
Maximum flexural tension steel area

A =0,04-bd = 0,04-0,20-0,408 = 0,003272 m* = 32,72 cm’>A

sl,max s, prov
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The degree of reinforcement beams

A prov 0,001005m’
p=—"I100% = DRI 100% = 1,23%.
b, -d 0,20m -0,408m
Check if it is necessary to make two rows of reinforced bars a = 2-26+2-8+5-16+4-21
=323 mm>b = 200 mm.

The bars should be located in two rows
_ 4-(26+8+8)+1(26+8+16+21+8)

a, = s =49,4mm
Check
d= h—al =45-494 = 40,06 cm
0,12734MNm
= = 0,3

(xm eff 2
" 1,0-13,3MPa-0,2m-(0,4006m )

£y =1-J1-2a, , =1-1-2:0,3=0,37

Limit range of compression zone
0,0035

£, =0,37<&,,, =08
Ju

= 0,493, and Internal lever arm is equal to
0,0035+

z = (l—O,Sfeﬁ)d = (1-0,5-0,037)0,4006 m = 0,3273 m.

The tensile steel area we compute analogically, as for simple rectangular section
from the formulas:

M 0,12734MN
A, =—5 = M 0,000894m’ = 8,94cm’
zf, 0,3273m-435MPa

There were5 bars @16 mm of the cross sectional area A, prov = 10,05 cm’.
support C — middle
b =40 cm - assumed width of support for beam (main beam od frame);
G, +Q,=13,58+17,4 = 30,98 kN/m;
M_ = 124,84 kNm;
V% =105,72 kN;
v} = 110,06 kN; 1 b

b
Mé =Mc+(go+Po)'(5j 'E_VC 5

1
M( =124,84+30,58-0,20° -5—105,72-0,20= 104,32kNm

bY 1 b
Mg :Mc+(go+po)'(5) 'E_V(f)'g
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1
M; =124,84+30,58-0,20° -E— 110,06-0,20 =103,45kNm

Maximum banding moment is M CL = 104,32 kNm

a = 4] mm;

a, =41 mm;
Effective depth d = h—a1 = 0,45 m-0,042 m = 0,408 m.
coeflicient

o = 0,10432 MNm
™ 1,0-13,3 MPa-0,2 m-0,409 m’
In rectangular cross section the resultant of compressive stress block is located
in the center of gravity of such block that is equal to

Ey=1-1-2a,  =1-1-2:0,24 =0,27.

Limit range of compression zone

0,0035
Eeff =0,27 <€, =0,8——————=0,493, and Internal lever arm is equal to

eff,lim
0,0035+ Ju
E

z = (1—0,5feﬁ)d = (1-0,5-0,027)0,408 m = 0,3539 m.
The tensile steel area we compute analogically, as for simple rectangular section

from the formulas:
~M,, _ 0,10432MNm

ASZ - -
z.f,q 0,3539m-435MPa
There were 4 bars @16 mm of the cross sectional area As)pmv = 8,04 cm’
Minimum flexural tension steel area

=0,21

=0,000678m’ = 6,78cm”

2,2
A in = 0,26fﬂbd = 0,26%0,20m -0,408m =0,000094m’ =0,94cm” < A_
yk
A,,. =0,0013bd =0,0013-0,20m-0,408m = 0,000106m* = 1,06cm’ < A

s1,mi s, prov

where: b - mean width of the cross-section; d - effective depth of the section;
f.., ~ mean concrete compressive strength; f - characteristic yield stress of steel.
Maximum flexural tension steel area

A = 0,04-bd = 0,04-0,20-0,408 = 0,003272 m* = 32,72 cm’>A

sl,max s, prov

The degree of reinforcement beams

Ay prov 0,000804m>
p= LR 100% = é.loo% =0,98%.
b -d 0,20m-0,408m

w

Check if it is necessary to make two rows of reinforced bars a = 2-26+2-8+4-16+3-21
=195 mm>b = 200 mm.
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5.8. Calculation of share reinforcement.
Support A and BL - the extreme

The design shear resistance of the member without shear reinforcement.

1
Vide :|:CRd,c 'k'(100~pL ..fck)3:|'bd

Vide = [0,12-1,7-(100-0,01-20)"°]0,2-0,408 = 0,04502MN = 45,02 kN

Rd

with a minimum of
Ve = v +k1-acp)-b-d

min

Viede = (0,035+0)0,2:0,408 = 0,02836MN = 28,36 kN

where: d - effective depth d = 0,408 m; b - is the smallest width of the cross-section
in the tensile area [mm)]; b =200 mm;fck —isin MPaka =20 MPa, k - in mm

2
k=1+ %<2,0

k:1+,/@:1,7<2,0
408

p, — degree of tensile reinforcement:

= Ay <0,02
Py d

w

A, 0,000804m’

pL = = =0,01
b,-d 0,20m-0,408m

A, - is the area of the tensile reinforcement, which extends 2 (I, , + d) beyond the sec-

tion considered;

o_ - stress: N

op UCPZ_EdS()’z.de
A

N,, - is the axial force in the cross-section due to loading or prestressing; N, = 0,
A_ - is the area of concrete cross section,

0,18 0,18
1,5

Co.- coefficient:
L c

c

=0,12

Rd,c =
c

V.- coefficient:

mi 3 1

v, =0,035-k2-f,?
3 1

v, =0,035-1,7%-202 =0,35
V,, =78,26kN >V, = 44,06kN
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There is need to design the shear reinforcement.

For members with vertical shear reinforcement, the shear resistance Vs
is the smaller value of:

Asw ’ fywd
Vigs =———-z-cotf
’ s
~0,000201m” - 435MPa
0,30m

\%

Rd,s

-0,9-0,408m-1,0 = 0,10739MN =107,39kN

J,ua = is the design yield strength of the shear reinforcement, f = 435 MPa,
A, - is the cross-sectional area of the shear reinforcement; A = 2,01 cm’, s =0,30 m
= 30 cm is the spacing of the stirrups, s = 0,75d = 0,75-0,4008 m = 0,30 m accord-
ing t0 9.2.2 EN 1992-1-1:2004, ¢ - is the angle between the concrete compression strut
and the beam axis perpendicular to the shear force, no less than:

_ (xcw : bw : Zv.fcd
fdmex ot +tan@
1,0-0,20m-0,3614m0,6-13,3MP
v, = il 1 in 2 = 0,28840MN = 288, 40kN
’ +

where: « = 1,0 is a coefficient taking account of the state of the stress in the com-
pression chord, v, is a strength reduction factor for concrete cracked in shear, v, =
0,6 dlafck<60 MPa

150,00
4l13.80 10§06
100,00 1 93,67 \\39 92
485,24
N 74,28 70,50
NG 56,10 | N\ 55,7 \ 191
55,75 A 51,
5000 | 346,52 A & 4\ lsbs L34 \
K32 i 38, — g’—'l
\29,% 28,77 SQL.05 20 5 N3h26
\3 21,60 3 76
16,8312,04 73 12,65°
N 2,60 O07 ’
0,00 1.8 =3,70 ’\< 85 )g'l 98
1:}5\. 1311 \
> 18,53 003 17,6
>\302\32,52 . 2483307
-50,00- XATTAET7? y \4<9‘ N7
66,03\ 170 39 166,12
85,0 X, P
-100,00 \-104 77 -105,72
$125,00
-150,00
0,0 2,0 4,0 6,0 8,0 10,0 12,0 14,0 16,0 18,0

FIGURE B-10. Shear force diagram. Note: V, , values are marked as horizontal lines
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For members with inclined shear reinforcement, the shear resistance is the smaller

lue of
value o y A nyd

Riss = z+(cotf+cota)sina =

N
~0,0021m”’ -435MPa

0,9-0,408m (1,0+1,0)0,77 =117,23kN
1,2-0,4016m

a is the angle between shear reinforcement and the beam axis perpendicular
to the shear force;
cotf+cota 1,0+0,71;
V =vf, b z———=vf, b z———
Rd,max cd “w 1+C0t2 6 f::d w 1+C0t2 9
V,,=8524kN<V,, +V, =117,23+107,39 = 224,62 kN - support A;

V,,=1250kN<V,, +V,, = 117,23+107,39 = 224,62 kN - support BL.
Minimum shear reinforcement

— stirrups
Pw ASWI 2 w,min 0,08 f;k
s,b, ’ fyk
0,000201m’ 0,08+/25
p, = =0,003352p,  =——"0,0008
0,30m-0,20m ’ 500
— bent bars
0,08 0,08+/25
pw2 :#_ w,min = ﬁk = 0’0008
s,b, sina T 500
0,000201m* 0, 08\/
sz = = = 0’0029 2 Pw,mm - O 0008

1,2:0,4009m-0,20m - sin 45°

support BP and CL

The design shear resistance of the member without shear reinforcement.

1
Vid,e :|:CRd k- (100 PL: ka) ]bd

V. =10,12-1,7-(100-0,005-20)"°]0,2-0,408 = 35,73 kN

Rd,c
with a minimum of

VRdc = (Vmin+kl‘o-cp).b'd
Viede = (0,035+0)0,2-0,408 = 0,02836MN = 28,36 kN

where: d - effective depth d = 0,408 m; b - is the smallest width of the cross-section
in the tensile area [mm)]; b =200 mm;fck —isin MPaka =20 MPa; k - in mm
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k=1+‘/¥<2,0

2
k=1+ ﬂ=1,7<2,0
408

p, — degree of tensile reinforcement

= Ay <0,02
Py d

A, 0,000402m’
b,-d 0,20m-0,408m

P, = 0,005

A, - is the area of the tensile reinforcement, which extends 2 ([, , + d) beyond the sec-
tion considered;

o - stress
cp N

=—£<0,2-
“<02:f,

c

p

N,, - is the axial force in the cross-section due to loading or prestressing; N, , = 0,
A_ - is the area of concrete cross section,

Co,.- coefficient:
L c

v - coeflicient:
min

1

v, =0,035-k2-f,?
3 1

v, =0,035-1,72-20% = 0,39
Vv, =113,8kN
V,, =105,72kN > V,, . =38,49kN
There is to design the shear reinforcement.
For members with vertical shear reinforcement, the shear resistance Vid s

is the smaller value of: Ay o
Vege =———z-cotl
s
0,000201m* - 435MP
= or;7 2.0,9-0,408m-1,0 = 0,119MN = 119,32kN
, 27m

f,ua — 1s the design yield strength of the shear reinforcement, f = 435 MPa,
A -is the cross-sectional area of the shear reinforcement; A, =201 cm? s=027 m =
= 27 cm is the spacing of the stirrups, s, = 0,75d = 0,75-0,4008 m = 0,30 m = 300 mm
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<400 mm according to 9.2.2 EN 1992-1-1:2004; 0 - is the angle between the concrete
compression strut and the beam axis perpendicular to the shear force, no less than:

_ “cw i bw i vacd
REmE ot +tan @
1,0-0,20m-0,3681m-0,6-13,3MPa

VRd,max = 1+1

=0,28MN =288,40kN

where: « = 1,0 is a coefficient taking account of the state of the stress in the com-
pression chord; v, is a strength reduction factor for concrete cracked in shear v, = 0,6
dlaf,<60 MPa

V,,=1138kN

V. =10572kN<V, +V,, = 119,32 N- support BP, support CL
Minimum shear reinforcement

— stirrups
Aswl 0)08 'ka
PW =0 2 w,min =
Slbw f}’k
0,00021m’ 0,08+/25
P, = =0,00592p, . = 0.0825 108
0,17m-0,20m > 500

support CP

The design shear resistance of the member without shlear reinforcement.
Vi {cm +k-(100-p, -f[k)s]bd
Vs = [0,12:1,7:(100-0,007:20)*]0,2-0,408 = 40,9 kN
with a minimum of
Ve = (vmm+kl-acp)-b-d
Viede = (0,035+0)0,2:0,408 = 0,02836MN = 28,36 kN

where: d - effective depth d = 0,408 m; b - is the smallest width of the cross-section
in the tensile area [mm]; b = 200 mm;fck —1in MPafck =20 MPa; k - in mm

k:1+‘}@<2,0
d

200
k=1+,—=17<2,0
408
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p, — degree of tensile reinforcement

= Ay <0,02
pL b'd_’

w

A, 0,000603m’

L=y d” 0,20m-0,408m

=0,007

A - is the area of the tensile reinforcement, which extends 2 ([, , + d) beyond the sec-
tion considered; o - stress
cp N
_ Ed
0, =—=<0,2-f,
c
N,, - is the axial force in the cross-section due to loading or prestressing; N, , = 0,
A_ - is the area of concrete cross section, C,, . - coefficient:
0,18 0,18
C = =

—=0,12
Rd,c yc 1)5

v - coeflicient:
min

1

3 1

Vo =0,035-k2 - f,2
31
v . =0,035-1,72-20? = 0,39
V,, =110,06kN > V,,  =40,9kN
There is a need to design the shear reinforcement

For members with vertical shear reinforcement, the shear resistance Ver .
is the smaller value of:

A -
VRd’S:—SW nyd-z-cot@
S
0,000201m*-435MP
e = or;lo a -0,9-0,408m-1,0 = 0,107MN =107,39kN
, 30m

f,a = is the design yield strength of the shear reinforcement, f = 435 MPa,
A, - is the cross-sectional area of the shear reinforcement; A = 2,01 cm’, s =0,3m
= 30 cm is the spacing of the stirrups, S, = 0,75d = 0,75-0,4009 m = 0,30 m = 300 mm
according to 9.2.2 EN 1992-1-1:2004; 0 - is the angle between the concrete compres-

sion strut and the beam axis perpendicular to the shear force
no less than:

Rd,max —

(xcw .bw .Zv.fcd
cotf+tan6
v _ 1,0-0,20m-0,3681m-0,6-13,3MPa

Rd,max — = Oa 288MN = 288, 40kN
' 1+1
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where: = 1,0is a coefficient taking account of the state of the stress in the com-
pression chord; v, is a strength reduction factor for concrete cracked in shear; v, =

0,6 dla fck<60 MPa
For members with inclined shear reinforcement, the shear resistance is the smaller
value of
Asw ' fywd .
Vieas = —-z-(cot9+cot(x)smoc =

N
_0,0021m” - 435MPa

1,2-0,4016m
a is the angle between shear reinforcement and the beam axis perpendicular to
the shear force.
v

Rd,max

0,9:0,408m(1,0+1,0)0,77 = 0,117MN =117,23kN

cotf+cota 1,0+0,71
2, Ya'OR T,
1+cot” 60 1+cot” 0
V,, = 110,06 KN<V,, +V,, = 117,23+107,39 = 224,62 kN - support CP
Minimum shear reinforcement

:‘Vcd.

w

— t'
stirrups . A, 2o o 0,08,/ f,
w Slbw w,min fyk
0,00021m’ 0,08+/25
P, = =0,00592p, . = 0.0825 0
0,17m-0,20m ’ 500

Maximum spacing s along the longitudinal axis

smxSO,75d, S, .,<400 mm

The length of second order shear sector a ,
_ Via = Viae

a
w2
Gd + Qd

TABLE B-7- The length of second order shear sector

Vioa 1,30
VEDBL 2’58
a, Voosp 2,52
Vo 2,26
V}:‘DCP 2,23

511



5.9. Crack control of flexural reinforced concrete members

5.9.1. The characteristic values of bending moment

Substitute load:
Permanent g, = G + Q /4 = 10,06+11,6/4 = 12,96 KN/m’;
temporary g, = 0,75 Q, = 11,6:0,75 = 8,7 kKN/m".

5.9.2. Cracking control in extreme span

Cracking moment at bending

MC?’ :-f‘Cth'W

c

f.on = 2,2 MPa — mean strength of concrete for tension; W_- sectional modulus
with regard to bottom tension fibre.

2 0,20m-0,45m’
M, = fo "= 2,2MPa% =0,0185m’
The degree of reinforcement beams
A 0,000804m’
p = 100% = — " .100% = 0,98%
b, -d 0,20m-0,408m
M,, = 126,98 kNm - characteristic values of bending moment;
E 200
o =—=""=6,67
E_~ 30
A 0,000804m’
o =0 L =6,67——— 0 —0,065
b-d 0,20m-0,409m

z=0,9d when a,<0,06; z = 0,85d when 0,06<a,<0,18; z = 0,8d when 0,18<a,<0,48;

Stress in steel reinforcement
LMy 0,08146MNm

*"ZA, 0,85-0,408m-0,000804m’
Practical simplified approach may be used by restricting the bar diameter and bar
spacing at the length of the beam w = 0,4 m for XC1.
Control of cracking without direct calculation
P=9,
The maximum bar diameter should be modified as follows:
Bending (at least part of section in compression):

_ * f;:t,eff kchcr
%=\ 29 2(h-a)

=291,4MPa
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2,2MPa| 0,4-0,5-450mm
¢, =14mm =11,66mm
2,9 )2(450mm-408mm)

where: @ _is the adjusted maximum bar diameter; @* =11 mm is the maximum
bar size given in the Table B-2; & is the overall depth of the section; h_ is the depth
of the tensile zone immediately prior to cracking, considering the characteristic val-
ues of prestress and axial forces under the quasi-permanent combination of actions;

h_=0,5h=0,5:0,45 m = 0,225 m;

d is the effective depth to the centroid of the outer layer of reinforcement; kc =0,4
is the coefficient taking into account stress distribution prior to craking;
Control of cracking without direct calculation
P=9,
¢ =16 mm<£¢_= 11,66 mm
There is a need to calculate the crack width in RC beams.

5.9.3. Calculation of crack widthin extreme span
E, 200GPa _

" E_ 30GPa

cm

>

Taking moment about the natural axis:

bx% =a,A (d - x)
0,20mx§ =6,67-0,000804m’ (0,408m — x)

Where x = 0,1236 m = 123,6 mm.
Stress in steel reinforcement

M
o = Ek
1451 (d _ 'xII )
3
0,08146MN
o = m =275,5MPa

N

0,1236
0,000804m> -(0, 408m — m)

Crack width

Wk = Sr,max(ssm_ ecm)

The strain difference may be expressed according to Eurocode 2 provision
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2,2MP
275,5MPa—0,4 2(1+6,67-0,039)
0,0039

e —€ = =
e 200000MPa

275,5MP
=0,0013 2 0,6—a =0,0014
200000MPa

where: k, = 0,4 - for long-term loading.
Effective area of concrete in tension surrounding the reinforcement with the depth
h, eﬂ(see figures below)

Ac,eﬁ': b.hc,eff
A, ;= 0,20 m-0,1025 m = 0,0205 m*

Effective tension area in concrete (typical cases) A, oF
_|2,5(h-4d)
h, o = min
’ (h - x) /3
_|2,5(450mm - 408mm) =102,5mm
h, o =min
’ (450-123,6)/3=108,8mm
A

Pp eff =
A
ceff

~0,00804m*
Poat =0,0205m’
The maximum final crack spacing

=0,039

General formula

=k, -c+kkk, -~

Sr,max

P
k1 =0,8 - for ribbed bars;
k,=0,5 - for flexure;
@ -16 mm - diameter of bar;
k3 =34;
k,=0,425;

16mm

s =3,4-25mm+0,8-0,5-0,425

r,max

=154,74mm;

w, = 154,74 mm-0,0013 = 0,2 mm;
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w - 0,4 mm for element in exposure class XC1 and reinforced concrete; wew

max ax

0,20 mm<0,4 mm;
Crack width of the element is satisfied.

5.10. Deflection control of flexural reinforced concrete members - Extreme span

5.10.1. Cases where calculations may be omitted

[ P 1 p* .
—|=K|11+L5 o 4+ = |ifp>
(d) { f‘kP—P* 12 f‘k\/po} PP

(LJ—K 11+1,5,/f Poy3n f. [—PO— jz if
- 4 ck > ck P<Po
d p P

where: (I/d), is the limit span/depth; p_is the reference reinforcement ratio;
Po = .fck 107
Py =[fs 1107 =+20107 =0,0045 = 0,45%

p is the required tension reinforcement ratio at mid-span to resist the moment due to
the design loads (at support for cantilevers); p’is the required compression reinforce-
ment ratio at mid-span to resist the moment due to design loads (at support for can-
tilevers); p’ = 0 — beam single reinforcement; f, in MPa;

The degree of reinforcement for beams ,
A 0,000804
p=-100% = ———0_.100% = 0,98%;
b, -d 0,20m-0,408m
p = 0,98%>p, = 0,45%;
K is the factor to take into account the different structural systems from Table 7.3-3
K =1,3 - extreme span.
} =18,3.

(éjzl,{uﬂ,s\/ﬁ

Expressions (7.16. a) and (7.16. b) have been derived on the assumption that the steel
stress, under the appropriate design load at SLS at a cracked section at the mid-span
of a beam or slab or at the support of a cantilever, is 310 MPa, (corresponding roughly
to f,, = 500 MPa).

Where other stress levels are used, the values obtained using the Expression should
be multiplied by ¢.. It will normally be conservative to assume that:

310 500 Ay,

os f vk Aslrcq

0,45
0,98
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where: a_is the tensile steel stress at mid-span (at support for cantilevers) under
the design; load at SLS; A, | is the area of steel provided at this section; A_,  is the area
of steel required at this section for ultimate limit state;

It was usedfyk =500 MPa;

Dloigast] =™ 61
d ).~ 0,408m

There is no need to calculate the deflection in RC beams.

5.11. Anchorage of longitudinal reinforcement

For bars in slab
The basic required anchorage length, I, | for anchoring the force A__, in a straight
bar assuming constant bond stress equal to [, , follows from:

_0fu
S Joa

6 435
s = — —— =290mm
142,25
Where o, is the design stress of the bar at the position from where the anchor-
age is measured.

The design value of the ultimate bond stress f, , for ribbed bars may be taken as:

fbd = 2’25’71’72f;td
£,,=2,251,0-1,0-1,0 = 2,25 MPa

f.,, — is the design value of concrete tensile strength according to 3.1.6 (2)P. Due to
the increasing brittleness of higher strength concrete, .. should be limited here to
the value for C60/75, unless it can be verified that the average bond strength increases

above this limit.

fctd = “ct ctk0,0S/yc

1,0-1,5
fctd =

where: y is the partial safety factor for concrete, see 2.4.2.4,and f . is a coefficient
taking account of long term effects on the tensile strength and of unfavorable effects,
resulting from the way the load is applied. #, - is a coefficient related to the quality

of the bond condition and the position of the bar during concreting (see Figure 8.2):

=1,0MPa
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a) 45°<a<90° ¢) 250 mm
) )

- - N N
b) h<250 mm d) h<600 mm

FIGURE B-11. Description of bond conditions (Figure 8.2 from EN 1992 [N3])

7,-10 when ‘good’ conditions are obtained and
1, — 0,7 for all other cases and for bars in structural elements built with slip-forms,
unless it can be shown that ‘good’ bond conditions exist
1, - is related to the bar diameter:
17, - 10 for @ < 32 mm;
1, - (132 = ©)/100 for @ >32 mm.
The design anchorage length, | is:

= >
lbd “1“2“3 (X4(x5 lb,req - lb,min

TABLE B-8- Values of al, a2, a3, a4 and a5 coeflicients

Reinforcement bar

Influencing factor Type of anchorage
In tension In compression
Straight a =10 a =10
Shape of bars =071
P Other than straight o, =0,7 if Cd>3(p a =10

otherwise « =10 1
a,=1-0,15(c ~D)D
Straight >0,7 a,=1,0
<1,0

Concrete cover a,=1-0,15(c,~
. 30)0

Other than straight 0.7 a,=1,0
<1,0
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Reinforcement bar
Influencing factor Type of anchorage
In tension In compression
Confinement by welded a, = 1-K\
transverse reinforcement not All types >0,7 a, =10
welded to main reinforcement <1,0
Conﬁnement‘ by welded All types « =07 « =07
transverse reinforcement* 4 4
=1-0,04

Confinement by transverse % '

All types >0,7
pressure <10

o, — is for the effect of the form of the bars assuming adequate cover (see Figure 8.1).

a =10
a) Basic tension anchorage length, I, b) Equivalent anchorage length
for any shape measured along the centreline for standard bend
250
@ K —
. lb,eq _
90°<«150°

c) Equivalent anchorage length ~ d) Equivalent anchorage length ) Equivalent anchorage length
for standard hook for standard loop for welded transverse bar

—
02060 =50
\.
— — 1 —
lb, eq lb, eq - lb, eq

FIGURE B-12. Methods of anchorage other than by a straight bar (see Figure 8.1 from
EN 1992 [N3])

=50
=150

a, — is for the effect of concrete minimum cover (see Figure 8.3)

c,—D
a, =1-0,15

25-6
a, = 1—0,IBT =0,525>0,7 or <1,0 assumed 0,7

) (140mm
Cd=m11’l _—

=70mm; 25mm; 25mmj
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a) Straight bars b) Bent or hooked bars ¢) Looped bars
c,=min(a/2, c, c) c,=min(a/2, c) c,=c

FIGURE B-13. Values of ¢, for beams and slabs

a, - is for the effect of confinement by transverse reinforcement a,=1,0; &, - is for
the influence of one or more welded transverse bars (@ > 0,6¢) along the design;
anchorage length [, (see also 8.6) a, = 0,7; «, - is for the effect of the pressure trans-
verse to the plane of splitting along the design; anchorage length «_ = 1,0.

The product & &, ,>0,7

1,0-1,0-1,0>0,7
l

b,re

- is taken from Expression (8.3)

lbd =1,0-1,0-0,7-0,7-1,0290 mm = 142 mm
I

b,min

- is the minimum anchorage length if no other limitation is applied:
O’ 3lh,reg

=maxy 109
100mm

I

b,min

for anchorages in tension:
0,3l, .. =0,3-290 = 87mm

>~"b,reg

l,; =142mm > lb’mm = max 100=10-6 = 60mm

100mm
assumed 142 mm
0’ 6lh,reg

=maxy 10

100mm

l

b,min

- for anchorages in compression:
0,6/, =0,6-290=174mm

> b,reg

= max 100=10-6 = 60mm

100mm

l,, =142mm > [,

,min

assumed 174 mm.
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For bars in beam

The basic required anchorage length, I, | _for anchoring the force A_ , in a straight bar
assuming constant bond stress equal to f, , follows from:
_ 0
v g Jra
16 435
el 402,25

=773,3mm

Where o, is the design stress of the bar at the position from where the anchor-
age is measured.
The design value of the ultimate bond stress f, , for ribbed bars may be taken as:

fbd = 2’25n1172f;td

f,y = 2,25:1,0-1,0-1,0 = 2,25 MPa
f.,s — 1s the design value of concrete tensile strength according to 3.1.6 (2)P. Due to
the increasing brittleness of higher strength concrete, f,, . should be limited here to
the value for C60/75, unless it can be verified that the average bond strength increases

above this limit

fctd = actfctk0,0S/yc

_1,0-15
1,5

=1,0MPa

Ja

where: y_- is the partial safety factor for concrete, see 2.4.2.4, and f, . is a coeffi-
cient taking account of long term effects on the tensile strength and of unfavourable
effects, resulting from the way the load is applied.
1, — is a coefficient related to the quality of the bond condition and the position
of the bar during concreting (see Figure 8.2):
n,-10 when ‘good’ conditions are obtained and
1, — 0,7 for all other cases and for bars in structural elements built with slip-forms,
unless it can be shown that ‘good’ bond conditions exist;
1, — is related to the bar diameter:
1, - L0 for c < 32 mm;
1, — (132 = ¢)/100 for ¢ >32 mm.

The design anchorage length, | is:

= >
lbd “1“2a3a4(xslb,req_lb,min

«, — is for the effect of the form of the bars assuming adequate cover (see Figure 8.1).
a, =105
a, — is for the effect of concrete minimum cover (see Figure 8.3);
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¢, —D

a, =1-0,15

11-16
a, =1-0,15

=1,05>0,7 or <1,0 assumed 1,0

21
¢, = min( r2nm =11lmm; 25mm; 25mm)

o, —is for the effect of confinement by transverse reinforcement a, = 1,0;

«, — is for the influence of one or more welded transverse bars (® > 0,6¢) along
the design

anchorage length [ , (see also 8.6) a, = 0,7

«, — is for the effect of the pressure transverse to the plane of splitting along the design
anchorage length a_ = 1,0

The product o o,0.>0,7
1,0-1,0-1,0 = 1,0>0,7
llmq - is taken from Expression (8.3)

lbd =1,0-1,0-1,0-0,7-1,0-773,3 mm = 309 mm
l, . — is the minimum anchorage length if no other limitation is applied:
O,SZb’reg
=max{ 100
100mm

b,min

— for anchorages in tension:

0,3, =0,3-773=231mm

>~ b,reg

l,;, =309mm > lb)mm = max 100=10-16 =160mm

100mm
assumed 309 mm

0,6l

b,reg

=maxy 100
100mm

b,min

- for anchorages in compression:
0,61, , =0,3-773 = 463mm

pomin = MAX 100=10-16 =160mm
100mm

l,;, =309mm >

assumed 463 mm.

Figure 1 shows the reinforcement of RC slabs, and Figure 2 shows the reinforce-
ment of an RC beam.
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ANNEX C

TERMS AND DEFINITIONS

COMMON TERMS USED IN EN 1990 TO EN 1999

« Construction works: everything that is constructed or results from constru-
ction operations. Note: The term covers both building and civil works. It refers to
the complete construction works comprising structural, non-structural and geo-
technical elements.

o Type of building or civil engineering works: type of construction works de-
signating its intended purpose, e. g dwelling house, retaining wall, industrial
building, road bridge.

« Type of construction: indication of the principal structural material, e. g rein-
forced concrete construction, steel construction, timber construction, masonry
construction, steel and concrete composite construction.

« Construction material: material used in construction work, e. g. concrete, steel,
timber, masonry.

o Structure: organised combination of connected parts designed to carry loads
and provide adequate rigidity.

o Structural member: physically distinguishable part of a structure, e. g a co-
lumn, a beam, a slab, a foundation pile.

o Form of structure: arrangement of structural members. Note: Forms of structu-
re are, for example, frames, suspension bridges.

o  Structural system: load-bearing members of a building or civil engineering
works and the way in which these members function together.

o Structural model: idealisation of the structural system used for the purposes
of analysis, design and verification.
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SPECIAL TERMS RELATING TO DESIGN IN GENERAL
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Design criteria: quantitative formulations that describe for each limit state
the conditions to be fulfilled.

Design situations: sets of physical conditions representing the real conditions
occurring during a certain time interval for which the design will demonstrate
that relevant limit states are not exceeded.

Transient design situation: design situation that is relevant during a period
much shorter than the design working life of the structure and which has a high
probability of occurrence. Note: A transient design situation refers to temporary
conditions of the structure, of use, or exposure, e. g during construction or repair.

Persistent design situation: design situation that is relevant during a period
of the same order as the design working life of the structure. Note: Generally it
refers to conditions of normal use.

Accidental design situation: design situation involving exceptional conditions
of the structure or its exposure, including fire, explosion, impact or local failure.

Design working life: assumed period for which a structure or part of it is to be
used for its intended purpose with anticipated maintenance but without major
repair being necessary.

Load arrangement: identification of the position, magnitude and direction
of a free action.

Load case: compatible load arrangements, sets of deformations and imperfec-
tions considered simultaneously with fixed variable actions and permanent
actions for a particular verification.

Limit states: states beyond which the structure no longer fulfills the relevant
design criteria.

Ultimate limit states: states associated with collapse or with other similar forms
of structural failure. Note: They generally correspond to the maximum load-car-
rying resistance of a structure or structural member.

Serviceability limit states: states that correspond to conditions beyond which
specified service requirements for a structure or structural member are no lon-
ger met.

Irreversible serviceability limit states: serviceability limit states where some
consequences of actions exceeding the specified service requirements will rema-
in when the actions are removed.

Reversible serviceability limit states: serviceability limit states where no con-
sequences of actions exceeding the specified service requirements will remain
when the actions are removed.

Serviceability criterion: design criterion for a serviceability limit state.



Resistance: capacity of a member or component, or a cross-section of a member
or component of a structure, to withstand actions without mechanical failure
e. g bending resistance, buckling resistance, tension resistance.

Strength: mechanical property of a material indicating its ability to resist actions,
usually given in units of stress.

Reliability: ability of a structure or a structural member to fulfill the specified
requirements, including the design working life, for which it has been designed.
Reliability is usually expressed in probabilistic terms. Note: Reliability covers sa-
fety, serviceability and durability of a structure.

Reliability differentiation: measures intended for the socio-economic optimi-
sation of the resources to be used to build construction works, taking into acco-
unt all the expected consequences of failures and the cost of the construction
works.

Basic variable: part of a specified set of variables representing physical quanti-
ties which characterise actions and environmental influences, geometrical quan-
tities, and material properties including soil properties.

Maintenance: set of activities performed during the working life of the structu-
re in order to enable it to fulfill the requirements for reliability. Note: Activities
to restore the structure after an accidental or seismic event are normally outside
the scope of maintenance.

Nominal value: value fixed on non-statistical bases, for instance on acquired
experience or on physical conditions.

TERMS RELATING TO ACTIONS

Action (F): a) set of forces (loads) applied to the structure (direct action); b) set
of imposed deformations or accelerations caused, for example, by temperature
changes, moisture variation, uneven settlement or earthquakes (indirect action).
Note 1: An accidental action can be expected in many cases to cause severe con-
sequences unless appropriate measures are taken. Note 2: Impact, snow, wind
and seismic actions may be variable or accidental actions, depending on the avai-
lable information of statistical distributions.

Effect of action (E): effect of actions (or action effect) on structural mem-
bers, (e. g internal force, moment, stress, strain) or on the whole structure
(e. g deflection, rotation).

Permanent action (G): action that is likely to act throughout a given reference
period and for which the variation in magnitude with time is negligible, or for
which the variation is always in the same direction (monotonic) until the action
attains a certain limit value.

Variable action (Q): action for which the variation in magnitude with time
is neither negligible nor monotonic.
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Accidental action (A): action, usually of short duration but of significant magni-
tude, that is unlikely to occur on a given structure during the design working life.

Fixed action: action that has a fixed distribution and position over the structure
or structural member such that the magnitude and direction of the action are
determined unambiguously for the whole structure or structural member if this
magnitude and direction are determined at one point on the structure or stru-
ctural member.

Free action: action that may have various spatial distributions over the structure.

Single action: action that can be assumed to be statistically independent in time
and space of any other action acting on the structure.

Static action: action that does not cause significant acceleration of the structure
or structural member.

Dynamic action: action that causes significant acceleration of the structure
or structural members.

Quasi-static action: dynamic action represented by an equivalent static action
in a static model.

Characteristic value of an action (F)): principal representative value of an
action. Note: In so far as a characteristic value can be fixed on statistical bases,
it is chosen so as to correspond to a prescribed probability of not being exceeded
on the unfavourable side during a «reference period» taking into account the de-
sign working life of the structure and the duration of the design situation.

Combination value of a variable action (y,-Q,): value chosen - in so far as it
can be fixed on statistical bases — so that the probability that the effects caused
by the combination will be exceeded is approximately the same as by the charac-
teristic value of an individual action. It may be expressed as a determined part
of the characteristic value by using a factor y <1.

Frequent value of a variable action (y,-Q,): value determined - in so far as it
can be fixed on statistical bases — so that either the total time, within the referen-
ce period, during which it is exceeded is only a small given part of the reference
period, or the frequency of it being exceeded is limited to a given value. It may be
expressed as a determined part of the characteristic value by using a factor y <I.
Note: For the frequent value of multi-component traffic actions see load groups
in EN 1991-2.

Quasi-permanent value of a variable action (y,-Q,): value determined so that
the total period of time for which it will be exceeded is a large fraction of the re-
ference period. It may be expressed as a determined part of the characteristic
value by using a factor y,<1.

Accompanying value of a variable action (y-Q,): value of a variable action that
accompanies the leading action in a combination. Note: The accompanying value
of a variable action may be the combination value, the frequent value or the quasi-
-permanent value.



Representative value of an action (F ) value used for the verification of a limit
state. A representative value may be the characteristic value (F,) or an accompa-
nying value (y-F,).

Design value of an action (F,): value obtained by multiplying the representative
value by the partial factor y,. Note: The product of the representative value mul-
tiplied by the partial factor y, = y,y, may also be designated as the design value
of the action.

Combination of actions: set of design values used for the verification of the stru-
ctural reliability for a limit state under the simultaneous influence of different
actions.

TERMS RELATING TO MATERIAL AND PRODUCT PROPERTY

Characteristic value (X, or R)): value of a material or product property having
a prescribed probability of not being attained in a hypothetical unlimited test
series. This value generally corresponds to a specified fractile of the assumed sta-
tistical distribution of the particular property of the material or product. A no-
minal value is used as the characteristic value in some circumstances.

Design value of a material or product property (X, or R)): value obtained
by dividing the characteristic value by a partial factor y_or y,, or, in special
circumstances, by direct determination.

Nominal value of a material or product property (X _ orR__):value normal-
ly used as a characteristic value and established from an appropriate document
such as a European Standard or Prestandard.

TERMS RELATING TO GEOMETRICAL DATA

Characteristic value of a geometrical property (a,): value usually correspon-
ding to the dimensions specified in the design. Where relevant, values of geo-
metrical quantities may correspond to some prescribed fractiles of the statistical
distribution.

Design value of a geometrical property (a,): generally a nominal value. Where
relevant, values of geometrical quantities may correspond to some prescribed
fractile of the statistical distribution. Note: The design value of a geometrical
property is generally equal to the characteristic value. However, it may be trea-
ted differently in cases where the limit state under consideration is very sensitive
to the value of the geometrical property, for example when considering the effect
of geometrical imperfections on buckling. In such cases, the design value will nor-
mally be established as a value specified directly, for example in an appropriate
European Standard or Prestandard. Alternatively, it can be established from a sta-
tistical basis, with a value corresponding to a more appropriate fractile (e. g a rarer
value) than applies to the characteristic value.
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TERMS RELATING TO STRUCTURAL ANALYSIS
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Note: The definitions contained in the clause may not necessarily relate to terms
used in EN 1990, but are included here to ensure a harmonisation of terms rela-
ting to structural analysis for EN 1991 to EN 1999.

Structural analysis: procedure or algorithm for determination of action effects
in every point of a structure. Note: A structural analysis may have to be perfor-
med at three levels using different models: global analysis, member analysis, local
analysis.

Global analysis: determination, in a structure, of a consistent set of either in-
ternal forces and moments, or stresses, that are in equilibrium with a particular
defined set of actions on the structure, and depend on geometrical, structural
and material properties.

First order linear-elastic analysis without redistribution: elastic structural
analysis based on linear stress/strain or moment/curvature laws and performed
on the initial geometry.

First order linear-elastic analysis with redistribution: linear elastic analysis
in which the internal moments and forces are modified for structural design,
consistently with the given external actions and without more explicit calcula-
tion of the rotation capacity.

Second order linear-elastic analysis: elastic structural analysis, using linear
stress/strain laws, applied to the geometry of the deformed structure.

First order non-linear analysis: structural analysis, performed on the initial
geometry, that takes account of the non-linear deformation properties of ma-
terials. Note: First order non-linear analysis is either elastic with appropriate as-
sumptions, or elastic-perfectly plastic, or elasto-plastic or rigid-plastic.

Second order non-linear analysis: structural analysis, performed on the geo-
metry of the deformed structure, that takes account of the non-linear defor-
mation properties of materials. Note: Second order non-linear analysis is either
elastic-perfectly plastic or elasto-plastic.

First order elastic-perfectly plastic analysis: structural analysis based on mo-
ment/curvature relationships consisting of a linear elastic part followed by a pla-
stic part without hardening, performed on the initial geometry of the structure.

Second order elastic-perfectly plastic analysis: structural analysis based
on moment/curvature relationships consisting of a linear elastic part followed
by a plastic part without hardening, performed on the geometry of the displaced
(or deformed) structure.



Elasto-plastic analysis: structural analysis that uses stress-strain or moment/
curvature relationships consisting of a linear elastic part followed by a plastic
part with or without hardening. Note: In general, it is performed on the initial
structural geometry, but it may also be applied to the geometry of the displaced (or
deformed) structure.

Rigid plastic analysis: analysis, performed on the initial geometry of the stru-
cture, that uses limit analysis theorems for direct assessment of the ultimate
loading. Note: The moment/curvature law is assumed without elastic deformation
and without hardening.

ADDITIONAL TERMS AND DEFINITIONS USED IN EN 1992

Precast structures: precast structures are characterized by structural elements
manufactured elsewhere than in the final position in the structure. In the struc-
ture, elements are connected to ensure the required structural integrity.

Plain or lightly reinforced concrete members: structural concrete members ha-
ving no reinforcement (plain concrete) or less reinforcement than the minimum
amounts.

Unbonded and external tendons: unbonded tendons for post-tensioned mem-
bers having ducts which are permanently ungrouted, and tendons external to
the concrete cross-section (which may be encased in concrete after stressing, or
have a protective membrane).

Prestress: the process of prestressing consists in applying forces to the concre-
te structure by stressing tendons relative to the concrete member. «Prestress»
is used globally to name all the permanent effects of the prestressing process,
which comprise internal forces in the sections and deformations of the structure.
Other means of prestressing are not considered in this standard.






ANNEXD

BAR AREAS AND PERIMETERS

TABLEA.11-1 — Sectional areas of groups of bars (mm?)

Do cfs Number of bars

(mm) 1 2 3 4 5 6 7 8 9 10

28,3 56,6 84,9 113 142 170 198 226 255 283

50,3 101 151 201 252 302 352 402 453 503

10 78,5 157 236 314 393 471 550 628 707 785
12 113 226 339 452 566 679 792 905 1020 1130
16 201 402 603 804 1010 1210 1410 1610 1810 2010
20 314 628 943 1260 1570 1890 2200 2510 2830 3140
25 491 982 1470 1960 2450 2950 3440 3930 4420 4910
32 804 1610 2410 3220 4020 4830 5630 6430 7240 8040
40 1260 2510 3770 5030 6280 7540 8800 | 10100 | 11300 | 12600

TABLE A.1I-2 — Perimeters and weights of bars

Bar size 6 8 10 12 16 20 25 32 40
(mm)

Perimeter | 1o oo | 2510 | 31,40 | 3770 | 5020 | 62,80 | 78,50 | 100,50 | 125,60
(mm)

Weight 0,222 | 0,395 | 0,616 | 0,888 | 1,579 | 2,466 | 3,854 | 6,313 | 9,864
(kg/m)

Note: Bar weights based on a density of 7850 kg/m”.
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TABLE A.11-3 — Sectional areas per metre width for various bar spacings (mm?)

Bar Spacing of bars
size

(mm) 50 75 100 125 150 175 200 250 300
6 566 377 283 226 189 162 142 113 94,3
8 1010 671 503 402 335 287 252 201 168
10 1570 1050 785 628 523 449 393 314 262
12 2260 1510 1130 905 754 646 566 452 377
16 4020 2680 2010 1610 1340 1150 1010 804 670
20 6280 4190 3140 2510 2090 1800 1570 1260 1050
25 9820 6550 4910 3930 3270 2810 2450 1960 1640
32 16100 10700 8040 6430 5360 4600 4020 3220 2680
40 25100 16800 12600 10100 8380 7180 6280 5030 4190

Bar Spacing of bars

size

(mm) 50 75 100 125 150 175 200 250 300
6 566 377 283 226 189 162 142 113 94,3
8 1010 671 503 402 335 287 252 201 168
10 1570 1050 785 628 523 449 393 314 262
12 2260 1510 1130 905 754 646 566 452 377
16 4020 2680 2010 1610 1340 1150 1010 804 670
20 6280 4190 3140 2510 2090 1800 1570 1260 1050
25 9820 6550 4910 3930 3270 2810 2450 1960 1640
32 16100 10700 8040 6430 5360 4600 4020 3220 2680
40 25100 16800 12600 10100 8380 7180 6280 5030 4190

TABLE A.1I-4 — Shear reinforcement. A_/s_for varying stirrup diameter and spacing

Stirrup Stirrup spacing (mm)
diameter
(mm) 85 90 100 125 150 175 200 225 250 275 300
8 1,183 | 1,118 | 1,006 | 0,805 | 0,671 | 0,575 | 0,503 | 0,447 | 0,402 | 0,366 | 0,335
10 1,847 | 1,744 | 1,570 | 1,256 | 1,047 | 0,897 | 0,785 | 0,698 | 0,628 | 0,571 | 0,523
12 2,659 | 2,511 | 2,260 | 1,808 ( 1,507 | 1,291 | 1,130 | 1,004 | 0,904 | 0,822 | 0,753
16 4,729 | 4,467 | 4,020 | 3,216 | 2,680 | 2,297 | 2,010 | 1,787 | 1,608 | 1,462 | 1,340
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